
Analysis of hybrid stochastic Gompertz model with

time delay

Abstract

This study explores a hybrid stochastic delay Gompertz model under regime

switching. It is proven that the model has a unique global positive solution.

Sufficient conditions for persistence in mean and extinction are obtained. The

results demonstrate that the dynamics of the model are intimately associated

with the regime switching and random perturbations.
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1. Introduction: background and research aims

In mathematical ecology, the Gompertz model is one of the most impor-

tant models, The Gompertz law of tumour cell growth is given by

dψ(t) = (aψ(t)− bψ(t) lnψ(t))dt, t > 0 (1.1)
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here ψ(t) represents the cell number at time t , ψ(0) is the number at the

initial time identified as the instant when the cancer is diagnosed. The

parameter a is the intrinsic growth rate of the tumour related to the initial

mitosis rate and b is the growth deceleration factor. Since time delays are

often introduced to the growth models to better reflect reality of considered

processes, in Gompertz model delay may represent the time lag in the process

of tumor growth/regression. In the paper [1], the authors introduced the time

delay to Eq. (1.1) to describe that the growth per capita at present time t

depends on the previous time t− τ , that is

dψ(t) = [aψ(t)− bψ(t) lnψ(t− τ)]dt, t > 0 (1.2)

with the initial date ψ0 = {%(ς),−τ ≤ ς ≤ 0} where %(t) is continuous

function from [−τ, 0] to R+.

There are many random perturbations in the environment [2–4]. Firstly,

we consider the small perturbations in the environment. May RM [5] pointed

out that the small environmental perturbations mainly affect the growth

rate of a species and can be modeled by a white noise. This approach has

been widely adopted (see [6–14]). Following this approach, a → a + σḂ(t),

where {B(t), t ≥ 0} represents standard Brownian motion and real constant

σ intensity of the noise, one can get the following stochastic Gompertz model

with time delay as

dψ(t) = [aψ(t)− bψ(t) lnψ(t− τ)]dt+ σψ(t)dB(t). t > 0 (1.3)

Beside small perturbations, there are some environmental perturbations

which can cause the growth of a species switches from one state to another. In

general, the switching is memoryless. Therefore the regime switching could
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be modeled by a finite-state Markov chain [15–17]. Let ξ(t) be a right-

continuous Markov chain in a finite state space S = {1, 2, . . . , N}, with the

generator Q = (qij)N×N given by

P{ξ(t+ ∆t) = j|ξ(t) = i} =

 qij∆t+ o(∆t) if i 6= j,

1 + qij∆t+ o(∆t) if i = j,
(1.4)

where ∆t > 0 . Here qij ≥ 0 is the transition rate from i to j if i 6= j

while

qii = −
∑
j 6=i

qij. (1.5)

In this paper, we mainly consider a = r, b = rβ of model (1.3), Thus, on

the basis of model (1.3), we obtain hybrid stochastic Gompertz model with

time delay, i.e.

dψ(t) = r(ξ(t))[ψ(t)−β(ξ(t)))ψ(t) lnψ(t−τ)]dt+σ(ξ(t)))ψ(t)dB(t), t > 0

(1.6)

where a(i), β(i), σ(i) are all positive for any i ∈ S, and ξ(t) is Ft adapted but

independent of the Brownian motion B(t).

To the best of our knowledge, there are few investigations on model (1.6)

in the literatures. In this paper, we will devote our main attention to the

study on the dynamics of this model, and establish the threshold between

permanence and extinction for the model. The paper is organized as follows:

In the next section we show that Eq. (1.6) has a unique positive global

solution. In Section 3 we give some long time dynamical properties, such as

persistence an extinction. Finally, we conclude the paper by a brief discussion

in Section 4.
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2. Description of the model and research basis

Through out this paper we always assume that Markov chain ξ(t) is irre-

ducible, that is to say the following linear equation

πQ = 0,
N∑
i=1

= 1, (2.1)

has a unique stationary solution π = (π1, · · · , πN) satisfying πi > 0, i ∈ S.

