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Generalized Friedrich Numbers

Abstract. In this paper, we introduce and investigate the generalized Friedrich sequences and we
deal with, in detail, two special cases, namely, Friedrich and Friedrich-Lucas sequences. We present Binet’s
formulas, generating functions, Simson formulas, and the summation formulas for these sequences. Moreover,
we give some identities and matrices related with these sequences. Furthermore, we show that there are close
relations between Friedrich, Friedrich-Lucas and third order Jacobsthal, modified third-order Jacobsthal,
third order Jacobsthal-Lucas numbers.
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1. Introduction

Third-order Jacobsthal sequence {J,},>0 (OEIS: A077947, [8]), modified third-order Jacobsthal se-
quence {K,, }n>o0 (OEIS: A186575, [8]) and third-order Jacobsthal-Lucas sequence {j }»>0 (OEIS: A226308,

[8]) are defined, respectively, by the third-order recurrence relations

Jn+3 = Jn+2 + Jn+1 + 2Jn7 JO = 07 Jl = 1a J2 = la (11)
Kn+3 = Kn+2 + Kn+1 + 2Kn, K() = 37K1 = 1,K2 = 3 (12)
j7L+3 = jn+2 +jn+1 + 2jna jO = 2a.j1 = l,jg = 57 (13)

The sequences {Jy, }n>0 and {j, }n>0 are defined in [2] and K, },,>0 is given in [1]. For more details on the

generalized third-order Jacobsthal numbers and its special cases, see [15].
1
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The sequences {Jy, }n>0, {Kn}tn>0 and {jn}n>0 can be extended to negative subscripts by defining

1 1 1
Jon = —il(nq) - ijf(n72) + 5']7(7173)7
1 1 1
Kon = —5K_@m-1)~ 5K -2+ 5K (n-3),
. 1. 1. 1.
J=n = T5l-(n-1) T 51-(n-2) + 57-(n=3);

for n =1,2,3, ... respectively. Therefore, recurrences (1.1)-(1.3) hold for all integer n.
Now, we define two sequences related to third-order Jacobsthal, modified third-order Jacobsthal and

third-order Jacobsthal-Lucas numbers. Friedrich and Friedrich-Lucas numbers are defined as

F, = 71—1+Fn—2+2Fn—3+1a with FO:07F1:1>F2:2’ n23>

and
Cn =Ch-1+ Cn—2 + QCn—S - 37 with CO = 4a Cl = 2702 = 47 n > 37
respectively. The first few values of Friedrich and Friedrich-Lucas numbers are
0,1,2,4,9,18,36, 73,146,292, 585, 1170, 2340, 4681, ...
and
4,2,4,11,16,32,67,128,256, 515, 1024, 2048, 4099, 8192, ...

respectively. The sequences {F,} and {C,,} satisfy the following fourth order linear recurrences:

F, = 2Fn—1+Fn—372Fn—4a FOZOaF1:13F2:27F3:47 n >4,

C, = 20C,_1+C,_3—2C,_4, Co=4,C, =2,C5 =4,C3 =11, n > 4.

There are close relations between Friedrich, Friedrich-Lucas and third-order Jacobsthal, modified third-order

Jacobsthal, third-order Jacobsthal-Lucas numbers. For example, they satisfy the following interrelations:

3F, = Jpso+2J,—1,
9, = —Juyat+ TInst —3Jn +2,
147F, = 17K,y + 10K,+; — 4K, — 49,
Cp = Ko+l
18F, = Jjn+2+3jnt1 —Jn — 6,

2C, = 1ljnio —2Ljns1 + 195, + 24,
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and
Jny1 = Fnp1 — Fy,
1470, = 19Cys9 —9C,11 — 16C, +6,
4K, = Fpio+13F,1 — 23F, — 3,
3K, = Chyz3—Chyo—Chy1 +0C,
Jn = —Fpy3+3F40 —2F,,
49, = —5Chis+23C,41 + 30C, — 48

The purpose of this article is to generalize and investigate these interesting sequence of numbers (i.e.,
Friedrich, Friedrich-Lucas numbers). First, we recall some properties of the generalized Tetranacci numbers.
The generalized (r, s,t,u) sequence (or generalized Tetranacci sequence or generalized 4-step Fibonacci

sequence) {W,, (Wo, Wy, Wa, Wa;r, s, t,u) }rn>0 (or shortly {W,,},>0) is defined as follows:
Wop=1mWpa+sWy o +tW, 3+ulW, 4, Wo=co,Wi=c1,Wa=co,W3=0¢c3, n>4 (1.4)

where Wy, Wy, Wo, W3 are arbitrary complex (or real) numbers and r, s, ¢, u are real numbers.

