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Some soft Compatible maps and Common Fixed point

Theorem in soft S-metric spaces

Abstract: In this paper, we introduce a new concept like () —soft compatible maps, (8) —soft
compatible maps, soft compatible map of type-I and soft compatible map of type-Il in soft S-
metric spaces. Finally, by the influence of these new concepts we will establish common fixed

point theorem for four soft self maps on a complete soft S-metric space.
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1. Introduction and Preliminaries

Russian mathematician Molodtsov [11] in 1999, introduced Soft set theory. He proposed the soft
set as a completely generic mathematical tool for modeling uncertainties. Soft set theory has a
rich potential for application in many directions. In 2003, Maji et al. [10] presented an
application of soft sets in a decision-making problem and also introduced theory of soft sets.
Babitha and Sunil [3] introduced the idea of soft set relation and function and discussed some
related concepts. Sezgin and Atagun [12] and others modified the work of Maji et al. [10] and
gave some new results. In 2012, Das and Samanta [7] introduced soft real set and soft real
number and studied some of their basic properties (see [8]). They also introduced the notion of

soft metric space.
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Banach construction Principle [4], is one of the main pillars of the theory of metric fixed points.
Many researchers investigated the Banach fixed point theorem in many directions and presented
generalizations, extensions, and applications of their findings. This principle was also extended
in the field of soft theory. Wardowski D. [15] in 2013, established the results on a soft mapping
and its fixed points. Yazar et al. [16] introduced soft contractive mappings on soft metric spaces
and prove some fixed point theorems of soft contractive mappings. In 2016, Mujahid Abbas et
al. [1] introduced fixed point theory of soft metric. There are also numerous generalizations of
soft metric spaces to prove the fixed point theorem therein. Some of these generalizations are as
follows: In 2016 Guler et al. [9] proved fixed point theorem in soft G metric space, Altintas and
Taskopru [2] defined the soft cone metric space and obtained soft versions of some fixed point
results. The definition of soft b-metric was given by Wadkar et al. [13] in 2017. They also
established some fixed point results in the framework of soft b-metric spaces (see [14]). In 2018,
Aras et al. [5] introduced soft S-metric spaces and also discussed its important properties. They
proved some results on soft mapping with a soft contractive condition (see [6]).

We now recollect some basic definition, properties and results in soft metric spaces.

Definition 1.1 [12] A pair (F,E) is called a soft set over a given universal set X, if and only if F
is @ mapping from a set of parameters E (each parameter could be a word or a sentence) into the
power set of X denoted by P(X), that is, F:E - P(X). Clearly, a soft set over X is a
parameterized family of subsets of the given universe X.

Definition 1.2 [10] A soft set (F, E) over X is said to be a null soft set denoted by &, if for all
ecE, F(e) = ¢.

Definition 1.3 [10] A soft set (F, E) over X is said to be an absolute soft set denoted by X if for
allee E,F(e) = X.

Definition 1.4 [6] Let R be the set of real numbers and B(R) the collection of all non-empty
bounded subsets of R and E be taken as a set of parameters. Then a mapping F: E — B(R) is called
a soft real set. If a real soft set is a singleton soft set, it will be called a soft real number and denoted
by 7, 5, t etc. 0 and 1 are the soft real numbers where 0(e) =0, 1(e) =1, for all
e € E respectively.

Definition 1.5 [6] (Properties of Soft Real Numbers): Let 7, § be two soft real numbers. Then the

following statements hold:
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(i) F<§if F(e)<5(e)foralle € E;

Definition 1.6 [6] A soft set (F, E) over X is said to be a soft point if there is exactly one e E
such that F(e) ={u}, for some u € X and F(e') = ¢, V ¢’ € E—{e}. It will be denoted by FXor 1i,.

The soft point 7, is said to be belonging to the soft set (F,E), denoted by i, € (F,E), if
ii,(e) e F(e),i.e., {u} € F(e).