In this paper, we consider stochastic delay Gompertz population system

with regime switching described by (1.6) with the initial value ψ(0) = ψ0 >

0, ξ(0) = i ∈ S, where B(t) is 1-dimensional standard Brownian motion and

we always suppose that Markov chain ξ(t) is Ft-adapted but independent of

the Brownian motion B(t). Eq. (1.6) can be regarded as the results of the

following N autonomous equations

dψ(t) = r(i)[ψ(t)− β(i)ψ(t) lnψ(t− τ)]dt+ σ(i)ψ(t)dB(t), i ∈ S (2.2)

switching from one to the others according to the movement of Markov chain.

This switching is without memory and the waiting time for the next switch

has an exponential distribution. We will discuss the properties of the solution

of Eq. (1.6).

Theorem 2.1. Let the parameters of Eq. (1.6) satisfy the condition

max
i∈S
|r(i)− σ2

2
+ r(i)β(i)| ≤M, (2.3)

for some constant M ≥ 0. Then, there exists a unique positive solution ψ(t)

for t ≥ −τ to Eq. (1.6).
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Proof. Consider the stochastic delay differential equation

dz(t) = [r(ξ(t))− 1

2
σ2(ξ(t))−r(ξ(t))β(ξ(t))z(t−τ)]dt+σ(i)x(t)dB(t) (2.4)

on t ≥ 0 with the initial date z0 = lnψ0 Obviously, the coefficients of Eq.

(2.4) satisfy the global Lipschitz condition and,under assumption (2.3), the

linear growth condition. Thus, for any initial date there exists a unique

global solution z(t) on t ≥ −τ . Therefore,by using Itô formula, Define ψ(t) =

ez(t), we have

dψ(t) = ez(t)[r(ξ(t))− 1

2
σ2(ξ(t))− r(ξ(t))β(ξ(t))z(t− τ)]d(t)

+ez(t)σ(ξ(t))dB(t) +
1

2
ez(t)σ2(ξ(t))dt

= ψ(t)[r(ξ(t))− r(ξ(t))β(ξ(t)) lnψ(t− τ)]dt+ ψ(t)σ(ξ(t))dB(t).

(2.5)

The theorem has been proved.

3. persistent in mean and extinction

Definition 3.1. Suppose that ψ(t) is a solution of Eq. (1.6), then

(1) ψ(t) is said to be persistent in mean if lim inf
t→∞

1

t

∫ t

0

ψ(s)ds > 0 a.s.;

(2) ψ(t) is said to be extinction if lim
t→∞

ψ(t) = 0 a.s..

To proceed with our discussion, we need a few notations:

ř = max
1≤i≤N

r(i), r̂ = min
1≤i≤N

r(i), β̌ = max
1≤i≤N

β(i),

β̂ = min
1≤i≤N

β(i), ω(i) = r(i)− 1

2
σ2(i).

Theorem 3.1. Suppose Theorem 2.1 holds and

h∗ =
N∑
i=1

πi[ω(i) + r(i)β(i)] > 0, (3.1)

then Eq. (1.6) is persistent in mean.
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Proof. By using generalised Itô formula to Eq. (1.6), we can get that

lnψ(t) = lnψ(0)+

∫ t

0

[ω(ξ(s))−r(ξ(s))β(ξ(s)) lnψ(s−τ)]ds+

∫ t

0

σ(ξ(s))dB(s).

(3.2)

Elementary inequality lnψ ≤ ψ − 1 for ψ > 0, implies

lnψ(t) +

∫ t

0

r(ξ(s))β(ξ(s)) lnψ(s− τ)ds

≤ ψ(t) +

∫ t

0

r(ξ(s))β(ξ(s))ψ(s− τ)ds−
∫ t

0

r(ξ(s))β(ξ(s))ds

≤ ψ(t) + řβ

∫ t

0

ψ(s)ds−
∫ t

0

r(ξ(s))β(ξ(s))ds+ řβ

∫ 0

−τ
%(ξ(s))ds

= e−řβt
d

dt

(
eřβt

∫ t

0

ψ(s)ds
)
−
∫ t

0

r(ξ(s))β(ξ(s))ds+ řβ

∫ 0

−τ
%(ξ(s))ds.