This sequence has been studied by many authors and more detail can be found in the extensive litera-
ture dedicated to these sequences, see for example [3,5,6,7,10,12,13,16,17]. The sequence {W,,},>0 can be
extended to negative subscripts by defining

t s T 1
W= =Wty = ~W_ () — ~W_(n_sg) + —W_(n_
5 V=1 = o W(n-2) = oW —(n-3) T - W-(n-a)

for n =1,2,3,... when u # 0. Therefore, recurrence (1.4) holds for all integers n.

As {W,} is a fourth-order recurrence sequence (difference equation), its characteristic equation is
2t — s —tz—u=0 (1.5)

whose roots are «, 3,7, 0. Note that we have the following identities

at+B+y+d = T
af+ay+ad+py+B6+v = —s,

afy+afd +ayd+ Byd = t,
afyd = —u.

Using these roots and the recurrence relation, Binet’s formula can be given as follows:

THEOREM 1. (Four Distinct Roots Case: o # 8 # ~ # §) For all integers n, Binet’s formula of

generalized Tetranacci numbers 1is

n

pra” 28" D37 Pad”

M= G he-e-8 T G-aB-16-0 (1 -—a0-H0H-0 G- a)(a—m(cs—a)@
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where
p1 = Wi—(B+7+08)Wa+ (By+ B +v0)W1 — BydWy,
p2 = Wi—(a+v+0)Wa+ (ay+ ad + )Wy — arydWy,
ps = Wi—(a+8+5Wa+ (af + ad+ BO)W1 — afdWy,
pa = Ws—(a+B+7)Wa+t (aB+ay+ By)Wi — aByW.

Usually, it is customary to choose «, 3,7, d so that the Equ. (1.5) has at least one real (say a) solutions.
Note that the Binet form of a sequence satisfying (1.5) for non-negative integers is valid for all integers n
(see [4]).

Next, we consider two special cases of the generalized (r,s,t,u) sequence {W,} which we call them
(r,s,t,u)-Fibonacci and (r, s,t,u)-Lucas sequences. (r,s,t,u)-Fibonacci sequence {G}n>0 and (r,s,t,u)-

Lucas sequence {H,, },>0 are defined, respectively, by the fourth-order recurrence relations

Gnia = 71Gpysz+ 8Gpio+1tGriy + uGy, (1.7)
Go = 0,G1=1,Gy=rG3=1"+s,

H,iy = rHpis+sHyio+tH, 1 +uHy, (1.8)
Hy = 4,H,=r Hy=2s+1r% Hy=1r>+3sr+ 3t.

The sequences {G,, }n,>0 and {H,, },>0 can be extended to negative subscripts by defining

t s T 1

G_n = **G— n— **G— n— 77G— n— 7G— n—4)»
g1 T G2 T p G () T G ()
t

S r 1
H., = H (1) — aHf(n72) - EHf(nf?)) + EHf(n74)7

Cu
for n = 1,2,3, ... respectively. Therefore, recurrences (1.7) and (1.8) hold for all integers n.
For all integers n, (r, s,t, u)-Fibonacci and (r, s, ¢, w)-Lucas numbers (using initial conditions in (1.7) or

(1.8)) can be expressed using Binet’s formulas as in the following corollary.

COROLLARY 2. (Four Distinct Roots Case: o # 3 # v # 0) Binet’s formula of (r, s, t,u)-Fibonacci and

(r,s,t,u)-Lucas numbers are

Gn = ot + g + il + o
(a=B)a=(a=0) B-a)B-1NB-6 OH-a)vy=B)(r—06 ((—a)d-pB)(0—")
and
H,=a"+8"+~" 40",
respectively.

Proof. Take W,, = G,, and W,, = H,, in Theorem 1, respectively. [J

o0
Next, we give the ordinary generating function Y. W, 2" of the sequence W,.
n=0
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o0
LEMMA 3. Suppose that fw, (z) = >, Wpz™ is the ordinary generating function of the generalized
n=0

o0
(rys,t,u) sequence {Wpy}n>o0. Then, Y W, 2™ is given by

n=0

> n Wo + (W1 — T‘Wo)z =+ (W2 —rW; — SWO)Z2 =+ (Wg —rWy — sW7 — tWO)23
g Wz = 5 3 1 . (1.9)
= 1—rz—s22 —tz° —uz

Proof. For a proof, see Soykan [10, Lemma 1]. O

The following theorem presents Simson’s formula of generalized (r, s, ¢, u) sequence (generalized Tetranacci

sequence) {W,,}.

THEOREM 4 (Simson’s Formula of Generalized (r, s,t,v) Numbers). For all integers n, we have

Wois Whpo Wiapn W, Wy Wy Wp W
W W, Wy Wi Wy Wi W, W_
+2 +1 1 _ (—l)nun 2 1 0 1 . (1.10)
Wn+ 1 Wn Wn— 1 Wn—2 Wl Wo w_ 1 W_Q
Wn anl Wn72 Wn73 WO Wfl W72 W73

Proof. (1.10) is given in Soykan [9]. O
The following theorem shows that the generalized Tetranacci sequence W,, at negative indices can be

expressed by the sequence itself at positive indices.

