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Fixed Point Theorems Using Soft Multiplicative Generalized Weak
Contractive Mappings

Abstract: In the present paper, we establish fixed point theorems for mappings satisfying
generalized weak contractive conditions in soft multiplicative metric space.
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1. Introduction

In 1874, Cantor defined set theory as a branch of mathematics. This theory deals with the
problem that contain certain results. But in real life situations, there are various uncertain
problems which have imprecise results. To deal with these problems, Molodtsov[4], in 1999,
introduced soft set theory and applied this theory in various fields like game theory, operations
research etc. In 2002, Maji et al. [11][12] worked on soft set theory and its applications in
decision making problems. In 2011, Ali et al. [8] defined various operations in this theory. In
2013, Wardowski [3] worked on soft mappings with the fixed point theorems.

As metric space is one of the prominent branches of mathematics, thus to explore this
idea using soft sets, Das and Samanta [15][16] investigated the properties of soft real numbers
in 2012 and in 2013, they introduced the concept of soft metric space. After this, several
researchers worked on soft metric spaces and their properties. In 2008, Bashirov et al. [1]
defined multiplicative metric space. Then various authors worked on this space
[6][9][14][19][20][21]. Rathee at al. [17] combined soft metric space and multiplicative metric
space and generated a new space called soft multiplicative metric space.

Fixed point theory plays a vital role in various fields of mathematics. In 2016, Wadkar
et al. [2] proved fixed point results related to soft sets and in the same year, Yazar et al. [10]
proved some fixed point theorems of soft contractive mappings. In 2017, Hosseinzadeh [5]
proved fixed point theorems in soft metric space. Then, Abbas et al. [7] introduced various
results on fixed point theorems in soft metric spaces. After this, in 2021, Bhardwaj et al. [13]
investigated some new fixed point results in soft metric space. Rathee et al. [17] derived some
fixed point theorems in soft multiplicative metric space. In 2017, Solankki et al. [18] generalize
the concept of soft weak contractive mapping and proved various fixed point theorems in soft
metric space. Extending the work of Solankki et al. [18] and Rathee et al. [17], we generate
some new fixed point theorems using generalized multiplicative weak contraction mapping in
soft multiplicative metric space.
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2.
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Preliminaries
This section contains some basic definitions and results which are useful for our research work.

Definition 2.1[15]. “Let | be an initial universal set and €2 be the non-empty parameter set.
Then, a pair (T,Q)is called a soft set over | ifT is a set valued mapping on Q taking values

in2'ie,T:Q—>2"”

Definition 2.2[15]. “A soft set (T,Q) over | is said to be an absolute soft setif
T(a)=1 YaeQ.ltisdenoted by I »

Definition 2.3[15].“A soft set (T,€2) over | is said to be a soft point if there is exactly one
o € Qsuch that T(e) ={i} for some i el and T(B)=¢ for all geQ\{a}. Such a soft point
is denoted by T!.”

NOTE. The collection of all soft points of a soft set (T, Q) is denoted by SP(T,Q).

Definition 2.4[15].“Let R be the set of real numbers and B(IR) be the collection of all non-
empty bounded subset of R . Then, the function by T : QQ — B(IR) is called a soft real set and
is denoted by (T,Q). If T is a single valued function on Q taking values in R, then the pair
(T,Q) or simplyT is called a soft real number. We denote soft real number and soft constant
real number by 7, §,t andT,S,t respectively where T will denote a particular type of soft real
number such thatt () =r forall 2 €Q.”

Definition 2.5[15]. “For two soft real numbers p and g, the following conditions hold for all
aeQ:

(@) p=qif per) <G(a) ;

(b) pP=4if Pa)2d(e);

(©) p<qif p(a)<q(a);

(d) p>q if p(a) > d(a) .~

Definition 2.6[15]. “A mapping p : SP(I)xSP(I) = R(Q)* is a soft metric on the absolute
soft set I if 5 satisfies the following conditions:

AT, T))20 forall T),T) &SP(P);

AT, T))=0 ifand only if = and i = j forall T!,T} & SP(I);
AT, TN =p(T)T)) forall T),T) & SP(i);

AT AT+ A(TTY) forall T/,T),TF & SP(D).
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The soft set [ together with soft metric 5 is called a soft metric space and is denoted by
(1, p, Q) or simply by (i, 5).”