(3.3)

Combining (3.2) and (3.3), we have

lnψ(0) +

∫ t

0

ω(ξ(s))ds+

∫ t

0

σ(ξ(s))dB(s)

≤ ψ(t) + řβ

∫ t

0

ψ(s)ds−
∫ t

0

r(ξ(s))β(ξ(s))ds+ řβ

∫ 0

−τ
%(ξ(s))ds.

(3.4)

Therefore,

e−řβt
d

dt

(
eřβt

∫ t

0

ψ(s)ds
)
≥ lnψ(0) +

∫ t

0

[ω(ξ(s)) + r(ξ(s))β(ξ(s))]ds

+

∫ t

0

σ(ξ(s))dB(s)− řβ
∫ 0

−τ
%(ξ(s))ds.

(3.5)

Now, integrating both sides of (3.5), it yields∫ t

0

ψ(s)ds ≥ C

řβ
(1− e−řβt) +

∫ t

0

(
eřβ(s−t)

∫ s

0

[ω(ξ(u)) + r(ξ(u))β(ξ(u))]du
)
ds

+

∫ t

0

(
eřβ(s−t)

∫ s

0

σ(ξ(u))dB(u)
)
ds

=
C

řβ

(
1− e−řβt

)
+

1

řβ

∫ t

0

[ω(ξ(s)) + r(ξ(s))β(ξ(s))]ds

(3.6)
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− 1

řβ

∫ t

0

eřβ(s−t)[ω(ξ(s)) + r(ξ(s))β(ξ(s))]ds

+
1

řβ

∫ t

0

σ(ξ(s))dB(s)− 1

řβ

∫ t

0

eřβ(s−t)σ(ξ(s))dB(s),

where C = lnx(0)− řβ
∫ 0

−τ %(ξ(s))ds. Since

lim sup
t→∞

|C
(
1− e−řβt

)
|

t
= 0, (3.7)

lim sup
t→∞

∣∣ ∫ t

0

eřβ(s−t)[ω(ξ(s)) + r(ξ(s))β(ξ(s))]ds
∣∣

t
≤ lim sup

t→∞

M(1− e−řβt)
řβt

= 0,

(3.8)

lim sup
t→∞

∣∣ ∫ t

0

σ(ξ(s))dB(s)
∣∣

t
= 0 and lim sup

t→∞

∣∣ ∫ t

0

eřβ(s−t)σ(ξ(s))dB(s)
∣∣

t
= 0

(3.9)

holds a.s., then from (3.6)

lim inf
t→∞

1

t

∫ t

0

ψ(s)ds ≥ lim inf
t→∞

1

t

∫ t

0

[ω(ξ(s))+r(ξ(s))β(ξ(s))]ds =
N∑
i=1

πi[ω(i)+r(i)β(i)] = h∗.

(3.10)

Now, if h∗ > 0, we have

lim inf
t→∞

1

t

∫ t

0

ψ(s)ds > 0 a.s.. (3.11)

This completes the proof.

Theorem 3.2. Suppose

max
i∈S
|r(i)− σ2

2
| ≤ A, (3.12)

and

ρ = lim
t→∞

∫ t

0

r(ξ(u))β(ξ(u))ds < 1, (3.13)
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hold, and for all t ≥ 0

r(i)− σ2

2
≤ −θ < 0, (3.14)

where θ is a constant such that θ > ρA
1−ρ . Then Eq. (1.6) is extinction with

probability 1.

Proof. By using Itô formula to Eq. (1.6), we show that

lnψ(t) = lnψ(0)+

∫ t

0

[r(ξ(s))−1

2
σ2(ξ(s))−β(ξ(s))r(ξ(s)) lnψ(s−τ)]ds+

∫ t

0

σ(ξ(s))dB(s).