Definition 1.7 [3] A soft S-metric on X is a mapping S: SP(X) x SP(X) x SP(X) - R(E)*

which satisfies the following conditions:

(51) S(@g, Dp, W) = 0;

(Sy) S(fig, Dy, w,) = 0, ifand only if i, = D, = W,;

(S3) S(g, Dy, W) £ Sy, Ug, tg) + SDp, Dy, tg) + S(W,, W, Tg),

for all 6y, D, W,, L4 eSP(X), then the soft set X along with the soft S-metric is called soft S-

metric space and denoted by (X,S,E).

Lemma 1.8 [3] Let (X,S, E) is a soft S-metric space. Then we have

~

S(ua,ﬁa,ﬁb) = S(ﬁbiﬁbiﬁa)'
Definition 1.9 [4] A soft sequence {a7 } in (X,S,E) converges to ©, if and only if
S(az 4% ,9,) - 0 asn — oo and we denote this by lim 47 = .
n—-oo
Definition 1.10 [4] A soft sequence {agn} in ()? S,E) is called a Cauchy sequence if for £ > 0,

there exists ng € N such that S(a% , 4% , a7 ) < & for each m,n > n,.

Definition 1.11 [4] A soft S-metric space ()? S, E) is said to be complete if every Cauchy

sequence is converging to some soft point of ()? S, E)
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Definition 1.3 [3] Let (X,S,E) and (V,S’,E’) be two soft S-metric spaces. The mapping

fp:(X,S,E) > (¥,8',E") is a soft mapping, where f:X - Y and ¢ : E — E’ are two mappings.

Definition 1.12 [4] Let f,: (X,S,E) - (¥,S’,E’) be a soft mapping from soft S-metric space
(X,S,E) to a soft S-metric space (¥,S’,E’). Then f, is soft continuous at a soft point
@i, € SP(X) ifand only if (f, @) ({aZ.}) = (f, 9)(@q).

Definition 1.14 [4] Let (X,S,E) be a complete soft S-metric space. A map f,:(X,S,E) -
()?, S,E) is said to be a soft contraction mapping if there exists a soft real number k e R(E),

0 < k <1 (where R(E) denotes the soft real number set) such that
S((T, @) (@), (T, 9) (@a), (T, 9) (8)) < k S(8q, T, D),

for all i1, D), € SP(X).

2. Main Result

In this section, a generalization of (a) —soft compatible maps, (8) —soft compatible maps, soft
compatible maps of type-1 and soft compatible maps of type-Il are introduced in soft S-metric
spaces. Also, we have presented a series of Proposition in order to the pertinent results. Finally,
we have proved common fixed point theorem for four soft continuous self maps on a complete

soft S-metric space.

Definition 2.1. Suppose fy, g, : (X,S,E) - (X,S,E) are two soft mappings. Then f,, and g,

are known as soft compatible if

lim S(fygy(@2,), 90 (U4,), 9o fp(AE,)) = O,
or

lim S(g0f(03,), 9o (@3, 395 (AE,)) =
where {17 } is a soft sequence in X which satisfies

lim fy,(ag ) = 7111_r)rc}o 9o (0% ) = Dy, for any v, € SP(X).

n—-oo
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Definition 2.2. Suppose fy, g, : (X,S,E) - (X,S,E) are two soft mappings. Then f,, and g,

are known as (a) — soft compatible mappings if

lim § (fp9o @2, f 90 @8, 9p9p(@E,)) = 0,
where {7y } is a soft sequence in X which satisfies
%i_r)rc}ofw(ﬁgn) = 7%1_1r)r010 9o (0% ) = Dy, for any vy, € SP(X).

Definition 2.3. Suppose fy, g, : (X,S,E) - (X,S,E) are two soft mappings. Then fy, and g,,

are known as () — soft compatible mappings if

lim S(g,fy (@2,), 9o fp(@3,). fyfyp(@z,)) =0,
where {iig } isa soft sequence in X which satisfies
lim f,(az,) = lim g, (az,) = 0, for any 9, € SP(X).

