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A Study on Generalized Blaise Numbers

Abstract. In this paper, we introduce and investigate the generalized Blaise sequences and we deal with,
in detail, two special cases, namely, Blaise and Blaise-Lucas sequences. We present Binet’s formulas, gener-
ating functions, Simson formulas, and the summation formulas for these sequences. Moreover, we give some
identities and matrices related with these sequences. Furthermore, we show that there are close relations be-
tween Blaise, Blaise-Lucas and Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted Jacobsthal-Padovan, mod-
ified Jacobsthal-Padovan numbers.

2020 Mathematics Subject Classification. 11B37, 11B39, 11B83.

Keywords. Blaise numbers, Blaise-Lucas numbers, Jacobsthal-Padovan numbers, Jacobsthal-Perrin

numbers, adjusted Jacobsthal-Padovan numbers, modified Jacobsthal-Padovan numbers.

1. Introduction

Adjusted Jacobsthal-Padovan sequence { K, },>0 (OEIS: A159287, [7]), Jacobsthal-Perrin (Jacobsthal-
Perrin-Lucas) sequence {L,, }»>0 (OEIS: A072328, [7]), Jacobsthal-Padovan sequence {Qy, },>0 (OEIS: A159284,
[7]), and modified Jacobsthal-Padovan sequence {M,, },,>o are defined, respectively, by the third-order recur-

rence relations

Koty = Kpoi 42K, Ko=0,K =1,Ks=0, (1.1)
Lyys = Lpy1+2L,, Lo=3,L1=0,Ly =2, (1.2)
Qn+3 - QnJrl + 2an QO = ]-le = 17@2 = ]-v (13)

Myys = Myy1+2M,,  Mo=3,M =1,M =3. (1.4)
1


Editors-21
Typewritten text
Original Research Article


UNDER PEER REVI EW

The sequences {Qn }n>0s {Ln}n>0, {Kn}n>0 and {M,, },>0 can be extended to negative subscripts by defining

1 1
K., = iK—(n—l) + §K—(n—3)a
1 1
L, = _§L7(n71) + §L7(n73)a
1 1
= _iQf(nfl) + §Q7(n73),
M = 1]\4 + 1M
-n 9 —(n—1) 2 —(n—3)»

for n =1,2,3,... respectively. Therefore, recurrences (1.1)-(1.4) hold for all integer n. For more information
on Jacobsthal-Padovan sequence, see [14] and [1].

Now, we define two sequences related to Adjusted Jacobsthal-Padovan, Jacobsthal-Perrin (Jacobsthal-
Perrin-Lucas), Jacobsthal-Padovan, and modified Jacobsthal-Padovan numbers. Blaise and Blaise-Lucas numbers

are defined as

Bn :Bn_2+2Bn_3+1, with BO :O,Bl :].,BQ :1, n23,

and

C,=0C,_o+2C,_3—2, with Cy=4,C1=1,C5 =3, n >3,

respectively. The first few values of Blaise and Blaise-Lucas numbers are

0,1,1,2,4,5,9, 14,20, 33,49, 74, 116, 173, ...

and

4,1,3,7,3,11,15, 15,35, 43,63, 111, 147, 235, ..

respectively. The sequences {B,,} and {C,,} satisfy the following fourth order linear recurrences:

B, = Bn1+Bn 2+ B, 3—2B, 4, By=0,B1=1,By =1,B3 =2, n >4,

C, = Co1+C, o+C,_3—2C,_4, Co=4,C1 =1,0,=3,C3 =17, n > 4.

There are close relations between Blaise, Blaise-Lucas and Adjusted Jacobsthal-Padovan, Jacobsthal-Perrin

(Jacobsthal-Perrin-Lucas), Jacobsthal-Padovan, and modified Jacobsthal-Padovan numbers. For example,
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they satisfy the following interrelations:

2B, Kpio+ Kpi1 +2K, — 1,
20, —Kppo+ 6K, 1+ K, +2,
528, 2L, 4+ 9Ly11 + 100,42 — 26,
Chp L,+1,
2B, Qni2 — 1,
20, —3Qni2 +2Qns1 +TQn + 2,
46 B, 8My+o + My — 2M,, — 23,
46C), —5M, 45 — 6M,, 1 + 53M,, + 46,
and
2K, —Bpy2+ 3B, + 1,
52K, 9Cns2 — Cry1 — 6Cy — 2,
AL, —3Bn42 +14B, 41 — 9B, + 1,
2L, Cht3 — Cnq1,
2Qn —Bpi2+2By41 + B, + 1,
26Q,, 4Cy 49 + Cpyy +6C, — 11,
2M,, —Bpqo +6Bpy1 — 3B, +1,
26 M, 3Cy 42 +4C, 11 + 24C,, — 31.

The purpose of this article is to generalize and investigate these interesting sequence of numbers (i.e.,
Blaise, Blaise-Lucas numbers). First, we recall some properties of the generalized Tetranacci numbers.
The generalized (r, s,t,u) sequence (or generalized Tetranacci sequence or generalized 4-step Fibonacci

sequence) {W,,(Wy, Wy, Wa, W3;r, s, t,u) }rn>0 (or shortly {W,,},>0) is defined as follows:
Wn = 7"an1 + SWn,Q + th,;g + uWn,4, W() = Cop, W1 = (1, W2 = Cg, W3 =C3, N 2 4 (].5)

where Wy, Wy, Wa, W3 are arbitrary complex (or real) numbers and r, s, ¢, u are real numbers.

This sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example [2,4,5,6,9,11,12,15,16]. The sequence {W,, },,>0 can be extended
to negative subscripts by defining

t s T 1
W_p=—-W_n1) = ~W_(no2y = ~W_(n_z) + —W_(n_
= ey T W) T oWy oW (ng

for n =1,2,3, ... when u # 0. Therefore, recurrence (1.5) holds for all integers n.
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As {W,,} is a fourth-order recurrence sequence (difference equation), its characteristic equation is
2t — s —tz—u=0 (1.6)

whose roots are «, 3,7, d. Note that we have the following identities

a+pB+y+d = 1,
aft+ay+ad+py+ 60+ = —s,

afy+afd+ayd+p6y5 = t,
afyd = —u.

Using these roots and the recurrence relation, Binet’s formula can be given as follows:

THEOREM 1. (Four Distinct Roots Case: o # [ # v # &) For all integers n, Binet’s formula of

generalized Tetranacci numbers is

pra” p2B" p3y" pad”
W, =
@—Ba-—Na-0 B-alB-NF-9 (-at-0H-0 (5—04)(5—6)(5—(71)7)
where
pro= Ws—(B+v+0)Wa+ (By+ B +~v6)Wr — BydWo,
p2 = Wi—(a+v+4+8)Ws+ (ay+ ad +v0) W1 — aydWy,
p3 = Ws—(a+B+8We+ (af +ad + B0)W1 — aBdW,
pe = Wi—(a+B+7)Wao+ (af+ay+ By)W1 — aByWy.

Usually, it is customary to choose «, 8,7, so that the Equ. (1.6) has at least one real (say «) solutions.
Note that the Binet form of a sequence satisfying (1.6) for non-negative integers is valid for all integers n
(see [3]).

Next, we consider two special cases of the generalized (r,s,t,u) sequence {W,} which we call them
(r,s,t,u)-Fibonacci and (r, s,t,u)-Lucas sequences. (r,s,t,u)-Fibonacci sequence {G,,}n>0 and (r,s,t,u)-

Lucas sequence {H,, },>0 are defined, respectively, by the fourth-order recurrence relations

Gn+4 = 7"(;n—l-li + 3Gn+2 + th+1 + UGna (18)
Gy = 0,G1=1,G2=T,G3:T‘2+8,
Hn+4 = 'I"Hn+3 + SHn+2 + tHn+1 + an, (].9)

Hy 4, H) =r,Hy =25+ 12, Hy = 1> + 3sr + 3t.
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ot

The sequences {G, }n>0 and {H, },>0 can be extended to negative subscripts by defining
G, = ——G_ n—1) — -G_ n—2) — -G_ n—: -G_ n—4)
0= = G -(n-2) (n=3) T 7 G-(n-)

H_,

I
|
\
=
o
z
=
0
&
IS
=
0
&
Jr
X
o
ES

for n = 1,2,3, ... respectively. Therefore, recurrences (1.8) and (1.9) hold for all integers n.
For all integers n, (r, s, t, u)-Fibonacci and (r, s, ¢, u)-Lucas numbers (using initial conditions in (1.8) or

(1.9)) can be expressed using Binet’s formulas as in the following corollary.

COROLLARY 2. (Four Distinct Roots Case: a # 3 # v # 0) Binet’s formula of (r, s, t,u)-Fibonacci and

) T

(r, s, t,u)-Lucas numbers are

G _ a2 . g2 . WAL . 52
(@=p)a=(a=0) (B-a)B-B-09 OG-a)(v=Fh-09 (-a)0-p5)0-7)
and
Hy,=a" +p" ++" + 4",
respectively.

Proof. Take W,, = G,, and W,, = H,, in Theorem 1, respectively. [J
o0

Next, we give the ordinary generating function > W, 2™ of the sequence W,,.
n=0

o0
LEMMA 3. Suppose that fw, (z) = > Wpz" is the ordinary generating function of the generalized
n=0

oo
(r,s,t,u) sequence {Wy,}n>0. Then, Y W, 2™ is given by

n=0

i Woan — Wo + (W1 —rWo)z + (Wa — Wy — sWp)22 + (Ws — rWa — sWy — tWO)z3_ (1.10)
n=0

1—1rz— 522 —t23 — uzt

Proof. For a proof, see Soykan [9, Lemma 1]. O
The following theorem presents Simson’s formula of generalized (r, s, t, u) sequence (generalized Tetranacci

sequence) {W,,}.

THEOREM 4 (Simson’s Formula of Generalized (r, s,t,u) Numbers). For all integers n, we have

Wits Wipeo Wi o W, Ws Wy Wp Wy
Wh W, W, Wi Wy Wi W, W_
+2 +1 L (—1)mun 2 1 0 v (1.11)
Woapr Wi Wih Wyo Wiy Wy W_1 W,
Wn Wiy Whoo Wiz Wo W_1 W_p W_3

Proof. (1.11) is given in Soykan [8]. O
The following theorem shows that the generalized Tetranacci sequence W,, at negative indices can be

expressed by the sequence itself at positive indices.
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THEOREM 5. Forn € Z, for the generalized Tetranacci sequence (or generalized (r,s,t,u)-sequence or

4-step Fibonacci sequence) we have the following:

1
W_, = 6(—u)_"(—6W3n + 6H,Wa,, — 3H>W,, + 3Ho,W,, + WoH3 + 2WHs,, — 3Wo H,, Ha,,)

1 1
= (=)W (Wa, — H,W,, + 5(H3L — Hop )W, — 6(Jar;’; + 2H3,, — 3Ho, H,))Wp).

Proof. For the proof, see Soykan [10, Theorem 1.]. O
Using Theorem 5, we have the following corollary, see Soykan [10, Corollary 4].

