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ABSTRACT 
 
Beside the complexities and not readily practical applications resulting from 
the full Zoeppritz equation, the seismic amplitude reflection does not give 
enough information beyond the critical angle. Consequently, there are 
breakdown of the Zoeppritz equation approximations at angle of incidence 
beyond ૜૙° (Shuey’s appromiation). More so, the validity is only for slight 
contrast in elastic parameters across the formations and small angle of 
incidence is assumed. In an attempt to address these inaccuracies and 
enhance understanding of seismic reservoir responses and prediction of fluid 
and lithology, a modified form of the Zoeppritz equation is derived using 
relations between elastic constants and velocities in terms of Pseudo 
Poisson’ ratio reflectivity, rigidity reflectivity, density reflectivity in linearized 
forms devoid of the complexities associated with the original Zoeppritz 
equation with practical applications in hydrocarbon exploration, exploitation 
and production. These properties are lithology and fluid discriminators. The 
modified Zoeppritz equation was analyzed using well data from oil field in a 
sedimentary basin, onshore of Niger Delta area. Reflectivity crossplot was 
carried out and comparison with the exact and other approximations was 
done to validate the derived equation. The results showed that the modified 
equation can be applied in exploration beyond the critical angle than the 
shuey’s and Aki & Richard’s approximations especially for deep targets and 
wide angle acquisition for accurate estimation of intercept and gradient 
attributes. The modified Zoeppritz equation in this study gives higher 
accuracy at far offset than the two foremost approximations.  
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1. INTRODUCTION  
 
The Zoeppritz equations are complicated, complex and non-linear that an intuitive 
understanding of how the variations of amplitude are related to different rock properties was 
not readily apparent [1]. Through the years, some linearized approximations to the Zoeppritz 
equations had been made, which make the interpretation extra intuitive [2]. 
A number of modifications to the full Zoeppritz equation that have been linearized can be 
reviewed based on their different emphasis. Starting from the equation of [3], which 
emphasis are on the fluid and rigidity properties, providing insight to fluid substitution 
interpretation. [4] looked at the contrast in the compressional (P-wave) and Shear (S- wave) 
velocities and density, while [5] relates the amplitude contrast to changes in Poisson’s ratio, 
compressional (P-wave) velocity, and density [6]. The Primary wave and Secondary wave 



 

 

velocity reflectivities were deduced from the equation given by [7] from which they derived 
the fluid factor [6, 8].  [9] gives us a direct estimation of P-wave impedance and S-wave 
impedance, based on which [10] proposed Lambda –Mu-Rho (LMR) method and in 1995, 
[11] approximation was used to derive P-wave reflectivity and Poisson’s reflectivity. The 
equation from [12] was use for the extraction of Lambda reflectivity ∆ߣ ⁄ߣ , Mu reflectivity 
Δߤ ⁄ߤ , and bulk modulus reflectivity Δܭ/ܭ,  and the lead to [13] given an approximation to 
take care of the inaccuracy of the  ௦ܸ ୮ܸ⁄

	ratio which affects the inversion process in [12].  
This study aims at analyzing and modifying Zoeppritz Equation to enhance characterization 
of lithology and discrimination of fluid in a typical Niger delta hydrocarbon reservoir terms of 
shear modulus, Psuedo-Poisson’s ratio, and density with the generation of reflectivity curves 
for incidence angles 0଴ to 90଴ to validate the modified equation. 
 
 
The General Linearized Approximation to Zoeppritz Equation    
[14] Russell et al., 2006 summarized several Zoeppritz equation that was linearized based 
on their different emphasis into a three term equation as: 
 

(ߠ)ܴ = ܴܽ1 + ܾܴ2 + ܴܿ3     1 
R

i
are reflectivity terms for the rock properties, the incident angle and ൫ ௣ܸ 	/ ௦ܸ൯

ଶ
 are funtions of 

coefficients a, b, and c [6, 14]. This equation generalizes the linearized approximations and 
summarized in Table 1 and Table 2 
 
 
 
2. MATERIAL AND METHODS 
 
[4] equation was rearranged in terms of Pseudo Poisson’ ratio reflectivity ∆௤

୯
, rigidity 

reflectivity ∆ఓ
ఓ

, and density reflectivity ∆ఘ
ఘ

.  These properties are lithology and fluid 
discriminators [15]. 
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According to [2] and [16], the Pseudo Poisson’s ratio is defined as: 
 
∆௤
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Therefore, substitute equation 4 into equation 3, 
 
 
 
 
Table 1:ܴ௜ terms for the general linearized equation [6, 14]  
Approximations ࡾ૚ ࡾ૛ ࡾ૜ Assumption 
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 Table 2: Terms a, b, and c for the general linearized equation [6, 14] 
Approximations ࢉ ࢈ ࢇ 
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Moreso, [17] gave  ∆ߤ as 
ߤ∆ = ௌܸ

ଶ∆ߩ + ߩ2 ௌܸ∆ ௌܸ            6 
Therefore, Equation 5 can be rewritten as  
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Equation 7 is the modified Zoeppritz equation [19, 20] 
 
