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Regular Elements and Von-Neumann Inverses of a class of zero symmetric
Local near-rings admitting Frobenius Derivations

Abstract

Let N be a zero-symmetric local near-ring. An element x € N is either regular,
zero or a zero divisor. In this paper, we construct a class of zero symmetric local
near-ring of characteristic p*; k > 3 admitting an identity frobenius derivation,
characterize the structures and orders of the set R(N), the regular compartment
with an aim of advancing the classification problem of algebraic structures. The
number theoretic notions relating the number of regular elements to Euler’s phi-
function and the arithmetic functions of Galois near-rings are adopted. Using the
Fundamental Theorem of finitely generated Abelian groups, the structures of R(N)
are proved to be isomorphic to cyclic groups of various orders. The study also
extends to the automorphism groups Aut(R(N)) of the regular elements.

Subject Classification:16N60, 16W25, 16Y 30.

Keywords: Regular Elements, Von-Neumann Inverses, Zero symmetric lo-
cal near-rings

1 Introduction

The study of near-rings with identity is very vital in generalizing characterization of com-
mutative rings with identity. Much of the recent works on the classification of finite
rings with identity have considered a characterization paradigm using the unit groups,
the zero divisor graphs, adjacency and incidence matrices among others. This has left the
non-linear aspects fairly untouched. In particular, regular elements and Von-Neumann
inverses of near rings admitting derivations hardly exist in the available literature.

Oduor, Ojiema and Mmasi[1] determined construction of idealized local rings of charac-
teristic p" : n = 1,2,3 and determined the structures of the unit groups R*. Osba,
Henriksen and Osama [2] conducted a classification survey on combining local and Von
Neumann Regular Rings as a basis upon which the regularity properties of rings and their
ideals could be explored. The rings studied in [2] were finite and their Von Neumann in-
verses gave some asymptotic patterns. Their findings demonstrated how to combine the
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Von- Neumann inverses of classes of rings such as the power series rings and the ring of
integers. They however did not count the number of regular elements in a given finite
ring nor did they give the structural formulae for the regular elements and the Von Neu-
mann inverses of the specified classes of rings. In a closely related research, the study on
regular elements of Galois rings can be attributed to Osama and Emad [3] where they
characterized the regular elements in the ring of integers modulo n, Z, . Furthermore,
they studied the arithmetic functions denoted as V(n) and determined the relationship
between V(n) and the Euler’s phi function, ¢(n). This gave an extension of the ring
theoretic algebra employed in counting the regular elements of Z, to the number theo-
retic methodologies. For instance, the research revealed that if a is a regular element in
L, then a=Y = a?™~1 (mod n). They proposed a criterion for getting the possible
Von Neumann inverses in the set of regular elements of Z, and explored the asymptotic
properties of V(n). Their findings did not consider extensions and idealization using
maximal submodules of Z,Vn € Z. Closely related works can also be seen in Osba et al
[4] and Oduor, Omamo and Musoga[5] In order to advance the concept of classification
of algebraic structures, the paper considers generalized rings, the near rings.

2 Zero-Symmetric Local Near-Ring of Characteristic
k.
p¥ k>3

Let R, = GN(p*,p*). Let i =1,...,h and u; € Z,(N) and M =< u; >.
Then,

h
N=R,&M=R,® Z(Ro/pRo)i

=1

is a group with respect to addition.

On N, let

(T07 7_"17 LR} ?h)(soy 517 ceey gh) - (Toso: Togl + 771807 ceey 7nogh + Fhso)(S
where ¢ is the identity Frobenius automorphism. The multiplication turns N into a local
zero symmetric near-ring with identity (1,0, ...,0).

Indeed N = R, ® M is commutative since ¢ is the identity Frobenius automorphism.

Proposition 2.1. Consider N' = GN (p*", p*) where k > 3. Then, charN = p* and:

(Z) ZL(N> =pR, ® Z?:l (RO/pRo)i
(ii). (Zo(N))F' =p" 'R, # (0)
(iii). (ZL(N))*F = (0).
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Proof. Char GN (p*",p¥) = char N and idy = idgper pr)
Let a € R, and a not contained in pRy and let s € Z,(N).
Then

(a+s)P" = a" +5 :(s e Z(N))
= (a+s") (5" € ZL(N))

But (a+s")P' ' =1+ ¢" with " € Z,(N) and (14 s”)?"~! = 1. Hence (a+ s) is
regular and not zero.