COROLLARY 6. For n € Z, we have

(a): 2(—u)"™G_, = —(Bru® + 13 — 3stu)2G3 — (2s5u — t2)2G2 3Gy — (=112 — tu+ 2rsu)?G2 .G,
—(—st? +25%u+4u? +rtu)?G% | G +2(3ru® +1° — 3stu) ((—2su+t2)Gpyg+ (—rt? —tu+2rsu)Grqo+
(—st?+25%u+4u? +rtu)Gpy1) G2 +2(2su—t2) (=1t — tu+2rsu) G 1 3Gp12Gh +2(25u — 2) (—st? +
252u+4u +7rtu) Gy 3Gyt G —2(—st? +252u+4u? +rtu) (—rt? —tu+2rsu) Gy 0 Gy 1 G —2G3u* +
u?(—2su +t2)Gop 3Gy + u? (=112 — tu + 2rsu)Gap 120Gy + u?(—st? + 25%u + 4u® + rtu)Gop 1 1Gp —
202 (251 — t2)Gon Gy + 2u? (—rt? — tu+ 2rsu)Gon G + 2u? (—st? + 25%u + 4u? + rtu) Gop Gryg —
3u?(3ru? + 2 — 3stu)Ga, G-

(b): H_, = & (—u)™" (H3 +2Hs, — 3Hs,H,) .

Note that G_,, and H_,, can be given as follows by using Gy = 0 and Hy = 4 in Theorem 5,

G—n (_u)in(_GGl’m + 6HnG2n - 3H721Gn + 3H27LGTL)7 (112)

| = O =

H_, = —(—u)"(H,+2Hs, —3H,H,), (1.13)

respectively.

If we define the square matrix A of order 4 as

r s t wu

1 0 0 O
A= AT'stu =

01 0 O

0 0 1 0

and also define

Gni1  sGp +tGp_1 +uGp_o tG, + uG,_1 uG,
G, $Gu_1+tGh_o+uG,_3 tGh_1+uG,_2 uG,_1

Gno1 8G9+ tGu_3+uG,_4 tGn_o+uGn_3 uG,_s

Gp_o 8Gp_3+tGh_y+uG,_5 tGh_3+uGn_s uG,_3
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and
Wher  sWiu +tWh1 +uW,_o tWy, +uW,_1 uW,,
W, SWhp1+tWy o+uW,_3 tWh_1+uW,_ o ulW,_1
Wo1 sWh_o+tWu_3+uW,_4 tWh_o+uW,_3 uW,_o
Woo sWu_s+tWh_a+uW,_5 tW,_3+uW,_4 uW,_3

then we get the following Theorem.

THEOREM 7. For all integers m,n, we have

(a): B, = A", i.e.,

n

r s t u Gny1  sGp+tGh_1 +uGp_o tG,, + uGn_1 uGy,

1 0 0 0 B G, sG,_1+tGh_9+uG,_3 tGh_1+uGh_o uG,_1
001 00| | Gur $GusttGus+uGp s tGyo+uGn s uGn s
0 01 O Gpoo 8Gu_3+tGp_a+uGh_5 tGp_3+uGp_a uG,_3

(b): UlAn = AnUl
(¢): Upem = UnB,, = B, U,.

Proof. For the proof, see Soykan [9, Theorem 19]. OJ
THEOREM 8. For all integers m,n, we have
Woim = WnG7n+1 + Wn—l(SGm +tG 1 + UGm—Q) + Wn—2(tGm + UGm—l) + uWy_3G,. (114)

Proof. For the proof, see Soykan [9, Theorem 20]. O

In the next sections, we present new results.

2. Generalized Blaise Sequence

In this paper, we consider the case r = 1,8 = 1,t = 1,u = —2. A generalized Blaise sequence {W,, },>0 =

{W,,(Wo, W1, Wa, W3)},>0 is defined by the fourth-order recurrence relation
Wy =Wh1+Wpo+Wp,_3—-2W,_4 (2.1)

with the initial values Wy = co, W1 = ¢1, Wy = ¢, W3 = ¢3 not all being zero.
The sequence {W,, },,>0 can be extended to negative subscripts by defining

1 1 1 1
W_, = §W—(n—1) + §W—(n—2) + §W—(n—3) - §W—(n—4)

for n =1,2,3,.... Therefore, recurrence (2.1) holds for all integers n.

Characteristic equation of {W,,} is

B4 2=(-2-2)(2-1)=0
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whose roots are

a = i/l + @ + i/l — @ ~ 1.521379706804568,

B = w31+@+w2slfﬁ,
9 9
vy o= w231+@+wslfﬁ,
9 9
o = 1,
where
—14+1iv3
w= %[ = exp(27i/3).
Note that
atB+y+6 = 1,
aft+ay+ad+py+ B0+ = -1,
afy+afBd+ayd+py5 = 1,
afyé = 2.
Note also that
atfB+y = 0,
aft+ay+py = -1
afy = 2.

The first few generalized Blaise numbers with positive subscript and negative subscript are given in the
following Table 1.