 
3. RESULTS AND DISCUSSION 
 
The results of P-P reflectivity from the modified Zoeppritz equation were crossplotted against 
incidence angles0°− 90° and compared with the exact Zoeppritz equation and other 
approximations.  
A comparison of results obtained from P-P reflectivity coefficient versus incident angle for 
shale over gas sand and shale over oil sand scenarios, using the exact Zoeppritz, Aki-
Richards and Modified Zoeppritz Equations of P-P reflectivity coefficient with respect to 
angle of incidence as shown in Figure 1 
The rock properties for shale over oil sand scenario used for this plot are:  

 P-wave velocities: in shale 2650 m/s, and in oil sand 2560m/s 
 S-wave velocities: in shale 1150 m/s, and in oil sand 1180m/s 
 Densities : in shale 2.48 g/cc ,  and in oil sand 2.23 g/cc 

The rock properties for shale over gas sand scenario used for this plot are:  
 P-wave velocities: in shale 2650 m/s, and in gas sand 2340m/s 
 S-wave velocities: in shale 1150 m/s, and gas sand 1180m/s 
 Densities : in shale 2.48 g/cc, and in gas sand 2.16 g/cc 

 
Figure 1 is a plot of shale over gas sand and shale over oil sand scenarios.  There are both 
Class III AVO responses, having normal reflectivity amplitude	ܴ଴ negative and increases with 
increasing angle/offset. The AVO plot shale over gas sands response exhibit a negative 
zero-offset reflection coefficient (≈ -0.1311), while shale over oil sand response exhibit a 
negative zero- degree offset reflection coefficient (≈-0.0703). 
The reflectivity for shale over gas sand is high than shale over oil sand in each of the plots. 
This by implication implies larger reflection amplitudes for shale over gas sand than shale 
over oil sand. The fit is better and well pronounced for shale over oil sand plot. 
The plot shows that Zoeppritz’s equation, Aki and Richard’s approximation and the modified 
equation fit each other near the critical angle 25° while that of Zoeppritz and the modified 
equation fit well beyond 25°. This could be attributed to the sensitivity of the elastic 
parameters in the modified equation which are fractional contrast of Pseudo Poisson’ ratio 
reflectivity ∆௤

୯
, rigidity reflectivity ∆ఓ

ఓ
, and density reflectivity ∆ఘ

ఘ
. 

A comparison of results obtained for a gas sand over shale reflection for Shuey’s 
approximation and modified equation for P-P reflection coefficient with respect to angle of 
incidence as shown in Figure 2 
The rock properties for gas over shale sand scenario used for this plot are:  
 

 P-wave velocities: in gas sand 1650 m/s, in shale 3240m/s 
 S-wave velocities: in gas sand 1090 m/s, in shale 1620m/s 
 Densities: in gas sand 2.07 g/cm3 , in shale 2.34 g/cm3 

The gas over shale formation in Figure 2 at zero offset starts with slightly negative reflection 
coefficient, it becomes less negative as the offset increases for gas over shale reflectivity 
generated from Shuey’s equation with a phase change at less than 30°angle of incidence. 
On the other hand, the reflectivity generated from the modified equation increase in 
amplitude slightly with a phase change occurring at less than 40° angle of incidence. The  
 



 

 

 
Fig. 1: Comparison of angle reflection coefficients, ܴ௉௉(ߠ)obtained from Exact Zoeppritz 
equation, Aki-Richards and the new Approximation for Class III Shale over Gas sand and 
Shale over Oil sand for a range of incidence angles from 0 to 90଴ 
 
Shuey’s and the modified equation show the same fit at the near angle of incidence with a 
negative zero-offset reflection coefficient (≈-0.0983). 
From the plot it was observed that the Shuey’s approximation breaks down before the critical 
angle showing the inadequacy of the approximation while the modified equation is stable at 
angles above the critical angle 30°. This could be attributed to the sensitivity of the elastic 
parameters in the modified equation which are fractional contrast of Pseudo Poisson’ ratio 
reflectivity∆௤

୯
, rigidity reflectivity ∆ఓ

ఓ
, and density reflectivity ∆ఘ

ఘ
. Therefore, the modified 

equation can be used to explore at increasing angle/offset beyond the critical angle than the 
shuey’s approximation 
The modified equation has reflectivity at increasing angle of incidence ܴ(ߠ) slightly less 
negative than Shuey’s approximation. Shuey’s approximation is best at incident angle less 
than 30°, while the modified equation is best at incident angle less than 60°  before the 
second phase reversal.  
 
 



 

 

 

 
 
Fig. 2: Comparison of angle reflection coefficient,	ܴ௉௉(ߠ) obtained from the new 
approximation and  Shuey’s approximation for Class II Gas sand over Shale for a range of 
incidence andles from 0 to 90଴. 
 
 
 
4. CONCLUSION 
 
This study shows a modification of the P – P wave reflectivity coefficients in form of Pseudo 
Poisson’ ratio reflectivity	∆௤

୯
, rigidity reflectivity ∆ఓ

ఓ
, and density reflectivity ∆ఘ

ఘ
as a function of 

the fundamental elastic parameters of the subsurface. This modified equation has three 
terms like the Aki-Richard and Shuey (three terms) equations but is more stable and has 
higher accuracy at far offset (above the critical angle). 



 

 

In conclusion, the modified Zoeppritz equation in this study gives higher accuracy at far 
offset than the two foremost approximations. 
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