Definition 2.7[1]. “A mapping po*:1 x| —R™* is multiplicative metric if d *satisfies the
following conditions:

p*(u,v)>1forall u,vel;

p*(u,v)=Llifand only if u=vforall u,vel;
p*u,v)=p*(v,u)forall uvel;
£*U,w) < p*(u,v)- p*(v,w) forall u,v,wel.

The pair (I, p*) is called a multiplicative metric space.”

Definition 2.8[17]. “A function p*: SP(I)xSP(I) — R(Q)* is soft multiplicative metric on
the absolute soft set I if p*meets the following properties:

p*(T,, T))21 forall T),T) & SP(I) ;

p*(1,T))=1

p*(T,. 1)) =p*(T).T,) forall T),T) SP(I) ;

AT TS A>T THA*(T)TY) forall T/,7),TF & SP(D).

ifand only if = Band i=j forall T, T} &SP(i);

The soft set I together with soft multiplicative metric p* is called a soft multiplicative metric
space and is denoted (I, 5*, €2).”

Definition 2.9[17]. “Suppose(f, p*) is a soft multiplicative metric space. Then, a sequence
{T[j:} in (f, p*)is soft multiplicative convergent to a soft point Tﬂ" &l if forgiven §>1, we
have a unique positive integer n, such that ﬁ*(T;: ,Tﬂj)Z ¢ foralln>n, i.e.,,b*(T;: ,T})—)I

as n—o0.”

Definition 2.10[17]. “Suppose (I, 7*) is a soft multiplicative metric space. Then, a sequence
{Tr}in (I, p*)is soft multiplicative Cauchy sequence if for given £>1, we have a unique
positive integer n, such that A*(T,",Tr)<Z for all mn>njie, A*(TTr)>1 as
m,n —o0.”

Definition 2.11[17]. “A soft multiplicative metric space (I,5*) is complete, if every soft
multiplicative Cauchy sequence in I converges to some soft point in I.”

Definition 2.12[10]. “Let (I,5,Q) and (i',5'QY)be two soft metric spaces. Then,

(hy):(,p,Q) > (1", p',Q)is a soft mapping where h:l —>1'and y:Q—>Q' are two
mappings.”
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Definition 2.13[17]. “Consider a soft multiplicative metric space(l * Q). A function
(hw): (T, p*,Q) — (I, p* Q) is said to be soft multiplicative contraction mapping if for every
soft point TO,,TﬂJ el,there exists a soft real number A, 0S1%1 such that

A )T ()T} > T Y

Definition 2.14[18]. “A mapping (h,y): (I, 5,Q) — (I, 5,Q) where (I, 5,Q) is a soft metric

space is said to be soft weakly C-contractive or a soft weak contraction if V Toi( ,Tﬂj € SP(f),

A0 (12) (0 (72 )= 212 () ()} (T () (12 )
—é[ﬁ{Ta,(h,t/f)(T,é)} p{T‘ (hw)( )H

where &£: [6,00)2 —[0,)is a continuous mapping such thatg?(TOi{,Tﬁj )= 0 if and only if one

L

of T,,T)=0.”

Definition 2.15[18]. “A mapping (h,y): (I, 5,Q) — (I, 5,Q) where (I, 5,Q) is a soft metric

space is said to be soft generalized weakly contractive or a soft generalized weak contraction if
i j ~ r

VT, T EsP(T),

l(ha)(12).(ha)(11)} = 7| max i |

_ =1 N
wherene{O,Ej,é‘:[O,oo) —>[0,00) iS a continuous mapping such that

f(T;,T/;,Ty",T;,TSm)zﬁ if and only if one of T),TJ, 7)., T4, 7" =0.”
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3. Main Results

In this section, we define soft multiplicative generalized weakly contractive mappings and
prove fixed point results using these mappings.