Since | Zp(N) |= p"+r=1r and

| (Ro/PR,)* + Zr(N) |= (p" — 1)(p"*++=1r) | it follows that

(Ro/pR)* + Z(N) =N — Zp(N) and hence all the elements outside Zp(N)\ {0} are
regular. O

Remark 2.1. A regular element © € R(N') may have more than one Von-Neumann
inverse. Howewver, for the classes of near-rings considered in this study, the Von-Neumann
TNVETSES are unique.

Proposition 2.2. Let N be a class of near-ring of the construction. For x € N and
xo € I(z), we have that:

I(z) = {xo + a — morazzy | @ € N'}

Proof. From the construction, if € N, then

h
z=(ro+(Q_ro+pr)r €GN, ") /pGN (", p")).

i=1
So the definition of the multiplication in N gives the desired result. m

Denote by I(x) and r(z) the left and the right annihilator of an element x € N'. So
the inner annihilator of x € N is: Tann(x) = {y € N : zyz = 0}.

Theorem 2.1. Let N be the near ring of the construction. If a € R(N), then for any
be N, bl(a)b is a singleton set if and only if b € NanaN .

Proof. Suppose there exists 2,y € N such that b = za = ay and let a, € I(a). We then
have that for any ¢t € NV,

b(a, +t — a,ataa,)b = (xaa,+ rat — xataa,)ay
= zay + zatay — xatay

= zay
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Thus the set bl(a)b = {zay} is singleton.

Conversely, suppose that bl(a)b = {ba,b} .

We then have: b(a, + t — a,ataa,)b = bayb for any ¢ € N'. This implies that for any
t € N, we have: b(t — a,ataa,)b = 0.............. (). Substituting (1 — a,a)t for t in this
equality yields b(1 — a,ataa,)th =0 for any t € N'. But N constructed is semiprime so
that b(1 — a,a) = 0= b=ba,a € Na .....(ii)

Similarly, substituting ¢ by t(1 — aa,) in the equality (i)

gives b= aayb € aN ......... (iii)

Comparing (ii) and (iii), we conclude that b € NaNaN O

Lemma 2.1. Let N be the near ring constructed and let b,d € N such that b+ d is a
Von Neumann regular element. Then the following are equivalent:

(i) DN @ dN = (b+ d)N
(ii) Nb@&Nd=N(b+d)
(iii) DNBOAN = {0} and NbNNd = {0} .
The next result shows when I(a) C I(b) necessarily and sufficiently where a,b € N’

Proposition 2.3. Let a,b € R(N'). Then I(a) C I(b) if and only if DN NdN = {0}
and NbNNd={0} where a=d+b

Proof. Let I(a) C I(b). Then by definition, there exists some = € I(a) such that bxb =b.
Now b e NanaN .

Write b = aa = a8 where o, 3 € NV

Then bl(a)a =b.

Next

bl(a)d = bl(a)a—bI(a)b
— b—bI(a)h =0

Consider now

dl(a)b = al(a)b—0bI(a)b
= af —bl(a)b
= b—-0b=0

We thus have bl(a)d =0 and dI(a)b = 0.......ccooceiiiiiiininnininn. (i)
Then for any = € I(a) we have;

b+d=a = axa
= (b+d)zx(b+d)
= bxa+ dxb+ dzd
= b+0+dxd
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This yields dI(a)d = d.....ccccoooeiviiiiiiiiiiiiiiiiiii e, (ii)

To show that dN NN = {0}.

Let bz = dy € bN NdN .

Multiplying both sides of (ii) by y on the right and using bx = dy yields, dI(a)bx = dy
But from above we have that dI(a)b =0 and so dy = 0 which clears the proof.
Similarly, we show that NoNNd = {0}.

Let 2b = yd € NbNNd. Multiplying both sides of (ii) on the left by y. We get:
ydl(a)d = yd. This proves that xbl(a)d = yd.

Since bI(a)d = 0, we obtain yd = 0 showing that NoNNd = {0}.