Definition 2.4. Suppose fy, g, : (X,S,E) - (X,S,E) are two soft mappings. Then f,, and g,

are known as soft compatible of type-1 if
lim S(fy.9,(08,). 90 (22,). 9) = S(90(05), 94 (06), 0),

where {ay } isa soft sequence in X that satisfies

lim f,,(a%,) = lim g,,(a%,) = 9y, for any 9, e SP(X).

n—-oo

Definition 2.5. Suppose fy, g, : (X,S,E) - (X,S,E) are two soft mappings. Then f,, and g,

are known as soft compatible of type-I1 if
lim $(gfy(43,), 9o fy(AE, ) 05) 2 S(fy(0), £y (P, ),
where {#i; } is a soft sequence in X that satisfies

lim f,,(a% ) = lim g, (2% ) = Dy, for any 9, e SP(X).
n—oo n—oo
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Proposition 2.6. Consider two soft mappings £, g, : (X,S,E) > (X,S, E) such that g,, is soft

continuous. Then f,, and g, are soft compatible if and only if they are (a) — soft compatible.

Proof: Let {ug }is a soft sequence in X and suppose that fy and g, are soft compatible such

that

lim £, (a2) = lim g, (az,) = Dy,

for any 9, € X. Then, by triangle inequality, we have

S(fp9o @8 f 90 (@8, 9990 (@E,)) T 25(fp9@%), fp9e (@), 9o fy (@)
+5(999,(02,), 9o @L.), 9o fyp@E,)),

it follows that

lim S(fy90(@3,). 490 (0E,) 9994 (@3,)) = 0.

Hence, f, and g, are (a) — soft compatible.

Conversely, suppose that f, and g, are (a) — soft compatible. Then we have

S(fo9o @2, 490 @2, 9o fy (@) 2 2 5(f9,@2), fp9e(@2,), 9994 (@i,))
+5(9090(02,). 9994 @), 94 fp(@2,)).

which implies that

S(fp9o @2, f9p(@E,), 9 fyp(@3)) = 0.

Thus, f, and g,, are soft compatible. ]

Proposition 2.7. Consider two soft mappings f,, g, : (X,S,E) - (X,S, E) such that f, is soft

continuous. Then f, and g,, are soft compatible if and only if they are (f) — soft compatible.

Proof: Let {ug }is a soft sequence in X and suppose that fy and g, are soft compatible such

that

lim f,,(4g,) = lim g,(4z,) = ¥p,

n—-oo
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for any ¥, € X. Then, by triangle inequality, we have

(90 fy (@8, 9o fp (@), fifp(@2,)) 2 25(gpfy(@4,), 9o fy (@), fp9e (@)
+ S(fofu(aE,). fufp (@2, 90 (83,)),

it follows that

lim S(fy90(@3,), f95(05,), 9994 (@3,)) = 0.

Hence, f, and g, are () — soft compatible.

Conversely, suppose that f,, and g,, are () — soft compatible. Then we have
S(9pfp@Z), 9o fp 2D fp 9o (@2)) £ 2 5(g0fy (AR, G fip AR, fip fp(@Z )
+ S(fufy (02,). fufy (AT, f90 (A3,)),
which implies that
S(9ofy @2, 9o fy(@E,). fp94(@2,)) = 0.
Thus, fy, and g,, are soft compatible. ]

Proposition 2.8. Consider two soft mappings fy, g, : (X,S,E) - (X, S, E) such that g,, is soft

continuous. If £, and g, are (a) — soft compatible then they are soft compatible of type I.