Theorem 3.1. Let (I,5*,Q) be a complete soft multiplicative metric space and
(hy): (T, p*,Q) — (I, 5* Q) be a mapping, which satisfies the soft multiplicative generalized
weak contractive mapping:

A1) (Ta ). (hw)(T )i < [_ﬁ*{(h’w( ) ’ v, Tesp(i
e T R M
GO R LRIV

continuous function such that f(f;, PR }):I iff one of T, T}, TS, T;=1.Then, there

exists a unique fixed point of (h,y) .

Proof. Let 'I:O'[‘; be any soft point in SP (). Fix

h,w
] I
T =(hy)T;:

o) {7 T

)T d o () (Tt ) Tt .

(
5T ou(T) T
)
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pr(TaaTo )1
and thus
pH(TanTa) E{pr(Tn Tl ) (T T ) (o
R AL s
= (ot st
= p(Toa T )2 {p*(f;: T 11)}1:11
- T e 7= 220
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Forany m>n, where m,ne N
P T) S0 8, T (T T
o Ta i T T a0 T

2 pr (@ Tl px(Eha Thoz ) o (Firez Ties)|

Onyl’ Qny2 g2’ 0ng3

AB* (T Tom )}

am-1" O
2{p* (T T (o Ty =0 Ty ™
- oy’ o P o’ o P o’ o
P (T T
(20' (241

n (I+77+2172+--~+77m_n_1)

> gk (Flo Fiy17
2{p*(To Thy

"
> raw(fio Ty 1-7
Zp*(T0 T,

Since B—HT%%, thus 77 < 1 and henceﬁ*(f;’;,f;';) — 1 as m,n— . So, the soft sequence

{‘I:;:} is soft multiplicative Cauchy sequence in | . Being the completeness of (f, p*,Q) , there

exists a soft point 1:0'; &l such that fc';; —>1:0i; as N — 0.

P ) T2 a2 o () 2
ol (7). 75 () (72 )]
(e g 2O T el (1) T [l (1) 7]
{(h) (7). T 2 5 p*{(h,v,)(f;’i),ﬂi},ﬁ*{(h"/’)(fo'zﬂ)féﬁ}}
p{inan(T5) T o {inan () 7

p*{(0)(T3) T} o (T T )
p*{(hw)(Ti). Tin b, p~(Tines 722
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) (72) T ) (T )

Since p+q < > thus 1—p—q >0 and hence ﬁ*{(h,w)(f;i),f;i} =1. This signifies that
Toxis a “soft fixed point” of (h,y).

Now, if T be another “soft fixed point” of (h,y) . Then,

Since p+q 2% and p>0 ,thus 1—2g >0 and hence ﬁ*(foi;,f;'.) N S
Hence, there is one and only one soft fixed point of (h,y).

Theorem 3.2. Let (i,5*Q) be a complete soft multiplicative metric space and
(hy): (I, 5%Q)—>(I,5%Q) be a mapping, which satisfies the soft multiplicative

generalized weak contractive mapping VT, T/ & SP(f) ,
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)17

{ﬁ*(foiz’fﬂ
(

(hw)(Ta ),
(1) ) 2*{(h)

h,w hy <[
p*{(h)(T2 ). (hw) (T )}‘5 p*(TT4). A% |(hw)(T2)
() ()71 {0 () 7

Rl

4T

|
!
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g1’ on-g

)1
Since ¢ satisfies the given condition, thus

PTasTa) o Tad) |,
(T i) 1

S

and thus

(T T 2 ()
p+q+1
R e
= ﬁ*(ﬂ'ﬁf;ﬂ)i {ﬁ*(foi: ,'I:Oi;—_ll )}77 Where 7 = ?
= (T )2 pe(Te T )}"2

= (T )2 px(Th T )

For any m>n, where m,ne N

Py Tap) 05 (), T )P (T T
SO A U A DA )
T ar @ )

)
Anyl

SRR
P (T T

-~ ~i ~: -n _ _ ~i ~: —n+l ~i ~ —n+
2o (T Tay Lo (T Ty {5+ (T TRV

i —m-1
PR T}
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n (I+ﬁ+2772+---+77 m—n—l)

Srax(Th Thy\7
p*(TR,Th)}
"
~ ~ ~1 ~1 177
<{pH(TR Ty
Since p+2q+2r<1, thus 7<1. Therefore,ﬁ*(f;?],f;f;)ai as m,n—oo. So, the soft
sequence {'I:;"}is soft multiplicative Cauchy sequence in | . Being the completeness of

(T, 5*,Q) , there exists a soft point T« & I such that 'I:O'[”n —T as N— 0.

