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GENERALIZATION OF THE EXPANSION OF THE LAGRANGE MULTIPLIER 
IDENTIFIER INTEGRALS FOR THE VARIATIONAL ITERATION METHOD 

 

ABSTRACT 

This study presents a theorem for resolving certain integrals. These integrals usually arise in the 

Correction Functional of the Variational Iteration Method (VIM). Resolving these integrals in 

the Correction Functional of VIM enables the accurate determination of the Lagrange multiplier 

for the method, which in turn leads to faster convergence rate for the solution of VIM. The study 

begins with a brief overview of the Lagrange Multiplier and VIM. This is followed by the 

theorem and a few experimental problems considered to demonstrate the usefulness of the 

theorem in the implementation of VIM. Comparison of results obtained shows that accurately 

determined Lagrange Multiplier for VIM improves the convergence rate of the method compared 

to using approximately determined Lagrange multiplier for the scheme.  Evaluation are carried 

out using Maple 18 software. 

1.0 INTRODUCTION 

The Lagrange multiplier is usually employed in constrained optimization problems where there 

is need to find the maximum or minimum of a given Objective Function subject to another 

function called the Constraint. Let ݂(ݔଵ,ݔଶ, … ,  ௡) be a multi variable function subject to theݔ

constraint	݃(ݔଵ, ,ଶݔ … (௡ݔ, = ݇. Where ݇ is a constant. Then to determine the maximum or 

minimum of ݂(ݔଵ,ݔଶ, … ,  ௡), by the method of Lagrange Multiplier, a new functionݔ

,ଶݔ,ଵݔ)݂ … ௡ݔ  :is constructed and written as (ߣ,

,ଶݔ,ଵݔ)݂ … , ,௡ݔ (ߣ = ,ଵݔ)݂ ,ଶݔ … ௡ݔ, 	) ± ,ଶݔ,ଵݔ)݃)ߣ … −(௡ݔ, ݇)                                                  

(1) 

The new parameter	ߣ, is called the Lagrange multiplier. Making  (1) stationary by setting the 

L.H.S of (1) to zero and taking partial derivatives of (1) w.r.t ݔଵ,ݔଶ, … ௡ݔ,  we get the ߣ	&	

following system of equations. 

డ௙
డ௫భ

= 0, డ௙
డ௫మ

= 0,⋯ , డ௙
డ௫೙

= 0, డ௙
డ	ఒ

= 0                                                                                            (2) 
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Solving the system (2) for ݔଵ,ݔଶ, … ,  enables the determination of the maximum or ,ߣ	&	௡ݔ

minimum of ݂(ݔଵ,ݔଶ, … ,  .disappears (the Lagrange multiplier) ߣ ௡). In the end, the parameterݔ

Its role is as an aid, but in the end it has no part in the solution [8]. 

He’s Variational Iteration Method (VIM) also employs the use of the Lagrange multiplier in its 

correction functional. The accurate determination of the Lagrange multiplier for VIM is of much 

interest to mathematician. The success of VIM mainly depends upon the accurate determination 

of the Lagrange multiplier [9]. But accurate determination of the Lagrange multiplier for VIM 

can sometimes be challenging [5], [7], [9]. Over the years, a number of authors have proposed 

various methods for the determination of the Lagrange multiplier for VIM [2], [3], [9], [10].  In 

[7], we proposed the use of Integrating Factor method and Operator D-Method in certain aspects 

of the determination of the Lagrange Multiplier for VIM. In this study, we present a theory for 

resolving integrals that often arise in the implementation of VIM. Resolving these integrals aids 

the accurate determination of the Lagrange multiplier for VIM.  