THEOREM 5. For n € Z, for the generalized Tetranacci sequence (or generalized (r, s, t,u)-sequence or

4-step Fibonacci sequence) we have the following:
1
W_, = 6(—u)_”(—6W3n + 6H,Wa,, — 3H>W,, + 3Ho,W,, + WoH3 + 2WHs,, — 3Wo H,, Ha,,)

1 1
= (=) T (Wa, — H,Wo, + §(H3 — Hoyp )W, — 6(15{3; +2H3,, — 3Ho, H,)Wp).

Proof. For the proof, see Soykan [11, Theorem 1.]. O
Using Theorem 5, we have the following corollary, see Soykan [11, Corollary 4].

COROLLARY 6. For n € Z, we have

(a): 2(—u)" "G, = —(3ru? + 13 — 35tu)2G3 — (2su — 12)2G2, 3Gy — (—71% — tu + 2r5u)2G2 LG,
—(—st? +2s5%u+4u* +rtu)? G2 | G +2(3ru® +1° — 3stu) ((—2su+12) Gy 3+ (—rt? —tu+2rsu) G o+
(—st?+2s2u+4u? +rtu) Gy 1) G2 +2(2su—12) (—rt? —tu+2rsu)Gpy 3Gy 2Gp +2(2su — %) (—st? +
252u+4u +7rtu) Gy 3Gyt G —2(—st? +252u+4u? +rtu) (—rt? —tu+2rsu) Gy 0Gry1 G —2G3ut +
u?(—2su + t2)Gap 3Gy + u?(—1rt? — tu + 2rsu)Gan oGy + u?(—st? + 25%u + 4u? + rtu) Goy 1 Gy —
20u%(2su — 1) Gon Gy + 20 (—rt? — tu+ 2rsu)Goy G + 2u? (—st? + 25%u + 4u? 4+ rtu) Gop G 1 —
3u?(3ru? + 2 — 3stu)Ga, G-

(b): H_, = ¢ (—u) " (H2 + 2H3, — 3H2, H,,) .
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Note that G_,, and H_,, can be given as follows by using Gy = 0 and Hy = 4 in Theorem 5,
G, = —(—u)""(—6G3, +6H,Gs, —3H2G, + 3H2,G,), (1.11)

H., =

S| = | =

(—u)™" (H,, + 2Hz, — 3H2, H,) (1.12)

respectively.

If we define the square matrix A of order 4 as

r s t u

1 0 0 O
A= Arstu =

01 0 0

0 01 0

and also define

Gn+1 sG,, +tG—1 +uG,_o tG,, +uGn_1 uG,
Gn Sanl + th72 + U/Gn73 th,]_ + 'U'Gn72 'U'anl

Bn =
Gn—l 3Gn—2 + th—S + an—4 th—2 + U'Gn—?) U'Gn—Q
Gn—2 SGn—S + th—4 + UGn—5 th—B + UGn—4 UGn—?)
and
Wn+1 sWy, +tW,_1 +uW,,_o tW,, +uW,,_1 uW,,
U Wn Sanl + th72 + UWn73 th,1 + UWn72 Uanl

Wopot sWh o +tWh_ s +uWy_y tWy_o+ulWy,_3 ulW,_»
Wn—2 SWn—S + th—4 + UWn—E) th—3 + UWn—4 UWn—3

then we get the following Theorem.

THEOREM 7. For all integers m,n, we have

(a): B, = A", i.e.,

n

r s t u Gpny1  sGp+tGh_1 +uGp_2 tG, + uGh_1 uGy,

1 0 0 O - G, sGo_1+tGh_o+uG,_3 tGph_1+uG,_o uG,_1
001 00| | Gu $GuottGus+uGn s tGno+uGn s uGn s
00 1 0 Gno $Gn_3+tGn_g+uGn_5 tGn_3+uGn_y uGp,_3

(b): UlAn = AnUl
(¢): Uptm = UpBm = By U,.

Proof. For the proof, see Soykan [10, Theorem 19]. O

THEOREM 8. For all integers m,n, we have

Wn+m - WnG7n+1 + Wn—l(SGm + tGm,1 + qu72) + Wn72(tGm + qufl) + UandGm (113)
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Proof. For the proof, see Soykan [10, Theorem 20]. O

In the next sections, we present new results.

2. Generalized Friedrich Sequence

In this paper, we consider the case r = 2,s = 0,t = 1,u = —2. A generalized Friedrich sequence

{Watnso = {W,,(Wo, W1, Wa, W3) },>0 is defined by the fourth-order recurrence relation
Wn = 2Wn—l + Wn—3 - 2Wn—4 (21)

with the initial values Wy = co, W1 = ¢1, Wa = ¢, W3 = ¢35 not all being zero. The sequence {W,, },>¢ can

be extended to negative subscripts by defining

1 1
W_, = §VVL(n71)4-VVL(n73)—-§Vv;(n7@
for n = 1,2,3,.... Therefore, recurrence (2.1) holds for all integers n.