Table 1. A few generalized Blaise numbers
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n W, W_,
0 Wo Wo
1 W, 3 (Wo + Wi + Wo — W3)
2 W,y 1 (3Wo + 3W1 — W — W)
3 W3 L (IWo + Wy + Wy — 3W3)
4 Wy —2Wo + Wo + W3 75 (11Wo + 11W7y + 3W, — 9W3)
5 2Wy — Wy — 2Wy + 2Ws5 + (33Wo + 1TW; — TW, — 11W3)
6 Wy — 4Wo + 4W3 a7 (67TWo + 19Wy + 11W, — 33Ws)
7 AWy — 8Wy + 5W3 a5 (105Wo + 89W; + Wo — 67W3)
8  5Wy —3W; — 10Wy + 9Ws s (283W + 107TW; — 29W, — 105W3)
9 6Wy — Wy — 18W, + 1413 =15 (497TWy + 225W; + 73W; — 283W3)
10 13Wy — 4W, — 28W, + 20Ws 057 (94TWo + 643, — 69T, — 497W5)
11 16Wo — 8Wy — 40Wo + 33W3 5 (2233W + 809, — 47TWs — 947WW5)
12 25W, — TWy — 66Wo + 49W;3  155: (3851 W + 2139W; + 339W, — 2233W3)

13 42W, — 17W1 — 98Wy + 74W5

iz (8120W + 45200 — 615W, — 3851W3)

Note that the sequences {B,} and {C,} which are defined in the section Introduction, are the special

cases of the generalized Blaise sequence {W,}. For convenience, we can give the definition of these two

special cases of the sequence {W,} in this section as well. Blaise sequence {B,},>0 and Blaise-Lucas

sequence {C), },>0 are defined, respectively, by the fourth-order recurrence relations

Cn = Cnfl + Cn72 + Cnf?; - 20n74;

= Bn—l + Bn—2 + Bn—3 - 2Bn—47

By=0,By=1,DBy=1,B;=2,

Co=4,C1=1,Cy=3,C5 =T,

The sequences {B, },>0 and {C,},>0 can be extended to negative subscripts by defining

1
B_, =

2
1
C_ n -
) 2

for n =1,2,3, ... respectively.

1

1 1
5B-t-1) + 5B-(n-2) + 5B-(n-3) — 5B-(n-9)

2
1

1
50-(n-1) + 50-(n—2) + 5C-(n-3) = 5C—(n—a)

2 2 2

Next, we present the first few values of the Blaise and Blaise-Lucas numbers with positive and negative

subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative subscripts.

n 01 2 3 4 5 7 8 9 10 11 12 13
B, 01 1 2 4 5 14 20 33 49 74 116 173
1 1 3 11 33 67 105 283 497 947
B, 00 0 -5 -7 —§ ~3 T4 128 256 512 1024 2048
c, 41 3 7 3 11 15 35 43 63 111 147 235
C. 4 L 5 19 1 5 43 417 451 745 2971 2929 8243
-n 2 4 8 16 32 128 256 512 1024 2048 4096 8192
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Theorem 1 can be used to obtain the Binet formula of generalized Blaise numbers. Using these (the
above) roots and the recurrence relation, Binet’s formula of generalized Blaise numbers can be given as

follows:

THEOREM 9. (Four Distinct Roots Case: a # 8 # v # 6 = 1) For all integers n, Binet’s formula of
generalized Blaise numbers is

(aW3 — a(l — )Wy + (—a? + 2)W; — 2Wy)a™

W, = " (BWs — B(1 = B)Wy + (=% + 2)W1 — 2W)B"

202 + 4 — 6 28 + 46— 6
(’}/Wg — "}/(1 — ’y)WQ + (*’YZ + 2)W1 — QWO)’)/n W3 — Wy — 2W,
+ _
292 +4v—6 2

Blaise and Blaise-Lucas numbers can be expressed using Binet’s formulas as follows:

COROLLARY 10. (Four Distinct Roots Case: « # 8 # v # § = 1) For all integers n, Binet’s formulas of

Blaise and Blaise-Lucas numbers are

an+3 ﬁn-&-S ,yn+3

1
*2a2+4a—6+252+45—6+272+47—6 2

n

and
Cn:a7z+ﬂn+,yn+1
respectively.
Note that for all integers n, adjusted Jacobsthal-Padovan, Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas),

Jacobsthal-Padovan, and modified Jacobsthal-Padovan numbers can be expressed using Binet’s formulas as

1 1 1

_ —an+1 - ontl Y. = = |
K= e TEoar-n” tooen-p’
Ln — a"l_"_/Bn_i_,_yn,

_ (30é + 1) Cvn-ﬁ—l (35 + 1) n+1 (37 + 1) n+1
Mo = Gope—" "0t Than-p)

_ (Ot + 1) an+1 (ﬁ + 1) n+1 (7 + 1) n+1
9 = oA G-a-7" tooan-p’

respectively, see Soykan [14] for more details. So, by using Binet’s formulas of Blaise, Blaise-Lucas and
Adjusted Jacobsthal-Padovan, Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas), Jacobsthal-Padovan, and modi-
fied Jacobsthal-Padovan numbers, (or by using mathematical induction), we get the following Lemma which

contains many identities:

LEMMA 11. For all integers n, the following equalities (identities) are true:

(a):

Kni1 = Bpi1 — By.
2K, = Byi3 — Buiz — Buy1 + B
2By 44 = 5Knio + 9Ky i1 + 6K, — 1.
2B, = Ky o+ Kns1 + 2K, — 1.
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(b):

(c):

(d):

(e):

(£):

(g):

A STUDY ON GENERALIZED BLAISE NUMBERS

2K, = —Byys + 3B, + 1.

52K 45 = 12Cp 13 4+ 17C 49 — 11C, 41 — 18C,,.
52K, = Cpi3 — 2Cpi1 + 9Cnio — 8Ch.

Chgs = 6Kpio + 2Kns1 + 4K, + 1.

2C, = —Kpio+6Kns1 + K +2.

52K, = 9Cp 3 — Cpi1 — 6C, — 2.

Chir +6Cy = 18K, 1 + 2K, + 7.