Theorem 2.2. Let a,b € R(N). Then I(a) = I1(b) if and only if a =b.

Proof. From the construction, N' = Z,(N) UN*U{0}. Now, assume that I(a) = I(D),
we can write a = b+d with DN NdN =0 and NdNNd = 0. But (b+d)N = bN & dN .
Since I(a) = I(b), we have that al(b)a = {a} and bI(a)b = {b} and therefore it follows
that Na = N'b and aN = bN which leads to aN = (b+d)N = bN @ dN giving d = 0.
Hence a = b as desired.

[

Next, we provide the analogue to the previous theorem by generalizing the case to
reflexive inverses:

Theorem 2.3. Let a,b € R(N). Then Ref(a) = Ref(b) iff a=10b

Proof. Let a, € Ref(a) = Ref(b). Since a =0 if and only if Ref(a) = 0, assume that
a,b # 0.Since bRef(a)b = bRe(b)b = b and Ref(a) = I(a)al(a), we have that for any
te N. bla,+t—asataa,)a(a, +t— a,ataa,)b = b. Replacing t by (1 —a,a)t and noting
that a(l — a,a) = 0,we obtain successively
bla,a + (1 — aya)ta)(a, + (1 — a,a)t)b = b and b(a.b + (1 — aya)ta)(a,)b = b and so
ba,b + b(1 — a,a)taa,)b =b.
Since ba,b = b gives b(1 — a,a)taa,b =0 V ¢t € N, this leads to aa,b(1 — a,a)taa,b(1 —
a,a) =0V teN.
But we are guaranteed of semi-primeness od A which then implies that aa,b(1—a,a) = 0.
Left multplying by a, € Ref(a), we get that
a,b(1 — a,a) = 0 and hence since a, € 1(b), we conclude that b(1 — a,a) = 0.
Therefore we obtain that A'b C Na and NMa C N'b which implies that Na = Nb.

[

3 Structures and Orders of Von-Neumann Regular
Elements

Definition 3.1. Let (N,+) be a group. The exponent of the group is the least common
multiple of all the orders of the group elements.
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Remark 3.1. Let N be a finite near-ring with identity 1 and n be the exponent of
(N,4). Then ord(1l) =n.

Let Z, be the ring of integers modulo n. Then | Z* |= ¢(n), - being the Euler-Phi
function. We now give a generalization of this result to an arbitrary case:

Proposition 3.1. Let N be the near-ring from classes of near-rings in construction I
and IT and N* be as obtained in the constructions. Let n be the exponent of (N,+) and
@ be the Euler’s-Phi function. Then there is a subgroup of order p(n) contained in N*.

Proof. We use the fact that the identity (1,0,0,...,0) € AN generates a subring of N .
Assume the usual (4) and the multiplication (.) defined on N . Consider the cyclic
group < 1,0,0,...,0 >, additively generated by 1 where 1 = (1,0,0,...,0). Then [.1 =
1+1+...+1l—summands and k.1 =1+1+ ...+ 1k — summands are two elements

of < 1>. Since 1 is an identity: (l.1)(k.1) = (Ik.1) e< 1 >. Thus S = (<1 >,+,.)
is a sub-near ring containing the identity. Indeed f : S — Z, : f(k.1) = [k], is a
near-ring isomorphism. Thus = Z, . Let S* be the group of units of S. It follows from
the canonical isomorphism above that S* has ¢(n) invertible elements. Since S and N
have the same identity elements, an element y € S : y~! € S implies that y=* € N

o8 C N* and S* is a subgroup of order ¢(n). O

We recall some notions in Number Theory:
Let N = Z,.. For each natural number n, we have the following functions
e(n) ={fr: 1 <z <nged(x,n) =1}, w(n) = number of distinct primes dividing n,
7(n) = number of the divisors of n and o(n) = sum of the divisors of n.
For example if p =2 and k =2 = n =4, then: ¢(4) =2, w(4) =1, 7(4) = 3 and
o4)=1424+4=7

Theorem 3.1. ([3/, Theorem 2) Let p be a prime integer and k € Z* then a €
GN (pF, pF) is regular if a?*—7""'+1 = a(mod p*)
The element a?* "' s a Von Neumann inverse of a

Example 3.1. Let N =Zy[z]/<z+1>. Then N ={0,1,2,3}

From a € R(N) if and only if apt P = a(mod p*) gives:

If a =3, then, 3¥~%7't1 = 3(mod 4) which implies that (3)* = 3(mod 4)

Thus 3 is a regular element and (3)* is a Von-Neumann inverse. Therefore, Von-
Neumann inverses of 1, 3 are 1, 3 respectively

Theorem 3.2. Let N = GN (p*,p*). Then,
V) =p" =" +1=00") + 1.