Characteristic equation of {W,,} is
228 24 2=(P -2 -2 -2)z-1)=(+z+1)(2-2)(2-1)=0

whose roots are

a = 2,
—1+14V3
B = 5
. -1-4V3
7 - 2 )
6 = 1.
Note that
atf+y+d = 2
af+ay+ad+py+ 55+ = 0,
afy+aBd+ayd+ Gy = 1,
afyé = 2.
Note also that
atf+y = 1,
aft+ay+py = -1,
afy = 2.

The first few generalized Friedrich numbers with positive subscript and negative subscript are given in the

following Table 1.
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Table 1. A few generalized Friedrich numbers

n W, W_n

0 Wo Wo

1 W, 3 (Wo + 2Wy — W3)

2 Wa T (Wo +4Wq — W)

3 Ws 5 (OW — W)

4 Wy — 2Wy + 2W3 25 (OW, + 16W, — 9Ws)

5 Wy — AWy + 4W3 35 (9Wo + 32W; — 9W3)

6 W5 — 8Wj & (T3Wo — 9W3)

7T Wi — 18W, + 18W; T (T3Wo + 128W, — 7T3W3)

8  Wa—36Wy+36W; 55 (T3Wo + 256Wy — 73W3)

9 73Ws3 — T2W, =1 (585Wy — T3Ws3)

10 Wi — 146Wo + 146W5 1557 (585W + 1024W, — 585W3)
11 Wy —292Wo +292Ws5 5 (585W + 2048W; — 585W3)
12 585W5 — 584W) 1056 (4681W, — 585WW3)

13 Wy — L1T0W, + 1170Ws  oibo (46811, + 81921V, — 4681 W)
Note that the sequences {F,} and {C,,} which are defined in the section Introduction, are the special

cases of the generalized Friedrich sequence {W,}. For convenience, we can give the definition of these two
special cases of the sequence {W,,} in this section as well. Friedrich sequence {F,},>¢ and Friedrich-Lucas

sequence {Cy, },>0 are defined, respectively, by the fourth-order recurrence relations

= 2F, 1+ Fy3-2F,4, Fy=0F1=1F=2F=4, n >4,

F,
Cn = 207171 + Cnfg - 2Cn74, C() = 4,01 = 2,02 = 4,05 = ].]., n 2 4.

The sequences {F,, },>0 and {Cy},>0 can be extended to negative subscripts by defining

1 1

F, = §F7(n71) T (n-3) — §F*(”*4)’
1 1

Con = 5C 1) +C(n3) = 5C-(n-a),

for n =1,2,3, ... respectively.
Next, we present the first few values of the Friedrich and Friedrich-Lucas numbers with positive and
negative subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
F, 0 1 2 4 9 18 36 73 146 292 585 1170 2340 4681
1 9 9 9 73 73 73 585 585
Fo 000 _% _i ~8 16 32 64 128 256 512 1024 2048
c, 4 2 4 11 16 32 67 128 256 515 1024 2048 4099 8192
C 4 L1 1 25 1 1 193 1 1 1537 _1 _1 12289 _1
—n 2 1 ] 16 32 64 128 256 512 1024 2048 1096 8192
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Theorem 1 can be used to obtain the Binet formula of generalized Friedrich numbers. Using these (the
above) roots and the recurrence relation, Binet’s formula of generalized Friedrich numbers can be given as

follows:

THEOREM 9. (Four Distinct Roots Case: a # B # v # § = 1) For all integers n, Binet’s formula of
generalized Friedrich numbers is

(aWs3 — a2 — a)Ws + (—a? + a + 2)W; — 2Wp)a™

Wn =

202 4+ 5a — 4
n (BWs — B(2 = B)Wa + (=B + B+ 2)W1 — 2Wp)B"
26% 4+ 56 —4
(W3 —¥(2 = NWa + (=% + 7 + 2)W1 — 2Wo y"
+
292 +5y—4
+W3—W2 — Wi —=2W,

-3

Friedrich and Friedrich-Lucas numbers can be expressed using Binet’s formulas as follows:

COROLLARY 10. (Four Distinct Roots Case: « # 8 # v # § = 1) For all integers n, Binet’s formulas of
Friedrich and Friedrich-Lucas numbers are

(@2+a+2a” (B2+5+2)8"  (P+r+27" 1
202 + 5a — 4 26% + 58 — 4 22 +5y—-4 3

Fy

n n
- pree s (Z50) e (Z529) -4,
and . .
Cn:a"+ﬁ"+”yn+1:2n+<1+2i\/§> +<12“/§> +1,
respectively.