Lypis =2By o +4B, 1 — 6B,.
AL, = Bpys — 3Bnio + 13B41 — 11B,,.
52By 44 = 30Ly 12 + 53Ln41 + 58L, — 26.
52B,, = 2L, + 9Ly 1 + 10L, o — 26.

AL, = —3Bpnio + 14B, 41 — 9B, + 1.
4(10Bp41 — 9B,) = 14Ly, 4+ 3Ly 41 — 2.

2 Lmis = 3Cnss — Coi1 — 20,
2Ly, = Cpy3 — Cpy1.

Covia = Lo+ 2Ln 1 +1.
C,=1L,+1

L,=C,—1.

Qny3 = Bnys+ By — 2B,

2Qn = Bn4+3 — Bpy2 + Bry1 — By
2Bnya = Qni2 +4Qni1 +4Q, — 1.
2B, = Qnio — 1.

90, = —Buss + 2Bni1 + By + 1.
2Byt = Qnit + 20, — 1.

52Qn1s = 41C 15 + 18Cp1a — 17Cp 41 — 42C,.
520, = 11C+3 + 8Cpya — 9Cs1 — 10C,.
Cnya =4Qn+2 + 2Qn+1 — 4Qn + 1.

20, = —3Qm 10+ 201 +TQn +2.

26Qy, = 4Cy 15+ Cop1 +6Cy — 11,

3C 11 +2C, = 8Qui1 — 20 + 5.

11
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o My 3= Bnis+2Bnis+3Bni1 — 6By
o 2M, = Byis — Buyo + 5Bns1 — 5Bn.
 46By 14 = 16My4o + 33M 41 + 42M,, — 23.

o 468, = 8M, 45 + 5M, 41 — 2M, — 23.
o 2M, = —Buio + 68,1 — 3B, + 1.
o 2(8B,.1 —5By) = Mysq + 6M, — 3.

(h):

o 52M, 3 = 99C, 3 + 20Cs 12 — 29C, 1 — 90Ch,.
o 52M, = 31C, 13 + 6Cysn — 23C, 11 — 14C,.

o 23C, 14 = 18M, o + 40M, 1 — 16M,, + 23.

o 46C, = —5My10 — 6Myiq + 53M,, + 46.

o 26M,, = 3C, 5 +4Cy 1 + 24C,, — 31.

o 6C, — 5Ch41 = 8M,, — 6Myq + 1.

o0
Next, we give the ordinary generating function Y. W, z" of the sequence W.,.
n=0

o0
LEMMA 12. Suppose that fw, (z) = Y. W,z" is the ordinary generating function of the generalized

n=0

Blaise sequence {W,}. Then, Y Wy,z" is given by

n=0

= n Wot (W1 = Wo)z 4+ (We — Wy — Wy)z? + (W5 — Wo — Wy — W) 23
E W, 2" = )
or 1—2z—22—2%+224

Proof. Take r =1,s =1,t = 1,u = —2 in Lemma 3.

The previous lemma gives the following results as particular examples.

COROLLARY 13. Generating functions of Blaise and Blaise-Lucas numbers are

> z
B n — ,
; n® 1—2—22—23 4224
ic " 4—3z—22%2 - 23
z = ’
o " 1—2—22—23 4224

respectively.

3. Simson Formulas

Now, we present Simson’s formula of generalized Blaise numbers.
, 1%

THEOREM 14 (Simson’s Formula of Generalized Blaise Numbers). For all integers n, we have
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Wits Wipie Wip o Wy
Wita Wpar W, Wiy
Wot1 Wp Wi Wi
W, W1 Wio W3
Wo)W2 +2(Ws — Wy —3Wo)W3 + (5W3 + 3Wa — 5Wo ) W2 +4(Wa + 2W1 ) WG — 2W1 Wo W3 + AW Wo W3 — 6W
Wi Ws).

=203 (Ws — Wi — 2W0) (W3 + 2W5 — WY — AW + (=30 — W1 +

Proof. Take r =1,s =1,t = 1,u = —2 in Theorem 4. [

The previous theorem gives the following results as particular examples.

COROLLARY 15. For all integers n, the Simson’s formulas of Blaise and Blaise-Lucas numbers are given

as
BTL+3 Bn—i—Q B7L+1 Bn
Bn+2 Bn+1 Bn Bn—l - 27171
BnJrl Bn anl Bn72 7
Bn Bn—l Bn72 an?)
C77.+3 C7L+2 Cn+ 1 Cn
Cn+2 C’n+1 Cn Cnfl _ _13 % 2n+2’
Cn+l Cn Cnfl Cn72
Cn Cn—l Cn—Q Cn—3
respectively.

4. Some Identities

In this section, we obtain some identities of Blaise and Blaise-Lucas numbers. First, we can give a few

basic relations between {W,} and {B,}.

LEMMA 16. The following equalities are true:

(a): 16W,, = (11Wy + 11W; + 3Wy — 9W3) By, s + (TWo — W, — Wy + 3Ws) By, pu — (1TWo + Wy +
9Wy — 11W3) Bpys — (33Wo + 17TW1 — TWs — 11W3) By o

(b): 8W,, = (9Wy + Wi + Wa — 3W3) B a — (3Wo — 5W1 + 3Wa — W) Buss — (11Wo + 3W, — 5Ws —
W3)Brso — (11Wo + 11W; + 3Wa — 9W3) Bra 1.