Proof: Let {ii; } be a soft sequence in X and suppose that fy and g, are (a) — soft compatible

such that
lim fw(ua ) = hm g(p(ua ) = Uy,

n—-oo

forany ¥, € X. Since g,,be soft continuous map, we have

S(fp9o @2 ), fp9p (%), 99 9o @2)) = 0 = S(f.9, (%), fp 90 (AZ.), 9 (D1))

and

S(9¢(@b), 9o (@), D) £ lim [2 5(g, (B1), 9 (B, fp 9 (5,)) +
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S(fp 90 @), fp 9o @T.), Dp)]
= lim 5(f,9,(0F,), f 94 (05,), D).

Hence it follows that
lim S(fp9p (A2, fp9, (A2, 0b) = S(90 (Dp), 9 (Br), D).

Above inequality holds for every choice of the sequence {#ig } in X with corresponding to 7, in

X and hence fy and g, are soft compatible of type-I. ]

Proposition 2.9. Consider two soft mappings £, g, : (X,S,E) - (X,S, E) such that f, is soft

continuous. If £, and g, are (B) — soft compatible then they are soft compatible of type-II.

Proof: Let {ii; } be a soft sequence in X and suppose that fy and g, are (B) — soft compatible

such that

lim f,,(@2,) = lim g,(az,) = Dy,

n—oo n—oo

for any 9, € X. Since gpbe soft continuous map, we have

S(9ofp @2 ), 9o fip (A2 ), fy fp(@R)) = 0 = S(go f (A7), 9o f1p (A2, fp(Pp))

and
S(fp @), £ (00), ) Z Jim [2 S(fyy (Bp), fiy (D), 9 (05,)) +
S(9pfp(@2,). 9o fy(A3,), 0b)]
= lim (g, £ (A%,), 94 f3(0E,), D).
Hence it follows that

lim S(g £ (B2,), 9 Fy (@2, B0) S S(fy (8, £y (92, 95).

Above inequality holds for every choice of the sequence {fi } in X with corresponding to ¥, in

X and hence fy and g, are soft compatible of type-II. [ |
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Proposition 2.10. Consider two soft mappings £, g, : (X,S,E) - (X,S,E) suchthat g, bea
soft continuous map. If f, and g, are soft compatible of type-l1 and for every soft sequence
{@iz } in X we have

lim f,(4y ) = lim g, (ay ) = Dy, for some D}, in X, it follows that

n—-oo n—-oo

lim fyg,(4% ) = Dy, then itis (a) — soft compatible.

n—oo

Proof: Let {ig } is a soft sequence in X and suppose that fy and g, are soft compatible of type-I

such that
lim f,(a%,) = lim g, (3,) = 0,
n—->oo n—-oco
for some 7, € X. Since g,, be soft continuous map, we have
S(90 @), 9o @), 9) 2 lim S(f.9,(a3,), £ 9, (83, ), 9)
and

$(9090(@2,), 9994 (@2,), 95) Z 1im [25 (9,9 (8%,), 9994 (@2,), 94 (1))

+ S(Q(p (ﬁb): g(p (ﬁb)' 1,7\b)]

= 5(9¢ @), 9 (01, Dp)-

Thus, we obtain

lim $(9094(22,), 9095 (85,). ) £ lim S(£y.94(25,). £94(82,). 95).
Further, we have

S (Foa0 (@), fp90(82,). 9095 (82,)) 2 25 (9, (82,). fing (82,). 95)

+ S(gq)gqo (ﬁgn)' 9o9e (ﬁgn)r 1,7\b)'

Taking limit inferior as n — oo, we get
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lim S (fg, (22, f395 (a8, ). 909, (a%,))

IA

2ii_rfolos(fwggo(ﬁgn)'fl/zgfp(ﬁgn)rﬁb) + 7112205(9¢9<p(ﬁ3n)'9¢9<p(ﬁ3n)r 0p)

= 2 lim S(f,.90(13,), fp90(03,), 0) + lim S(f,9,(2,), .94 (2,), 9p).