Note that for all integers n, third-order Jacobsthal, modified third-order Jacobsthal and third-order

Jacobsthal-Lucas numbers can be expressed using Binet’s formulas as

B atl ﬁn-‘rl ,YnJrl
SAc Py P S 7 S T B Sl o vy

i = (2a2—a+2)a”+(2B2—B+2)B"+(272—7+2)7”
" (a—=B)(a—17) B-a)B-7) (v—a)(v—=58)

respectively, see Soykan [15] for more details. So, by using Binet’s formulas of Friedrich, Friedrich-Lucas and

third-order Jacobsthal, modified third-order Jacobsthal, third-order Jacobsthal-Lucas numbers, (or by using

mathematical induction), we get the following Lemma which contains many identities:

LEMMA 11. For all integers n, the following equalities (identities) are true:

(a):

o Jui1=Fyp1— Fh.
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(b):

(c):

(d):

(e):

(f):

2Jy, = Foyg— 2F, 40 + F,.
3F, 4 = 13Jp 10+ 157,41 + 14, — 1.
3F, = Jnyo+2J, — 1.

2Jp = —Fpio+ Fpiq +3F, + 1.

147 T3 = 40C, 45 + 21C, 45 — TCry1 — 54C,.
1470, = —2C, 45 + 21Cp 40 — TCpiy — 12C,,.
Cria=10Jp 40+ 5Jpy1 + 6, + 1.

2C), = —Jpio + Tyt — 3Jn + 2.

147.J,, = 19C, 45 — 9C, 41 — 16C,, + 6.

Cri1 +6C, = 190,41 — 101, + 7.

Knis = Fois + Foyo + 4Fyq — 6F),.
AK, = —3F, 45+ 4F, 1o+ 16F, 1 — 17F,.
147F, 44 = 195K, + 181K, 1 + 202K, — 49.
147F, = 17K 15 + 10K, 41 — 4K,, — 49.

AK, = Fyyo + 13F, 4, — 23F, — 3.

3(17F, 11 — 27F,) = 14K, — K, 1 + 10.

3K 13 =4Ch15 — Cpiz — Cry1 — 2C,.
3K, = Cnis — Cniz — Coy1 + Ch.
Cris = 2K+ 3Kn1 + 2K, + 1.
Cp = Ky, + 1.

K,=C,—1.

Jnts = Fnis + 3Fh10 — 4F,.

Jn = —Fny3+3F, 2 — 2F,.

OF 4 = 11jnso + 10jn + 9jnis — 3.
18F,, = jn+2 + 3jn+1 — Jn — 6.

gn =2F 40 — Fy1 —4F, — 1.
3(Fpy1 —4F,) = —2jn41 + jn + 3.

495,13 = T2C, 43 — 21Chpa + TCpiq — 58Ch,.
495, = 16Ch45 — 21Cp 12 + TCry1 — 2C,.
3C 44 = 4jnsa + 8jn + Yjni1 + 3.

24C,, = 1112 — 214,41 + 195, + 24.
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e 495, = —5Cp12 + 23C, 11 + 30C,, — 48.
o 11C+1 +10C,, = 5j,41 + 185, + 21.

o0
Next, we give the ordinary generating function Y. W, 2" of the sequence W,.
n=0

o0
LEMMA 12. Suppose that fw, (z) = > W,z2™ is the ordinary generating function of the generalized
n=0

Friedrich sequence {Wp}. Then, > Wy,z" is given by

n=0

i W — Wo + (W1 — 2Wo)z 4+ (Wa — 2W1) 2% + (W — 2Ws — W) 23
e 1 —22z— 234224 ’

n=0

Proof. Take r =2,s =0,t = 1,u = —2 in Lemma 3.

The previous lemma gives the following results as particular examples.

COROLLARY 13. Generating functions of Friedrich and Friedrich-Lucas numbers are

= z z

an = = ’
72) : 1-2z2—234224  (228242242-1)(z—1)
ic n 4—62—23 4—6z—23

n< = = ’
oy 1-22—234224  (228242242-1)(z—1)

respectively.

3. Simson Formulas

Now, we present Simson’s formula of generalized Friedrich numbers.

THEOREM 14 (Simson’s Formula of Generalized Friedrich Numbers). For all integers n, we have
Wigs Wiyo Wopn o Wh

Woio Wppa W, Wiy
Wiotr Wy Wi Wy_o

Wn anl Wn72 Wn73
AWE — 5WoWs + WiW3 — TWi W + 2Wo W3 — 2WoWa — 8WWh).

= 2773 x (Wg — Wo)(Wg - Wy — W — 2Wo)(W32 + 7W22 + 7W12 +

Proof. Take r =2,s =0,t = 1,u = —2 in Theorem 4. [

The previous theorem gives the following results as particular examples.
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COROLLARY 15. For all integers n, the Simson’s formulas of Friedrich and Friedrich-Lucas numbers are

given as
Fn+3 Fn+2 Fn+1 Fn
Fn+2 Fn+1 Fn Fn—l o 2n71
Fn+1 Fn anl Fn72 ,
Fn anl Fn72 Fn73
C1n+3 Cn+2 C7z+1 Cn
Cni2 Cp Cn Cye
2 Y= —1323x 2n 8,
CnJrl Cn Cnfl Cn72
Cn Cn—l Cn—? Cn—3
respectively.