(c): AW, = (3Wo + 3W) — Wa — W3)Bpis — (Wo + Wi — 3Wa + Ws) By — (Wo + 5Wy + Wa —
3W3) Byt — (OWo + Wi + Wy — 3W3) B,

(d): 2W,, = (Wo + Wi + Wa — W3) By ya + (Wo — Wi — Wa + W3)Bpy1 — (3Wo — Wi + Wa — W3) By, —
(3Wo + 3W1 — Wy — W3)B,_1.

(€): Wy, = WoBni1 + (Wi — Wo) By + (Wa — Wy — Wo)Bn_y + (W5 — Wy — Wy — W) Bp_o.
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Proof. Note that all the identities hold for all integers n. We prove (a). To show (a), writing
Wn =a X Bn+5+b><Bn+4+CXBn+3+dXBn+2

and solving the system of equations

Wo = axBs+bxBs+cxBs+dx Bs
Wi = axBg+bxBs+cxBy+dx By
Wy = axB;+bxBg+cx Bs+dx By
Wy = axBg+bxB;+c¢cx Bg+dx Bs

we find that 16a = 11Wy + 11W; + 3Wy — 9W5, 160 = TWy — OW; — Wo + 3W3,16c = 11W3 — W1 — 9W, —
17Wy, 16d = TWo — 17TW71 — 33W4y 4+ 11W3. The other equalities can be proved similarly. [
Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {W,,} and {C),}.

LEMMA 17. The following equalities are true:

(a): 104W, = —(56Wy + 27TW; + 2Wa — 33W3)Chys — 2(5Wo — 2Wy — AWy + W3)Chis + (60W +
15Wy + AWy — 2TW3)Cpys + 2(55Wo + 30W; — 5Wy — 28W3)Chpa.

(b): 104W,, = —(66Wy + 23W; — 6Wy — 31Ws)Chya + 2(2Wo — 6W + Wa + 3W3)Ch i3 + (54W, +
33W — 12W, — 23W3)Chia + 2(56Wo + 27TW; + 2Ws — 33W5)Cyyr.

(c): 104W,, = —(62Wy + 35W; — 8W, — 37TW3)Chis — 2(6Wo — B, + 3Wy — 4W3)Chyys + (46Wo +
31W; + 10Wy — 35W3)Chiq + 2(66Wy + 23W; — 6Wy — 31W5)C,,.

(d): 104W,, = — (7AW, + 25W; — 2Wy — 45W5)Chrsn — 2(8Wo + 2W1 — OWy — W3)Crpy + (T0W, +
11W, — AWy — 25W3)C,y + 2(62Wy + 35W; — 8Wy — 37W3)C_y.

(e): 104W,, = —(90Wy + 20W1 — 20Ws — 4TW3)Ci1 — 2(2Wo + TW1 + Wa — 10W3)C,, + (50W +
A5W, — 14Wy — 29Ws)Cp_y + 2(TAW, + 25W; — 2Wa — 45W3)Cy_s.

Now, we give a few basic relations between {B,,} and {C,}.

LEMMA 18. The following equalities are true:

104B, = 37Cny5+8Cpis — 35Cn 3 — 62C, o,
104B, = 45C, 44 + 2Cnis — 25C, 1o — TAC, 41,
104B, = 47C,45+ 20C, 5 —29C, 41 — 90C,,
104B, = 67Cy49 + 18Ch41 — 43C, — 94C,,_1,

104B, = 85Cn+1 + 24C,, — 27C,,_1 — 134C,,_o,
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and
16C,, = Bpys5+37Bpt4a—19B,,413 —51B,42,
8C, = 19B,14 —9B,13 —25B, 12 — Bpy1,
4C,, = b5Bn43 —3Bn42+9By11 — 198,
2C, = Bpto+T7Bpt1 — 7B, —5B,_1,
C, = 4B,+1—3B, —2B,,_1 — B, _s.

5. Relations Between Special Numbers

In this section, we present identities on Blaise, Blaise-Lucas numbers and adjusted Jacobsthal-Padovan,
Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas), Jacobsthal-Padovan, and modified Jacobsthal-Padovan num-

bers. We know from Lemma 11 that

52B, = 2L, +9L,41 + 10L, 2 — 26,

2C’n = _SQn+2 + 2Qn+1 + 7Qn + 2.
Note also that from Lemma 16 and Lemma 17, we have the formulas of W,, as

AW, = (3Wo + 3Wy — W — W3)Buys — (Wo + Wy — 3Wa + W3) B
—(Wo + 5W; + Wa — 3W3)Bpit — (OWo + Wi + Wa — 3W3) B,
104W,, = —(62Wy + 35W; — 8Ws — 37TW3)Crys — 2(6Wo — 5W, + 3Wy — 4AW3)Chya
+(46Wo + 31W; + 10Wy — 35Ws)Cppy + 2(66W + 23W; — 6Wy — 31Ws3)Ch.

Using the above identities, we obtain relation of generalized Blaise numbers in the following forms (in

terms of Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas) and Jacobsthal-Padovan numbers):

LEMMA 19. For all integers n, we have the following identities:

(a): 52W,, = (4W3 —3Wy+5W71 — GWO)Ln+2 + (W3 +9Wy —2W; — SWO)LnJrl + 2(3W3 + Wy —6W1 +
2W0)Ln — 26W3 + 267 + 52W,.
(b): 2W,, = (W1 — Wo)Quny2 + (W — W1)Qpy1 + (W3 — Wo — W1 + Wo)Qp — W3 + Wy + 2W,.

6. On the Recurrence Properties of Generalized Blaise Sequence

Taking r =1,s =1,t = 1,u = —2 in Theorem 5, we obtain the following Proposition.