(3.15)

Consequently,

| lnψ(t)| ≤ | lnψ(0)|+
∫ t

0

|r(ξ(s))− 1

2
σ2(ξ(s))|ds

+

∫ t

0

β(ξ(s))r(ξ(s))| lnψ(s− τ)|ds+ |
∫ t

0

σ(ξ(s))dB(s)|

≤ | lnψ(0)|+ At+ sup
u∈[−τ,t]

{| lnψ(u)|}
∫ t

0

β(ξ(s))r(ξ(s))ds

+|
∫ t

0

σ(ξ(s))dB(s)|

≤ | lnx(0)|+ At+ ρ sup
u∈[−τ,t]

{| lnψ(u)|}+ |
∫ t

0

σ(ξ(s))dB(s)|.

(3.16)

It follows from (3.16) that

sup
u∈[−τ,t]

{| lnψ(u)|} ≤ sup
u∈[−τ,0]

{| lnψ(u)|}+ sup
u∈[0,t]

{| lnψ(u)|}

≤ sup
u∈[−τ,0]

{| lnψ(u)|}+ | lnψ(0)|+ At+ ρ sup
u∈[−τ,t]

{| lnψ(u)|}

+ sup
u∈[0,t]

|
∫ u

0

σ(ξ(s))dB(s)|

≤ 2 sup
u∈[−τ,0]

{| lnψ(u)|}+ At+ ρ sup
u∈[−τ,t]

{| lnψ(u)|}

+ sup
u∈[0,t]

|
∫ u

0

σ(ξ(s))dB(s)|,

(3.17)
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and then

sup
u∈[−τ,t]

{| lnψ(u)|} ≤ 2

1− ρ
sup

u∈[−τ,0]

{| lnψ(u)|}

+
A

1− ρ
t+

1

1− ρ
sup
u∈[0,t]

|
∫ u

0

σ(ξ(s))dB(s)|.
(3.18)

This, together with (3.15), gives that

lnψ(t) ≤ lnψ(0) +

∫ t

0

[r(ξ(s))− 1

2
σ2(ξ(s))]ds+ ρ sup

u∈[−τ,t]
{| lnψ(u)|}+

∫ t

0

σ(ξ(s))dB(s)

≤ lnψ(0) + (−θt) +

∫ t

0

σ(ξ(s))dB(s) +
2ρ

1− ρ
sup

u∈[−τ,0]

{| lnψ(u)|}+
Aρ

1− ρ
t

+
ρ

1− ρ
sup
u∈[0,t]

|
∫ u

0

σ(ξ(s))dB(s)|

≤ 1 + ρ

1− ρ
sup

u∈[−τ,0]

{| lnψ(u)|}+ (−θ +
Aρ

1− ρ
) +

1

1− ρ
sup
u∈[0,t]

|
∫ u

0

σ(ξ(s))dB(s)|.

(3.19)

Then by use of the strong law of large numbers for martingales, from (3.19)

we obtain that

lim sup
t→∞

lnψ(t)

t
≤ −θ +

ρA

1− ρ
< 0. (3.20)

That is

lim
t→∞

ψ(t) = 0 a.s.. (3.21)

The proof is complete.

4. Conclusions

The effect of stochasticity on the persistence in mean and extinction of

stochastic Gompertz models is a key topic in ecology [5]. This paper has

been formulated and explored a stochastic Gompertz model with Markovian

switching. Theorem 3.1 and Theorem 3.2 have established sufficient condi-

tions for persistence in mean and extinction of the species. Several topics
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deserve further research. Eq. (1.6) assumes that only the intrinsic growth

rate r is perturbed by the white noise. An interesting topic is to explore

what happens if β are also perturbed by the white noise. Another topic is

to explore Eq. (1.6) is also perturbed by the Lvy jumps (for more details of

Lvy jumps, see [12, 19, 20]).
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