Thus, lim S (fy90(@2,), fip9(82,), 9p9,(82,)) = 0.
Hence f,, and g,, are (a) — soft compatible. [ |

Proposition 2.11. Consider two soft mappings fy,, g, : (X,S,E) - (X,S,E) such that f,, bea
soft continuous map. If £, and g, are soft compatible of type-Il and for every soft sequence

{aig } in X we have

lim fy, (a7 ) = lim g, (4} ) = Dy, for some D, in X, it follows that
n—-oo n—-oo

lim g, f, (4% ) = Dy, then it is (B) — soft compatible.

n—0o0

Proof: Let {@i; } is a soft sequence in X and suppose that fy and g, are soft compatible of type-

Il such that
lim f,(4g,) = lim g,(4g,) = Dp,
n—-oco n—0o0
for some ¥, € X. Since f, be soft continuous map, we have
S(fp (@), £ (2, D) 2 1im S(g¢f (0F,), 9 f (0F,), B5)
and

S(fy fp (@2, ), fof (@2,),9) Z 1im [2.5 (o £ (82, ), fifop (82,), £ (B1)

+ S(fp (D), £ (D), )]
= S(f(p (ﬁb); f(p (ﬁb)' ﬁb)

Thus, we obtain

10
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Yim S fy (@5, Fop (@3,), 95) 2 lim $(9, £y (23,). 90 £ (25,),95)

Further, we have

S (90Fo(@8), 9ofy @2, fofp(@2,)) 2 25 (90 fy(82,), 90 fyp (85,). D)
+ S(fofo (82,). fofy (83,), 0).

Taking limit inferior as n — oo, we get

tim 5 (g0 fi(88,), 90 £ (88,). fo i (8,))

2 2 1im 5 £y (@), pfy (5,). 80) + lim SCf £y (@8,), fp o (88,),5,)

= 2lim S(g,1(83,), 90 f(0E,), ) + lim S(gf (7). 91 (03,), ).

ThUS, rlll—rgo S (g<pflp(ﬁ3n)v9<pflp(ﬁgn)v f(pf(p (ﬁgn)) =0.
Hence f, and g,, are (@) — soft compatible. |

Proposition 2.12. Let fy, g, : (X,S,E) - (X, S, E) be two soft mappings. Suppose that f,, and

g, are soft compatible of type-I (resp. of type-Il) £,(9,) = g, (9;) for some ¥}, in X, then
S (1), (), 9995 (5)) Z S (£(0b), £ (B1), (D))

(resp-.5 (@), 9 (80, £ fy @) 25 (9500), 9580, 90y (P1)) )

Proof: Let {@i } be a soft sequence in X defined as g =?vpforn=1,2, ... and
fu(p) = g,(Dp) for some D), in X. Then we have

lim f,(4g,) = lim g,(4g,) = ¥p.

Suppose fy, and g, are soft compatible of type-I, then

S (£ @0). £ (00), 994 @9)) Z 25 (£ @0, fip (00D, F9 (9) )

11
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+5 (£390 (). 9o (42), 9095 (ul,))

2 5 (£ @ 1y @), Fy9, (30))

Theorem 2.13. Suppose that f;,, g,, Rg,and T; are four soft self mappings defined on a

complete soft S-metric space (X S, E).

(@) Let fy(X,S5) € Ry(X,S), g,(X,S) € Te(X,S), then there exists a constant k e (0, I) such

that for each i, D), W, € SP(X) we have

S(fy@a), f (0, 9 (W) £ ke max (S(Ry (), Ry (9), Te (W), S (fip (o), fp (M), Ry (),
(9o (W), 9 W), Te (W) ), S (fip (P), fip (90, T (W),
$(9p (W), 99 (We), Ry (82}, (2.1)

Also, if fy, gy, Rg,and T; satisfying any one conditions provided below:

(b) T is soft continuous and the pair (fy, Rg) and (g, T¢) are soft compatible of type-I.

(€) Ry is soft continuous and the pair (fy, Rg) and (g, Tr) are soft compatible of type-I.