4. Some Identities

In this section, we obtain some identities of Friedrich and Friedrich-Lucas numbers. First, we can give

a few basic relations between {W,,} and {F, }.

LEMMA 16. The following equalities are true:
(a): 16W,, = (9Wo + 16Wo — OW3) F 5 — 16(2Wo — W3) g — 16(2Wo — W1 ) B3 — (9W, + 324 —
IW3)Fpia.
(b): 8W,, = (9Wy — W3)Fypa — 8(2Wy — W1) Ey 5 — 8(2W1 — Wa) Fuqo — (W0 + 16Wa — 9W3) Fppq.
(c): AW, = Wy + AWy — W3)Fy3 — 4(2W1 — Wo)Fp o — 4(2Wo — W) Fq — (9Wo — W3) F,.
(d): 2W,, = (Wo +2Wo — W3) Fyy0 — 2(2Wo — W3) Fypy — 2(2Wo — Wh) Fyy — (Wo +4Wh — W3) F 1.
(€): Wy, = WoFpi1 + (Wi —2Wo)F + (We — 2W1) 1 + (W3 — 2Wo — Wy) Fy_s.

Proof. Note that all the identities hold for all integers n. We prove (a). To show (a), writing
Wn:aan+5+b><Fn+4+c>< Fn+3+dXFn+2

and solving the system of equations

Wo = axFs+bxFy+cx F3+dxFy
Wi = axFg+bx Fs+cx Fy+dx F;
Wy = axF;4+bx Fg4+cx Fs+dx Fy
Wy = axFg+bx F;4+cx Fg+dx Fs

we find that a = Tle(QWo + 16W2 - 9W3),b = W3 - 2W27C = W1 - 2W()7d = Tlf)(gWg - 32W1 - 9WO) The
other equalities can be proved similarly. [J

Note that all the identities in the above Lemma can be proved by induction as well.
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Next, we present a few basic relations between {W,,} and {C,}.

LEMMA 17. The following equalities are true:

(a): 588W,, = —(139Wy + 28W; + 112W5 — 83W3)Chy5 + 28(4Wo + TWo — 4W3)Chyya + 28(8Wy —
W3)Chris + (195Wy 4 224W7 4+ 112W5 — 139W3)C 4.

(b): 294W,, = —(83Wy + 28W; + 14Ws — 27TW3)Chqa + 14(8Wo — W3)Chrys + 14(2Wo + TWy —
2W3)Chpa + (139W, + 28W; + 112Ws — 83W3)Chyt1.-

(c): 147TW,, = —(27TWy + 28W; + 14Wo — 20W3)Choq5 + 7(2Wo + TWy — 2W3)Choqo + 7T(4Wo + TWo —
AW3)Chry1 + (83Wo + 28W5 + 14W5 — 27TW3)C,,.

(d): 147W,, = —(40Wy + TWy +28Wo — 26W3)Cy o + T(4Wo + TWo — AW3)Cyy1 + T(8Wo — W3)C), +
2(27TWo + 28W1 + 14W5 — 20W5)Cly—q.

(e): 147TW,, = —(52Wy + 1AW, + TWy — 24W3)Choq + T(8Wo — W3)Cy, + 7(2Wo + TW1 — 2W3)Cr—q +
2(40Wy + TW7 + 28Wo — 26W3)C)y—o.

Now, we give a few basic relations between {F,,} and {C,}.

LEMMA 18. The following equalities are true:

147F, = 20Cn4+5 —14C, 14 — 28C, 43 — 27Ch 42,
147F, = 26C,44 —28Ch43 — TCh 12 —40Cy 41,
147F, = 24C,43 — 7Cph4o —14C, 41 — 520,
147F, = 41C,12 — 14C) 41 — 28C,, — 48C,, 1,
147F, = 68C,41 —28C, —7C,_1 —82C,_2,
and
16C, = Fu4s5+48F,14 —96F, 13— Fyi0,

8C, = 25F,44—48F, 13— Fyt1,

4C, = Foy3+12F,1 — 25F,,

2C, = Fhy2+6F, 1 —12F, - F,_;,

C, = 4F,41 —6F, — F,_o.