Proof. Since N'= GN (p*, p*) is zero-symmetric local, every element a € R(N) is either
0 or a unit.
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But | N* : pf~1+1 and the zero element is unique, it follows from the arithmetic function
formula that:

V") =p" ="+ 1= 00" + 1.
O

Definition 3.2. Let x,y € Z*. We say that = is a unitary divisor of y if x | y and
ged(z, 2) =1 and we write z|[y.

The number of regular elements in A/ can then be calculated using the unitary divisors
of an integer n =| N |

Proposition 3.2. Let N'= GN(p*,p*). Then V(N) = Z,x0(z) and V(N)/o(p*) =
by

1

2llp* 505

Proof. In N above =1 and z = p* = 0(modp").

By definition, ¢(1) = 1. But ¢(p*) = p* — p*~! and

Vit = pF-p" 41
= (0" + (1)

Moreover,
R e A
e(p") pF—pk-t
1
- 1+
pk _ pk—l
1 1

R

The summatory function:

K@) = 3 Vi)

k
= VIO + > (' —p ) +1]
=1
= 1+ (p+p+. ") —Atp+p+ ) +k
K(p") =p"+k O
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Example 3.2. Consider N'= GR(2?,2%), then

V() = ) el

£l
= (1) +¢(4)
= 142=3.

Thus the number of reqular elements are 3.

Theorem 3.3. Let N' = GR(pF, p*) and o(p*) be the sums of the divisors of p*. Then

k
o) = 3 pand
=0
k

Vo) = -1 v

=0

Proof. Clearly,

V(pMe(*) = [p’“—p’“’l][zpi]

1
= pk(1—§+ﬁ)(1+p+p2+...+pk)

1 1 1 1 1
= pk[1+P+p2+---+Pk———1—p—...pk71—|——k+ﬁ+_2_|__+1]
p p p p p
= pk[1 +pk+p72+p73+_._+p27k+p1fk+pk]
k
= P+ +) p7
i=2
k
_ p2k[1 _'_pfk_i_zp*(kJrl)]
i=2
which implies that
k
— = Lkt )y
P =2
as required u

Theorem 3.4. Let N = GR(p*,p*). Then o(p*) + p(p*) < pFr(pF)
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Proof. Let k=1. Then o(p*) =p+1 and ¢(p) =p — 1 so that
o(p) + ¢(p) = 2p. Since p has only two divisors 1 and p, this implies that
2p = p(p7). Thus o(p) + ¢(p) = 2p. Now suppose that k& > 1, then,

and ¢(p*) = pF — pF~1 so that

o) +e@*) = 14+p+..+0"+p" +p*"
= "+ " L ptl< (k1)
But p* has (k + 1) divisors so that (k + 1)p* = p*r(p")
thus o(p*) + @(p*) < pPr(p") C
Example 3.3. Let N = Zy[z]/ < v+ 1 >= GR(2?,2?)
o(2°) + (2% < 2°7(2%)
=0(4)+¢4) < 474
=742 < 4x3.

Thus the result of o(p*) + p(p*) < p*r(p*) holds.

Proposition 3.3. Consider N' = GR(p*", p*) where kr =n > 1. Then o(p™)+V (p") <
pnT(pn)
Proof. 1+%+#+...+p"<n:(n—l—l)—lzT(p")—l Now

o(p") 1+p+p”+m+p"<
p" p"
=o(p") < op"[r(p") —1]
_ pnT(pn> . pn

T(p") -1

Since V(p™) < p™, we clear that o(p") + V(p") < p"7(p"). However, if n = 1, then
o(p) +V(p) > pr(p). Let

N = Lya])<2®*+o+1>p=2r=2k=1n=Fkr>1
0,1,

= {0,1,7,2 + 1}

We notice that,
olp) = o(2)=1+2=3
V(2)=2
() = 7(2)=2
= o(p) + V(p) > pr(p)i.e.5 > 4.