(d) fy 1s soft continuous and the pair (fy, Rg) and (g, T¢) are soft compatible of type-II.

(€) g, is soft continuous and the pair (f, Rg) and (g, T¢) are soft compatible of type-II.

Then fy, 9o, Re,and Ty have a unique common fixed soft point in X.

Proof: Let 43 e SP(X). From (&) we can construct a soft sequence {9} } in SP(X) such that

Te(agt) = o (a2n,) = 037, and Ry(aZnrL) = g, (a3142) = 0373,

Then from (2.1), we have

S (fy(azn), fy(a2n), g, (a21))

2 kmax{S(Ry (021), Ry (020, Te (@2141)), S (£ (022 ), £y (822 ), Ry (022.)),

12
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S (g<P (ﬁlezlrj:i )’ g‘P (aczl?:+11 )’ Tf (ﬁczl?:+11)) 4 S (f<P (ﬁé;ln)’ f(p (ﬁlezln )’ Tf (ﬁczl;l:+11 ) )’

S(g,(@2n+1), g,(A2M*1), Ry (A2 )3,
which implies that

~2Nn as2n s2n+1
S(vbzn'vbzn’ ban+1

z 1, ~2n—1 ~2n—-1 »2n A2Nn o2n s2n-1 ~2n+l o2n+l1 52n
- k maX{S( van—l’ van—l' van)' S(vbzn’ szn' van—l)' S(vb2n+1’ vb2n+1’ van ’

A2N H2Nn 52n ~2n+1 »2n+l1 n2n—1
S(vbzn’ szn, szn), S(Ub2n+1’ vb2n+1’ vbzn—1

=1 ~2n—-1 »52n-1 o52n ~2Nn o2n s2n+1
=< ke max{S( Vbon-1'Ybon_y’ van)' S(van’ Ubyn vb2n+1)}'

Suppose that n > m for some n, m € N, then we have

AM sNn osm ) = sn osn sn+l sn+l sn+l sn+2
S(vbn' vbn' me) =2 S(vbn’ vbn’ vbn+1) t2 S(vbn+1’ vbn+1' vbn+2

sm—1 sm—1 sm
+ -+ S(vbm_l, me_l, vbm)

= rm rm—1 rn—1 ~1 51 50
Z2(km+k +--+k )S(vbl,vbl,vbo)
Zogm KT o1 51 50 0

< TS(vbl,vbl,vbo) — (0,asm — co.

It follows that {©}) } is a Cauchy Sequence. Since ()? S, E) is a complete soft S-metric space, so

there is some W, € SP(X) such that 9} — W,.

Further, suppose that condition (b) holds. Then, since the pair (gy» T¢) is soft compatible of type

(1) and T is soft continuous, we have

(T @0, T 00, 0) B lim (0, T @314, 0, T (03271, 9) @2)
and TETf(alegn++11) - T{: (WC) (23)

By taking i, D), = 2137 and W, = Tz(@3"+" ) in (2.1), we obtain

s (fp(@2n). fp(a22,). g, Te (@2012))

13
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2 kmax{ S(Ry (02, Ry (020, T Te (02041)), S (£ (022), £ (022), Ry (221)),
S (9pTe(@31L), g Te (@2042), TeTe((@3042))
S(fo @35, o (R85, TeTe (531)), S (9 Te (1), 9o Te (1T, Ry (BE]))3,
(2.4)
Now, taking limit inferior on both the side equation (2.4) we obtain

lim S(W, We, g, T @211))

2 kmax( S (We, W, T (@), S (P, B, W), Nim S (T (), T (@), g, T () ),

S (WC' Wc: Tf (Wc))’ AEEOS(WC' WC’ g<PTf (aczl;;li))}

2 kmax(($ (e, e, Tg(®,) ), lim [2 S(Te(®), T (90, @) + S (We, e, g Te(@2251) )]

Tlll_r)l;lo S(Wc' we, ggoTs‘ (ale;lw;:ll))}

2 Fmax{ lim (W, W, g Te (022)),3 Tim $(e, @, 9T (AZ11)),

S(Wcr Wc; Yo Tf (aczlg,:ll))}'
which implies that

rlzl_r>rolo S(Wc' We, 9o Tt (ﬁﬂzl;l‘rj;—ll)) <k i‘l‘(}o S(Wc' We, 9o T (aczl?;ll))

Z I_C AI_I;I(}O S(ch Wcr gquf (ﬁg;;:ll))’

a contradiction.