PROPOSITION 20. For n € Z, generalized Blaise numbers (the case r = 1,s = 1,t = 1,u = —2) have the
following identity:

2—n—1

W_, (—6Ws,, + 6C, Way, — 3C2W,, + 3Ce,W,, + WoC? + 2WC3,, — 3WoC,Cay).
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From the above Proposition 20 (or by taking G,, = B,, and H,, = C,, in (1.12) and (1.13) respectively),
we have the following corollary which gives the connection between the special cases of generalized Blaise
sequence at the positive index and the negative index: for Blaise and Blaise-Lucas numbers: take W, = B,
with Bp = 0,B; =1,By; = 1,B3 = 2 and take W,, = C,, with Cy =4,C; =1,Cy = 3,3 = 7, respectively.
Note that in this case H, = C,,.

COROLLARY 21. For n € Z, we have the following recurrence relations:

(a): Blaise sequence:

27n71

B =" (=6Bs, + 6C,,Ba,, — 3C%B,, + 3C2,B,,).

(b): Blaise-Lucas sequence:
—n—1

2
c_, =
3

(Cﬁ‘%QC&n‘*3Can%)

We can also present the formulas of B_,, and C_,, in the following forms.

COROLLARY 22. Forn € Z, we have the following recurrence relations:

(@): By = 2 (~06B + 24(5Byss — 3Busn+ 9B — 195,) Bon — 3(5Buss — 3Buss+ IBosr —
19B,)%B,, + 12(5Bapn+3 — 3Bayi2 + 9Bay11 — 19B2,)By,).
(b):
(i): 271 B, = K2 — K?_, — 2K?_, + (Knyo — 6Kps1 — 6Kp_1 + 2Kpn_2)Kp + (Kpp1 —
12K, _0) K1 + 2Ky, + 2Knp_o + 4K s — 27
(ii): 2720, = ~K2 —12K2_| +AK? 5+ (Kpyo —6Kns1 —T2Kn_1 — AKp_2) K +12(Kps1 +
2K, _2)Kp_1+ 2K, + 24K5, o — 8Ko,—4 + nt2,
(c):
(i): 13B_,, = 573 (L2 +9L2 | +20L2 5 — Loy, —9L2, o — 20Lg, 4 — 13 x 27T1),
(ii): 21C_, = L2 — Ly, +27F1,
(d):
(i): 2"T2B_,, = 9Q% +4Q?%_, +21Q?% _,4+6Q21—2—4Q2,—3—6Q2,—4—12Q,Qn—1 —30Q,Qr_2+
20Qn—1Qn—2 — 2"
(ii): 27H40_, = 63Q%, + 64Q2,; + 55Q2 + 36Q%_, — 252Q2_, + 2(—105Qn+a + 46Qu 1 +
112Q, 1 + 180Qy—2)Qn — 120(Qny1 +2Qn—2)Qn—1 — 84Qpn11Qn12 +42Q2, 12 — 28Q2,41 —
18Q2n — 16Q2n—1 — 96Q2n—2 + 48Q2,—3 + 72Q2n—4 + 2"
(e):

(i): 12167B_,, = W(*%MZ“ +267M?2 . — 1811 M2 + 19483M2_ | + 56 816 M2_, + 2(+565
M,y 04+1128M,, 1 —1950M,, 1 —9040M,, _5) M,,—226(25M,, 1 +96M,, o) M,,_ 1 —180M,, 11 M, 4o+
6532 My, +4140 Moy, 1 — 828 Moy, 1 — 4370 Moy g — 690 Moy 4o + 13 248 Mo, 3 — 49 312Mo,, 4 —
12167 x 27+2).
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1
(ii): 12167C_, = 2”1(39751\4,% Lo + 4824M2 | + 185407M72 — 44772M72_, — T1020M?2_, +

2(—29945M,, 45 — 37014 M, 41 + 6336 M, + 11 300M,,_2) My, +13560( M,y 1 +2M,y o) M1 +
9540 M,y 4 1 M0+ 36570 Mop 40 +43884 Moy 11 — 171626 May, —9936 May, 1 +23184 Mo, o — 16560
Moy + 61640 May,_g + 12167 x 27F4).

Proof. We use the identities, see Soykan [13],

1

Ko = 5o (—K2 4 2Ko, + K12 K, — 6K,1K,),
1
L., = W(Li — Lay,),

Q-n = 53 (9Q2 5 +4Q% | +21Q2 +6Q2n 12 —4Q2n11—6Q2n —12Qn 12Qn11—30Qn 12Qn +20Qn 11Qn),

M_y, = s5gi5mrs (108M2, | +T5M?2 o + 3551 M2 + 690 Moy 42 + 828 Moy 41 — 3082May, + 180M, 2 My —

1130 My M,, — 1356 M,,41M,,).

We also use the identities

9B, = Knio+ Koo +2K, — 1,

20, = —Kpyo+6Kn1+ K2,
52B, = 2L, +9Ln1 +10L, o — 26,

C, = L,+1,

2B, = Qny2—1,

2C, = —3Qui2+2Qui1+7Qn +2,
46B, = 8Myyn+5M, 41 —2M, — 23,
46C, = —5Myis—6M,y1 + 53M, + 46,

(a): By using the identity 4C,, = 5B, 43 — 3Bnt2 + 9B,+1 — 198, and Corollary 18, (or by using
Corollary 6 (a)), we obtain (a).

(b): Since 2B, = Ky10+ K11 +2K,—1,2C, = —K,120+6K, 1+ K,+2and K_,, = ﬁ(*KfLJr
2Koy + Kpyo K,y — 6K, 11 K,,), we get (b)

(c): Since 52B,, = 2L, + 9L, 1 + 10L;,420 —26,C,, = L, +1 and L_,, = ﬁ(L% — Loy,), we obtain
(c).