=
=
I
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But, if N'=Zs[2]/ < 2?4+ 2+1>2GR(P", p*),k=2,r=2,p=2,
o(p)=0(4) =2, V(4) =4, pFr(p") =47(4) =4 x 3 =12
Therefore o(p*) + V (p*) < p*r(p*)(6 < 12) which justifies the previous result. O

Lemma 3.1. Let N = G/\/'(ka,pk) © M where p is prime k and r are positive integers
and M is a h-dimensional module over N'. Then if h =0,

(i) RIN) = (1+ ZN) U {0} and
(ii) | RN) [= (p®= D) (pr = 1) +1

Proof. Let a € RIN) = (1+ Z(N)). Then a is invertible or 0. But N is local means
that a is regular i.e. a € R(N).

Thus RN) C[<a> X1+ ZN)JU{0} oo (i)

Conversely, let a € R(N). Then by definition 3 an element b € R(N') such that
a=a*=a(l—ab)=0.

If a € (N*) then 1 —ab=0=ab=1.

Hence b is a Von Neumann inverse of a. If is not a member of N* then ab is not a
member of N* but ab = aabb = a*b* = abab = (ab)?.

Since N' commutes = ab = (ab)? = ab(1l — ab) = 0.

Now = 1—ab is a unit and ab = 0 so that a = 0 because b is its Von Neumann inverse.
H<a>x14+ZN)FU{0} C RN) oo (ii)

Combining (i) and (ii) gives

RN) = [1+Z(N)]u{0}
<a>x[1+ZWN)u{0}

Next,
N* = N*/1+Z(N)) x 1+ Z(N)
>~ <a>x[1+Z(N)]
= Zy 1 X [L+ Z(N)]
But
[+ ZWN)] | = | Z(N) |
— k=

Therefore | N* |= (p" — 1)(p*~Dr)
But RN) =N*U{0} | RN) |=(p" — 1)(p*~Y") + 1 as required. O
Theorem 3.5. Let N be the near-ring constructed and R(N') be the set of all the reqular
elements. Then
R = § Dot X Lo X Tyea % Zhh x (Zy)"Uu{0} p=2;
W) = Ly X Ly ) % (zy)" U {0} p#2:CharN =p¥: k> 3.
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Proof. Let char N/ = p* : k£ > 3. We provide the general case using p = odd.
Notice that every { =1,...,7;(1 4—pﬁ)pk_1 =1

(1+ Tlul)pk =1,...,(1 +prpus + ug + ... + Tlun)pk =1.

Let ay, by, ....,bp € ZT with a; < p*~', by < p*:1<4i<h. We notice that

T +pr)esd - T+ 7)™ - O + 7 + 7w + -+ 7o)} = 1

which implies that a; = p*~ !, by =pF =+ = by, = p¥. Set

L = <{(Q+pn)'a=1..p""}>
Su = <{Q+mnu)" [br=1,--,p} >

Swo= <{(l+7us+-+7u,)" | bpy=1,---,p"} >

The sets defined are all cyclic subgroups of the group 14 Z(N) and they are of the indi-
cated orders. Furthermore, the intersection of any pair of the cyclic subgroups indicated
gives an identity group and the product of the (h + 1)r subgroups gives:

| T} x Sip, X Spy |= pF+I1=1 exhausting 1 + Z(N).

Thus 1+ Z(N) 2 Z0, 1 < (Zp)".