2.0 He’s Variational Iteration Method 

Given a nonlinear differential equation of the form 

ݕܮ + ݕܰ =                                                                                                                              (ݔ)݃
(3) 

Where ܮ is a linear operator, ܰ is a nonlinear operator and ݃(ݔ) is a known function. By the 
Variational Iteration Method, we construct a correction functional of the form: 

(ݔ)௡ାଵݕ = (ݔ)௡ݕ + ∫ ௡(௫ݕܮ)(ݏ)ߣ
଴ (ݏ + (ݏ)෤௡ݕܰ −  (4)                                                 									ݏ݀((ݏ)݃

Where  (ݏ)ߣ is a general Lagrange’s multiplier, which may be a constant or a function, and may 
be identified optimally via variational theory [1] .The subscript ݊ denotes the ݊ݐℎ approximation, 
and ݑ෤௡ is considered a restricted variation [12], i.e. ݑߜ෤௡ = 0. The Lagrange multiplier can be 
determined using 

(ݏ)ߣ = (ିଵ)೙

(௡ିଵ)!
ݏ) −  ௡ିଵ                                                                                                               (5)(ݔ

Where ݊ represent the highest derivative in the given function.  

3.0 Theorem 1.0 

Given an integral expression of the form  

∫ ௡ݕ(ݏ)ߣ
(௞)(ݏ)݀(6)                                                                                                                          , ݏ 
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the expansion resolves as 

∫ ௡ݕ(ݏ)ߣ
(௞)(ݏ)݀ݏ = ௡ݕ(ݏ)ߣ

(௄ିଵ)(ݏ)− ௡ݕ(ݏ)ᇱߣ
(௄ିଶ)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௄ିଷ)(ݏ)− ௡ݕ(ݏ)ᇱᇱᇱߣ
(௄ିସ)(ݏ) +

⋯− (ݏ)௡ݕ(ݏ)(௄ିଵ)ߣ + ∫  (7)                                                                                   ݏ݀(ݏ)௡ݕ(ݏ)(௄)ߣ

for all ݇ = 1,2,3 …݊; where  ݇ represents the order of the derivative. 

Proof:  

Recall the formula from basic calculus for integration by part which reads: 

∫ ݑ ௗ௩
ௗ௫
ݔ݀ = ݒݑ − ∫ ݒ ௗ௨

ௗ௫
                                                                                                                (8) 

Let  ࢑ = ૚ 

Then the integral (6) is written as  

∫ ௡ᇱݕ(ݏ)ߣ  (9)                                                                                                                               ݏ݀(ݏ)

By comparing (9) to (8), we note that 

ݒ݀ = ௡ᇱݕ ݒ ,(ݏ) = ∫ ݒ݀ = ∫ ௡ᇱݕ (ݏ) = ݑ	,(ݏ)௡ݕ = ݑ݀	 ,(ݏ)ߣ =                                                   (10)                                       ݏ݀(ݏ)ᇱߣ

So that we get 

∫ ௡ᇱݕ(ݏ)ߣ ݏ݀(ݏ) = −(ݏ)௡ݕ(ݏ)ߣ  (11)                                                                          ݏ݀(ݏ)௡ݕ(ݏ)ᇱߣ∫

Similarly, for  ࢑ = ૛ 

Then the integral (6) is written as  

∫  (12)                                                                                                                            ݏ݀(ݏ)௡ᇱᇱݕ(ݏ)ߣ

We note again that  

ݒ݀ = ݒ  ,(ݏ)௡ᇱᇱݕ = ௡ᇱݕ ݑ , (ݏ) = ݑ݀    (ݏ)ߣ =                  (13)                                                                 ݏ݀(ݏ)ᇱߣ

So that we get 

∫ ݏ݀(ݏ)௡ᇱᇱݕ(ݏ)ߣ = −(ݏ)௡′ݕ(ݏ)ߣ  (14)                                                                      ݏ݀(ݏ)௡′ݕ(ݏ)ᇱߣ∫