Also,
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Since p+2q+2F <1and p>0, therefore 1—g—F >0 and henceT . is a “soft fixed point”

of (h, l//) Now, if 'Izo'( be another “soft fixed point” of (h, w) . Then,

Pt (F ) e ()
i
1

2]
>
)
D
ol
_|_
N
0|
+
N
=
AR
=
fo7)

nd @> 0, therefore 1—p—7 >0 . Thus,
() =T T =T

[24

Hence, there is one and only one soft fixed point Of(h,l//) :

Theorem 3.3. Let (I,5*,Q) be a complete soft multiplicative metric space and
(hy):(T,p*,Q) —(I,5%Q) be a mapping, which satisfies the soft multiplicative
generalized weak contractive mapping:
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Then, there exists a unique fixed point of (h,y) .

Proof. Let 'I:L?O be any soft point in SP(T). Fix

B LA g
: p*( T p
p ( P
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Since £ satisfies the given condition, thus

clor (T ) (0 ) (2

and thus

(T (e

wherei=mx| (112,71 ). (71 T2 )
Now, two cases will be arised:

CASEL IFM= 5*(Th T ), then

1) 1=1
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CASE2. M= 5*(Th1,Th ), then

(e{ o T | 2 (s 70 )
10 24 ' Qnil - p n-1 ’ an
- P
0* ! rini1 V2 ) =% [T h-1 T! 1-7
,0 ( a:l Tal:H—l ) = { al:]_l ’Ta: )}
~ (i Fin V2 [ ~ Y _ p+g
= p*(Tan ’Tan+11) S{ * an-1' o )} ) where n= 1_q

= p*(Ti fin+1);{,s*(f;g,f;11)}

)
n’ %n4l

Using both the cases, for any m>n, wherem,ne N, we have
~ g =i 11 = ~ g =i 11 1\ =% =i 1 =i
P (o T ) <07 (Mo T 227 (T Tor )

ot TaDip Tt o) o s i)

)
On41 Onyl” Ans2

. .{ﬁ*(‘fim—l ’foi{E )}

m-1
S A% (Tio Ty 7" g% (Fio Ty g~ (Fio Firyy 7"
Lo (F Ty (o (0, Ty " (* (T, T}

S AU

n (1+ﬁ+2772+---+77 m—n—l)

2o TP i T T Ta))

o (T o)y
IR
o Ty

n

Since P+ 24 < 1, therefore 7<1 and hence ﬁ*(f;:,f;”n:)—ﬂ as m,n—oo, So, the soft
sequence {‘f;:}is soft multiplicative Cauchy sequence in I Being the completeness of

(T, 5*,Q) , there exists a soft point T.» € I such that 'I:;”n —T as N— o0,
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Also,
T (o) (T2 )} 2 (T Tt ) (T (o) (T2
2 p(Ti T ) ol (h) (T2, (hy ) (T22))
(T2 T Jmax | (T () (T2 ) (T2 () (T2 2% T
(i T o v (7

P
(T Tha )max[ﬁ*(f;; Tt ), 5T (b ) (TE)} o (Ton ,f;’;)}

oot
' (

where M, = max|5* (T T, 57,5 () (TEh 5% (Tl T

Suppose M, = j*(T" ,'I:;"“l) . Then, from (3.1), we have
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IA

and hence T,.is a “soft fixed point” of (h,y).

Now, assume M, = 5*(T ", T..) . Then, from (3.1), we have

T )T 2

-1 as n—oow.