5. Relations Between Special Numbers

In this section, we present identities on Friedrich, Friedrich-Lucas numbers and third-order Jacobsthal,

modified third-order Jacobsthal, third-order Jacobsthal-Lucas numbers. We know from Lemma 11 that

3F, Jn+2 +2J, — 1,

C, K, +1.
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Note also that from Lemma 16 and Lemma 17, we have the formulas of W,, as

4W,, (W(] +4W7 — Wg)Fn+3 — 4(2W1 — Wz)Fn+2 — 4(2W2 — Wg)Fn+1 — (QVV() — Wg)Fn,

147w, = —(27WO + 28W1 4+ 14W5 — 20W3)0n+3 + 7(2WO + TWy — 2W3)On+2

—|—7(4WO + TWo — 4W3)Cn+1 + (83W0 + 28W; + 14W5 — 27W3)Cn

Using the above identities, we obtain relation of generalized Friedrich numbers in the following forms

(in terms of third-order Jacobsthal and modified third-order Jacobsthal numbers):

LEMMA 19. For all integers n, we have the following identities:
(a): 6W,, = (—Wg +4Wy —2W1 — WO)J,LJ,_Q —|—3(W3 —2Ws + WO)Jn—H + (W3 — AWy +8W7 — 5WQ)J” —
2Ws3 + 2Wo + 2W + 4W).
(b): 147W,, = (6W3 — 14Ws + 21W; — 13Wy) K0 + (—8W3 + 35Wo — 28W; + Wo) Kpqq + (13W5 —
14Wo — 28W4 + 29W0)Kn — 49W3 + 49W5 + 49W7 + 98W,,.

6. On the Recurrence Properties of Generalized Friedrich Sequence

Taking r = 2,5 =0,t{ = 1,u = —2 in Theorem 5, we obtain the following Proposition.

PROPOSITION 20. Forn € Z, generalized Friedrich numbers (the case r = 2,8 = 0,t = 1,u = —2) have
the following identity:

27n71

W_, = 3

(—6Ws,, + 6C, Way, — 3C2W,, + 3Ce,W,, + WoC3 + 2WC3,, — 3WoC,Cay).

From the above Proposition 20 (or by taking G,, = F, and H,, = C,, in (1.11) and (1.12) respectively),
we have the following corollary which gives the connection between the special cases of generalized Friedrich
sequence at the positive index and the negative index: for Friedrich and Friedrich-Lucas numbers: take
W, = F, with [y, =0,F; = 1,F, = 2, F5 = 4 and take W,, = C,, with Cy = 4,C; = 2,Cy = 4,C5 = 11,
respectively. Note that in this case H,, = C,,.

COROLLARY 21. Forn € Z, we have the following recurrence relations:

(a): Friedrich sequence:

27n71

F—'rL - (_6F3n + GOrLFQ’n - 30721Fn + 302‘!LF7L)'

(b): Friedrich-Lucas sequence:

27n71

Con= (CS +2C3, — 302n0n) .
We can also present the formulas of F_,, and C_,, in the following forms.

COROLLARY 22. For n € Z, we have the following recurrence relations:
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277175
(2): Fop = =5 (=96 F+24(Frp s+ 12F 01— 25F) Fau = 3(Foa+12F 1~ 25F,)? Fy 12(Fa

12F5 41 — 25F5,)F),).
1
(b): BF_y = 5o (372 + 6.2 5 + (Juwz = Tnr + 2Jn2) T — 1Ty Ty + 22+ Jon—s — 27).

1

(c): 147F_, = 27(—2}(}; +10K2_ | +34K2 5+ 2Ko, — 10K, 5 — 34Ka, 4 — 49 x 27).

(d): 2"T2C_,, = —9J2 + 4272 | —12J2 5 — (3Jpso — 21Jpsy + 981 + 4y 0)Jp + 14(Jpy1 +
2Jp_9)p_1 — 6Joy + 28Joy o — 8Ja, 4 + 272,

1
(e): C_,, = TS (K2 — Koy, + 2771,

Proof. We use the identities, see Soykan [14],

1

an - ont1 (3J2 +2J2n+Jn+2Jn _7Jn+1Jn)7
1 2

Ko = o (K2 Ka).

(a): By using the identity 4C,, = F,, 13 + 12F,,11 — 25F,, and Corollary 21, (or by using Corollary 6
(a)), we obtain (a).

(b): Since
3Fn = n+2+2<]n715
and
1
J_, = gnil (3J'r2L + 2Js,, + Jn+2Jn — 7Jn+1Jn),

we get (b)
(c): Since 147TF,, = 17K, 45 + 10K, 11 — 4K,, — 49 and K_,, = 527 (K2 — K2,), we obtain (c).
(d): Since 2C,, = —Jpy2 + TJpi1 —3Jp +2 and J_,, = 2,1%(&]3 + 2Jon + Jngodn — TIpt1dn),, we

get (d).

(e): Since Cy, = K, + 1 and K_,, = 557 (K2 — K»,), we obtain (e). O

7. Sum Formulas

The following Corollary gives sum formulas of third-order Jacobsthal numbers.

COROLLARY 23. For n > 0, third-order Jacobsthal numbers have the following properties:
(a): XhooJk = %(Jn+3 — Jpt1 —1).
(b): ZZ:O JQk = %(JQn—i-l + 2J2n - 1)
(e): DhioJokt1 = %(J2n+2 +2J2n41)-

Proof. It is given in Soykan [15]. O

The following Corollary presents sum formulas of Friedrich and Friedrich-Lucas numbers.