Therefore

RWN) =<a>x(1+(ZWN)))u{0}
= Lr—1 X Lhy_y X (Zp)" U {0}
O

Theorem 3.6. Let N = R, ® M where r = 1 and p-prime, k € Z*. If M =
Ro/pRy @ ... ® Ro/pRy. Let rg € R(Ry) then, its Von-Neumann inverse is

1 pF—ph—1_1 k—1_1

o =T and (rg,...,rp) "1 = (rf”k_p ,—Tltoro_l, . —rhtoro_l)

Proof. We know that if a € Ry = GN(p*",p*) and a € Ry then, the Von-Neumann
inverse of a is given by: a=' = a?“ """ ~L(modp*) therefore

k k—1
_ _pk—1_1
ot =18 "

as required in step 1
Now let (to,...,tn) = (ro,...,71) ", then

(74077“17"'77,71) = (TO,---,Th)Q(tU,...,th)
= (r§,ror1 + 7170, -y 70T + Th70) (fo; .. th)

= (Tgto, T’gtl -+ (7"07"'1 + Tlro)to, ceny T(z)th -+ (7"'07"]1 + 'I“h?“o)to)
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_ k__ k71—1
therefore ro = réty = roto =1 = tg =1y =15 7

For i = 1,....,h,r; = rit; + (ror; + 7370)t0

2
= Toti = T, — (7’07’1' +7’¢7’0)t0
r, — 2TOTit0 .
= t;= ————(". Ncommutative)
7o
T 2Tit0
-1
But tp =1,
T 2r;
=t = S ——
r2 r2
0 0
T 2
To
tl = —TlTaQ...th = —T‘hT’SQ
—1 pF—phTi-1 -2 :
= (1o, .oy rn) "t = (1 y ey —TRTo ) as required O

Example 3.4. N = Zg D Zg/?)Zg D...D ZQ/SZQ
Then

(2,2,..,2)71 = (227371 (=2)(5) ..., (—2)(5)?)
= (5,1,1,...,1)

5,1,7,...7)(2,2,..,2) = (1,0, .., 0)

Example 3.5. Consider N' = GN (p*",p*) = Zy[z]/ < 2> + v+ 1 > where p = 2,k =
1,r=2.
Now GN ={0,1,z,z+ 1} and R(N) ={0,1,z,z + 1}.

Let N =GN (4,2) & GN (4,2) with GN(4,2) as defined above, then:
N={0,1,z,z+1}®{0,1,z,2+ 1}

= {(0,0),(0,1),(0,z), (0,z+ 1),(1,0),(1,1),(1,2), (1, + 1), (x,0), (z, 1), (z, z),
(x,x+1),(x+1,0),(z+ 1,1),(z+ 1,2),(x+ 1,z + 1)}
So | N |= 16, ZL(N) = {(0,0),(0,1),(0,2),(0,z + 1)}. Since N is an extension of
GN(4,2),

| R(N) |=13= (" = 1)) +1

Applying (ro,r1)~' = (rgkfpk_lfl, —r1152%), we can find the Von Neumann inverses of all
the members of R(N).

For instance,

R(N) ={(1,0),(1,1),(1,2), (1,2 + 1), (z,0), (x, 1), (x,x), (x,x + 1),
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So (1,0)7 = (17271, —017) = (12,0) = (1,0), (z,2)7" = (z7%, a7
This can be done in the same manner for the other members of R(N). The next result
gives the structures and orders of the automorphism groups of the reqular elements, R(N).

Theorem 3.7. Let N be a near-ring of construction R(N') be the set of all the reqular
elements including 0. Then if

Aut : RIN) = R(N') we have that
Aut(RN) = [(Zy—1)" X GLg1) (GNP, p"))] X GLip(GN (P, p))]U &

Theorem 3.8. Let N be a zero symmetric local near-rings from the class of near-rings
of the construction. Then:

hr

| Aut(RN)) | = [p(p" — 1) 1__[ " =" ] - +1

k=1

when charN =pF: k>3

4 Conclusion

This study was set up with an aim of determining and classifying the regular elements and
Von-Neumann inverses of the zero symmetric local near-rings with n-nilpotent radical of
Jordan ideals admitting Frobenius derivations. The study gave a general construction
representing the classes of the near-rings under investigations whose algebraic structures
assumed commutation checks attributed the Theorem of Asma and Inzamam . The
structures and orders of R(N') were then characterized in a case by case basis using
the FundamentalTtheorem of Finitely Generated Abelian Groups and the properties of
the general linear groups in the endomorphism of R(N') respectively. The structures of
V(| R(N) |) followed asymptotic patterns proposed by Osama and Emad [3] using the
properties of V(n), 7(n), @w(n), o(n) and K(n). The results reveal unique algebraic
structures.
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