Il
|

Since p+2q<1 and P> 0, therefore 1—q >0 which indicates that ﬁ*{f;ﬁ,(h,w)(ﬂ:)}
and hence T, is a “soft fixed point” of (h,y).

Now, if M, = 5*{T'%, (h,¢)(T,%)}. Then, from (3.1), we have
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-1 as n— oo
Since p+2q <1, therefore 1—g—p>0 which indicates that ﬁ*{f;i, (h, y/)(f;i)} =1 and
hence T,xis a “soft fixed point” of (h,y).

Thus, in all the cases, we get T '.as a “soft fixed point” of (h,y) .Now, if T!. be another “soft
fixed point” of (h,y) . Then,

WTa)=p

R =

*
—_——

—_

-y

<

~

—_—

q X

? *
¥ % ~
- —_
?

<

~

_|

QR =
N—
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Since P+ 20 < 1, therefore 1—p— 2 > 0Thus (T'Z,T")=I:> Toe=T,.
Hence, there is one and only one soft fixed point Of(h,l//) :

Theorem 3.4. Let (i,5*,Q) be a complete soft multiplicative metric space and
(hy):(T,p*,Q) —(I,5%Q) be a mapping, which satisfies the soft multiplicative

generalized weak contractive mapping

5 (T () (T2} 2= {Th () (T4)], ]
pH{Ta ) (T4 A+ (T ) (L) 5772 )
v T, T)esp(T),

where p, @ and Tare non-negative soft real numbers such thatp+g+r<1 and
5:[1,00)2 [ ) is a continuous function such that f(To'{ TS }):I iff one of

T,. TJ. 7). T; =1.Then, there exists a unique fixed point of (h,y) .

Proof. Let 'I:O'[% be any soft point in SP (). Fix

o o
Tall :(h’ )Ta(())
of of
Toy =(hw)Ty
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Now,

(T T )Tl
N v ey )
T ) ()
ﬁ*(f;?]_ll,f;"nfl),p*(ﬂ”n’foiz”n)’b*(Tolznn11 T )

) p.a . . p.a r
(T T )2 2 (T T )2 2 (T T )}
<
el

~ Fi i ~ Sin i i i
p*(Tazll Ta 11) p*(Ta:,Ta:) p*(Ta 11 Ta )

Since ¢ satisfies the given condition, thus
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Thus, we have

= (o (Tt )< (o T )

o (e i, < (i in W _2 2
= {pr(Tn T )< (Tt ) n=2
2

< {pr(mems)f

For any m>n, where m,ne N

A0 Tm) S{p* (T Tt ) p* (T Tim)}

anyl

oo Top ot T 7))

{B*(h Ty p* (T The2)} . £p*(Timt Tin)}

H
On1 Ony1l’ Qny2

IA

~ . ~ ~ =n_ ~i ~ —=n+l - ~i ~ —=m-1
pHT T o0, THY . {p* (T2 T}

n (I+r7+2772+---+ﬁ m—n—l)

St

=N

7’7 -
ST T

Since p+g+T7 <1, therefore 77 < 1 which indicates that ,5*(1:;’; ,'I:;fr:) — 1 as m,n— 0. So,
the soft sequence {‘I:;:}is soft multiplicative Cauchy sequence in I Being the completeness

of (I, 5*,Q) , there exists a soft point 'I:Oi: &1 such that 'I:;”n —>T~Oii as N —> 0.
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=)

Since p+g+r<Zland ¥ >0 , therefore 1—

N

(1) 2T () (12

D
pr{Tan () (T ) (T Tl

). 5*(Ton T2

a”l topyg

O

230 and hence

N
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ﬁ*{foiz:’(h"//)(foi;)} =1 as n— oo, This shows that (h,z//)('lzoi;) =T'% and henceT . is a “soft
fixed point” of (h,y).

Now, if T be another “soft fixed point” of (h,y) . Then,

& p(TnTie ) o (T ) (e T ) =T Ton ) (T T ) |

Since p+g+r<land p>0 ,therefore 1—q—7 >0 and hence
pH(TT)=T= T =T,

Hence, there is one and only one soft fixed point of (h, gu) .
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