COROLLARY 24. For n > 0, Friedrich and Friedrich-Lucas numbers have the following properties (in

terms of third-order Jacobsthal numbers):
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(a):
(i) Yo Fr = 2(2Juso + Jng1 + 20, —n — 3).
(ii): Y i o For = 3(Jant2 + Jons1 + 202 —n — 2).
(iii): S o Fors1 = 3(2Jon42 + 3Jang1 4 2J2, — 1 — 2).
(b):

(i) E::O Ck = 3Jn+1 + Jn +n+ 1.
(ii): Doh_o Cok = %(2J2n+2 +5Jon41 — 4J2, + 30+ 5).
(iii): Yo Coks1 = 5(TJonga — 2Jony1 + 4Jon + 30+ 1).

Proof. The proof follows from Corollary 23 and the identities
3F, = Jpy2+2J, -1,
2C, = —Jpt2+TJpp1 —3J+2. O
8. Matrices and Identities Related With Generalized Friedrich Numbers

If we define the square matrix A of order 4 as

2 01 -2
1 0 0 O
A =
01 0 O
0 01 0
and also define
Fn+1 Fn—l _2Fn—2 Fn _2Fn—1 _2Fn
B. — Fn Fn—2 - 2Fn—3 Fn—l - 2Fn—2 72Fn—1
! anl Fn73 - 2Fn74 Fn72 - 2Fn73 _2Fn72
Fn72 Fn74 - 2Fn75 Fn73 - 2F1nf4 _2Fn73
and
Wn+1 anl - 2Wn72 Wn - 2I/anl _2Wn
U — Wn Wn—Z - 2Wn—3 Wn—l - 2Wn—2 _2Wn—1

Wn—l Wn—3 - 2Wn—4 Wn—2 - 2Wn—3 *2Wn—2
Wn72 Wn74 - 2Wn75 ani’) - 2Wn74 _2Wn73
then we get the following Theorem.
THEOREM 25. For all integers m,n, we have

(a): B, = A", i.e.,

2 0 1 -2 Fpir Foi—2F, 5 F,—2F,, —2F,
100 0 | | F Fua-2Fy Fuy—2Fs —2F,
010 0 | | Foot Fog—2F4 Fno—2Fs —2F, s
001 0 Fro Foa—2F, s Fng—2F, 4 —2F, 4
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(b): UlAn = AnUl
(©): Unym = UnBy = BpUp.

Proof. Take r =2,s =0,t = 1,u = —2 in Theorem 7. [J
Using the above last Theorem and the identity

3F, = n+2+2z]n71a
we obtain the following identity for third-order Jacobsthal numbers.

COROLLARY 26. For all integers n, we have the following formula for third-order Jacobsthal numbers:

n

2 01 -2 ailr a2 @13 Q4
An 100 O _ 1] a2z a2 a a4
010 O a31 G32 033 (34
0 01 O Q41 Q42 Q43 G4

where
a11 = JIp+z +2Jp41 — 1
a1 = Jpqo +2J, —1
az1 = Jpy1 +2Jp—1 — 1
ag1 = Jp +2J,_0—1

12 = Jng1 — 2Jn + 201 — 4Jp_o + 1
2o = Jp — 2Jp1 +2Jp_o—4Jp_5+1
a3 = Jp-1—2Jn_o+2Jp_g—4dy_s+1
Qg = Jn_o—2Jp 3+ 2]y 4 —4J, 5+1

a13 = Jnga — 2Jna1 + 2Jn — 4Jp_1 + 1

23 = Jng1 — 2Jn + 2Jp_1 — 4Ty o+ 1

ass = Jpn — 2Jp_1 +2Jp_o —4Jp_5+1
g3 = Jno1 — 2Jn_9 4+ 2Jp_5 — Adp_s + 1

a1g = —2(Jpy2 +2J, — 1)
s = —2(Jpsr +2J0_1 — 1)
agg = —2(Jp +2J—2 — 1)
agqg = —2(Jp-1 +2Jp—3—1)

Next, we present an identity for W, 4.

THEOREM 27. For all integers m,n, we have

Wn+m = WnFm+1 + anl(mel - 2Fm72) + Wn72(Fm - 2-Frnfl) - 2Wn75Fm
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Proof. Take r =2,s =0,t = 1,u = —2 in Theorem 8. [J

As particular cases of the above theorem, we give identities for Fy 1, and Cypim,.

COROLLARY 28. For all integers m,n, we have

Fn+’m - FnFm+1 +Fn—1(Fm—1 _2Fm—2)+Fn—2(Fm_2Fm—1) _2Fn—3Fm7
Cner = CnFm+1 + Cnfl(mel - 2Fm72) + Cn72(Fm - 2-mel) - 20n73Fm~
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