Integrating the integral sign ∫ߣᇱ(ݏ)ݕ′௡(ݏ)݀ݏ in (14), we get 
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∫ ݏ݀(ݏ)௡′ݕ(ݏ)ᇱߣ = −(ݏ)௡ݕ(ݏ)′ߣ  (15)                                                                    ݏ݀(ݏ)௡ݕ(ݏ)ᇱᇱߣ∫

Substituting (15) into (14), we get 

∫ ݏ݀(ݏ)௡ᇱᇱݕ(ݏ)ߣ = −(ݏ)௡′ݕ(ݏ)ߣ (ݏ)௡ݕ(ݏ)′ߣ +   (16)                                               ݏ݀(ݏ)௡ݕ(ݏ)ᇱᇱߣ∫

⋮																					⋮																				⋮     

By mathematical induction, it follows that 

When ࢑ = ࢔ − ૚, the integral (6) is written as   

∫ ௡ݕ(ݏ)ߣ
(௞ିଵ)(ݏ)݀(17)                                                                                                                      ݏ 

We note that 

ݒ݀ = ௡ݕ
(௞ିଵ)(ݏ) , ݒ = ∫ ݒ݀ = ௡ݕ∫

(௞ିଵ)(ݏ) = ௡ݕ
(௞ିଶ)(ݏ), ݑ = ݑ݀ (ݏ)ߣ =                                                 ݏ݀(ݏ)ᇱߣ

So that we get, 

∫ ௡ݕ(ݏ)ߣ
(௞ିଵ)(ݏ)݀ݏ = ௡ݕ(ݏ)ߣ

(௞ିଶ)(ݏ)− ௡ݕ(ݏ)ᇱߣ∫
(௞ିଶ)(ݏ)݀(18)                                                      ݏ 

Again, integrating the integral sign ∫ ௡ݕ(ݏ)ᇱߣ
(௞ିଶ)(ݏ)݀ݏ in (18), we get: 

∫ ௡ݕ(ݏ)ᇱߣ
(௞ିଶ)(ݏ)݀ݏ = ௡ݕ(ݏ)′ߣ

(௞ିଷ)(ݏ)− ௡ݕ(ݏ)′ᇱߣ∫
(௞ିଷ)(ݏ)݀(19)                                                   ݏ 

Substituting (19) into (18) we get 

∫ ௡ݕ(ݏ)ߣ
(௞ିଵ)(ݏ)݀ݏ = ௡ݕ(ݏ)ߣ

(௞ିଶ)(ݏ)− ᇱ(௦)௬೙ߣ
(ೖషయ)(௦) + ௡ݕ(ݏ)′ᇱߣ∫

(௞ିଷ)(ݏ)݀(20)                             ݏ 

⋮																					⋮																				⋮ 

∫ ௡ݕ(ݏ)ߣ
(௞ିଵ)(ݏ)݀ݏ = ௡ݕ(ݏ)ߣ

(௄ିଶ)(ݏ)− ௡ݕ(ݏ)ᇱߣ
(௄ିଷ)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௄ିସ)(ݏ) − ௡ݕ(ݏ)ᇱᇱᇱߣ
(௄ିହ)(ݏ) +

⋯+ −(ݏ)௡ݕ(ݏ)(௄ିଶ)ߣ  (21)                                                                              ݏ݀(ݏ)௡ݕ(ݏ)(௄ିଵ)ߣ∫

And  

∫ ௡ݕ(ݏ)ߣ
(௞)(ݏ)݀ݏ = ௡ݕ(ݏ)ߣ

(௄ିଵ)(ݏ)− ௡ݕ(ݏ)ᇱߣ
(௄ିଶ)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௄ିଷ)(ݏ)− ௡ݕ(ݏ)ᇱᇱᇱߣ
(௄ିସ)(ݏ) +

⋯− (ݏ)௡ݕ(ݏ)(௄ିଵ)ߣ + ∫  (22)                                                                ݇	݈݈ܽ	ݎ݋݂  ݏ݀(ݏ)௡ݕ(ݏ)(௄)ߣ