(d): Since 2B, = Qni2—1,2C, = =3Qni2+2Qnt1 + 7Q, +2 and Q_,, = Q,L%(gQ?H.Q + 4@%4-1 +
21Q7 + 6Q2n+2 — 4Q2n11 — 6Q2n — 12Qn+2Qn11 — 30Qn12Qn + 20Q5+1Qn), We get (d).

(e): Since 468, = 8My 4o+ 5Mpyq — 2M,, — 23, 46C,, = —5My 4 — 6Mypq +53M,, + 46 and M_,, =

Lo (108M2,, + T5M2, 5 + 3551 M2 + 690 Moy, 4o + 828May 1 — 3082Ma,, + 180M;, 45 Mg —

529x2n+3

1130M,, 4o M,, — 1356 M,, 1 M,,), we obtain (e). O
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7. Sum Formulas

The following Corollary gives sum formulas of Jacobsthal-Padovan numbers.

COROLLARY 23. For n > 0 we have the following formulas:
(@): Dr 0 Qr =3 (Qnis + Quiz —2).
(b): >p_oQa2k = 5 (Q2nt1 +2Q2n — 1).
(€): Do Qok+1 = 3 (Qans2 +2Qa2p41 — 1).

Proof. It is given in Soykan [14]. O

The following Corollary presents sum formulas of Blaise and Blaise-Lucas numbers.

COROLLARY 24. Formn >0, Blaise and Blaise-Lucas numbers have the following properties (in terms of

Jacobsthal-Padovan numbers):

(a):
(1): Yh_o Br = 1(3Qnt2 + 3Qn41 +2Qn — 2(n + 4)).
(ii): ZZ:O BQk‘ = i(QQQn—&-Q + Q2n+1 + 2Q2n - 271 — 5)
(iii): >-p_o Boky1 = i(anJrz +4Q2n+41 + 4Q2, — 2n — 5).
(b):

(1): > p—o Crk = Qui1 +3Qn + n.
(i1): Y r_o Cok = —Qant2 + 2Qan41 + 2Q2n +n + 1.
(iii): D7y Cokt1 = 2Qa2n+2 + Qant1 — 2Q2, + 1.

Proof. The proof follows from Corollary 23 and the identities

2B, = Qn+2 -1,

2C, = —-3Qni2+2Qni1+7Q,+2. O
8. Matrices and Identities Related With Generalized Blaise Numbers

If we define the square matrix A of order 4 as

1 1 1 -2
1 0 0 O
A =
01 0 O
0 0 1 0
and also define
Bn+1 Bn + Bn—l - 2Bn—2 Bn - 2Bn—1 _2Bn

Bn anl + Bn72 - 2Bn73 anl - 237172 _2Bn71
anl Bn72 + Bn73 - 2-Bn74 Bn72 - 2Bn73 _2Bn72
Bn—2 Bn—S + Bn—4 - 2Bn—5 Bn—3 - 2Bn—4 _ZBn—?)
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and
Wn+1 Wn + Wn—l - 2Wn—2 Wn - 2Wn—1 72Wn

Wn anl + Wn72 - 2Wn73 anl - 2VV77.72 _2Wn71
anl Wn72 + an?) - 2Wn74 Wn72 - 2Wn73 _2Wn72
Wn—? Wn—3 + Wn—4 - 2Wn—5 Wn—3 - 2Wn—4 _2Wn—3

then we get the following Theorem.

THEOREM 25. For all integers m,n, we have

(a): B, = A", ie.,

n

11 1 -2 Bpii  Bp+Bp1—2Buos  Bn—2B,.  —2B,
100 0 B, Bni+DBy5—2By3 By1—2Bns —2B,
010 0 | | B.y By,o+Bys—2B, 4 Bno—2B,5 —2B, s
001 0 Byno Bps+Bpa—2Bys Bus—2Bna —2Bn s

(b): UlAn = AnUl
(c): Uptm = UpBm = By U,.

Proof. Take r =1,s =1,t = 1,u = —2 in Theorem 7. [J
Using the above last Theorem and the identity

QBTL = Qn+2 - 17
we obtain the following identity for Jacobsthal-Padovan numbers.

COROLLARY 26. For all integers n, we have the following formula for Jacobsthal-Padovan numbers:

Qn+3 -1 Qn+4 - Qn+3 _Qn+4 + 2@n+2 +1 _QQnJrQ +2

A" — 1 Q71,+2 -1 Q'n+3 - Q7L+2 _Qn+3 + 2Qn+1 +1 _2Qn+1 + 2

2| Quir—1 Quio—Quit  —Quio+2Qn +1 —2Qn, +2
Qn -1 Qn+1 - Qn _Q’I’L+1 + 2Qn71 +1 _Qanl +2

Next, we present an identity for W, 4 ,.
THEOREM 27. For all integers m,n, we have
Wn+m = Wan+1 + Wn—l(Bm + Bm—l - 2Bm—2) + Wn—2(Bm - 2Bm—l) - QWn—BBm'

Proof. Take r =1,s =1,t = 1,u = —2 in Theorem 8. [J

As particular cases of the above theorem, we give identities for By, 4y, and Cp -

COROLLARY 28. For all integers m,n, we have
Bn+m - Ban+1 + Bn—l(Bm + Bm—l - 2Bm—2) + Bn—2(Bm - 2Bm—1) - 2B’n—3B'ma

Cn+m = CanJrl + Cnfl(Bm + Bmfl - 2Bm72) + Cn72(Bm - 2-Bmfl) - 2Cn75Bm
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