Therefore

lim S(e, @, 9,Te(@2571)) = 0,

Thus, form (2.2) we get

14
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S(Te @), Te (W), W) = 0,
which further implies
T: (W) = We. (2.5)

Now by taking 4, ), = 42" and W, = W, in (2.1), we get
s (fp(@22), (@22, g (@)
2 kmax{S(Ry (021, Ry (021, Te (W), S (f(@22). £ (022), Ry (222)),

S (90, 99 W), Te @) ), S(f (21, fp 22D, Te (W),

S(9¢ (P, 9o (W), Ry (832} (2.6)
Taking limitas n — oo in (2.6), we obtain
S (Wes We 9o (00)) Z & S(g, (), g (W), W) = b S (We, We, g (W) ),
a contradiction, since k € (0, 1).

Thus, we get g, (W) = W,. (2.7)

Further, as we have g, (X,S) € T¢(X,S), so there exists a soft point 9, in SP(X) such that
ggo(wc) = Rd)(yd)-
Again by (2.1), we get

S(flp(?d)'fzp(yd)'wc) < k max({ S(R¢ Fa), Rqs(JA’d)'Wc)'S (fw Fa), fpPad Ry (?d))»

SWe, We, W), S (fp G f F), We), S (e W, Ry (9D ),
which implies that

S(fw(yd)'fzp(yd)'wc) g ES(fl[)(yd)!fw(yd)ﬂwc) Z S(fl[}(yd)lfil)(yd)'wc)i as E € (6, i):

a contradiction and hence

15
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foGFa) = W .
Given that the pair (fy, Ry) is soft compatible of type-1, so we have
fo@a) = Rp(Pa) = .
From Proposition 2.12, we have
S (Fp @ G RoRs G ) 2 KS (fy G fy G firRo G))
and so
S (We Mo Ry (W) 2 & S (e, e, fp(@))- (2.8)
Again using equation (2.1) we obtain
S(fp (@), i (W), We) 2 kmax{ S(Ry (W), Ry (We), W), S (fip (e, £ (W), Ry (W),
S(We, e, We), S (fip (W), fp (W), e, S (We, W Ry (W) )},
2 kS(f(Wo), £y (®e), We) Z S(fp(0e), (W), 0,
a contradiction and hence
fu (W) = W,
Also, from (2.8) we obtain
Ry (W) = W,.

Hence, we obtain f,,(W.) = g,(W,) = Ry (W.) = T¢(W;) = W, which implies that w. is the

fixed soft point of £, g,, Ry, and Ts.
For uniqueness consider another fixed soft point 9, in SP(X) then from (2.1) we get
S(fp ) fyFa) 9o (W) Z kmax (S(Ry (Fa), Ry 9a), Te W), S (FyB). fy ), Ry F)),

S(9o (W), 9o (W), Te (W), S(fip D) fip D), Te (W),

16
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S(9,(We), 9o (W), Ry D) )}-

S@a, 90 W) £ kmax {SFqa, 94, We)), SGar Ia Va), SWe, We, We), SPa, g W),
S(We, We, §a)}-

which implies that

SGa, Y0 We) L kSGa, Ja, We).

Ask e (0,1), we get S(Py, P4, W) = 0,

which implies W, = y,. So, w, is common fixed soft point of £, g,, Ry, and T.

By the similar argument we can prove other cases (¢), (d) and (e).

This completes the proof.
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