Which completes the proof.                        
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We summarize result of the resolved integrals for , ݇ = 1, 2, 3, …݊ in the Table 1 below: 

Table 1 

Table Showing Expansion of the Integrals Arising From the Correction Functional of VIM  

࢑ න࢔࢟(࢙)ࣅ
 Expansion ࢙ࢊ,(࢙)(࢑)

1 නݕ(ݏ)ߣ௡ᇱ  (ݏ)௡ݕ(ݏ)ᇱߣන−(ݏ)௡ݕ(ݏ)ߣ ݏ݀(ݏ)

2 නݕ(ݏ)ߣ௡ᇱᇱ(ݏ)݀ݕ(ݏ)ߣ ݏ′௡(ݏ)− (ݏ)௡ݕ(ݏ)ᇱߣ + නߣᇱᇱ(ݏ)ݕ௡(ݏ) 

3 නݕ(ݏ)ߣ௡ᇱᇱᇱ(ݏ)݀ݕ(ݏ)ߣ ݏ′′௡(ݏ)− (ݏ)ᇱ௡ݕ(ݏ)′ߣ + −(ݏ)௡ݕ(ݏ)′′ߣ   (ݏ)௡ݕ(ݏ)ᇱᇱᇱߣ∫

4 නݕ(ݏ)ߣ௡
(௜௩)(ݏ)݀ݕ(ݏ)ߣ ݏ′′′௡(ݏ)− (ݏ)௡′′ݕ(ݏ)′ߣ + −(ݏ)௡′ݕ(ݏ)′′ߣ

(ݏ)௡ݕ(ݏ)′′′ߣ +   ݏ݀(ݏ)௡ݕ(ݏ)(௜௩)ߣ∫

5 නݕ(ݏ)ߣ௡
(௩)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௜௩)(ݏ)− (ݏ)௡ᇱᇱᇱݕ(ݏ)ᇱߣ + (ݏ)௡ᇱᇱݕ(ݏ)′′ߣ −

(ݏ)௡ᇱݕ(ݏ)′′′ߣ + −(ݏ)௡ݕ(ݏ)(௜௩)ߣ                                                                                                                              ݏ݀(ݏ)௡ݕ(ݏ)(௩)ߣ∫

6 නݕ(ݏ)ߣ௡
(௩௜)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௩)(ݏ) − ௡ݕ(ݏ)ᇱߣ
(௜௩)(ݏ) + (ݏ)௡ᇱᇱᇱݕ(ݏ)′′ߣ −

(ݏ)௡ᇱᇱݕ(ݏ)′′′ߣ + −(ݏ)௡′ݕ(ݏ)(௜௩)ߣ (ݏ)௡ݕ(ݏ)(௩)ߣ +

∫                                                                                                                  ݏ݀(ݏ)௡ݕ(ݏ)(௩௜)ߣ

7 නݕ(ݏ)ߣ௡
(௩௜௜)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௩௜)(ݏ) − ௡ݕ(ݏ)ᇱߣ
(௩)(ݏ) + ௡ݕ(ݏ)′′ߣ

(௜௩)(ݏ) −

(ݏ)௡ᇱᇱᇱݕ(ݏ)′′′ߣ + −(ݏ)௡′′ݕ(ݏ)(௜௩)ߣ (ݏ)௡′ݕ(ݏ)(௩)ߣ +

−(ݏ)௡ݕ(ݏ)(௩௜)ߣ                                                                     ݏ݀(ݏ)௡ݕ(ݏ)(௩௜௜)ߣ∫

8 නݕ(ݏ)ߣ௡
(௩௜௜௜)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௩௜௜)(ݏ)− ௡ݕ(ݏ)ᇱߣ
(௩௜)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௩)(ݏ)−

௡ݕ(ݏ)ᇱᇱᇱߣ
(௜௩)(ݏ) + (ݏ)ᇱᇱᇱ௡ݕ(ݏ)(௜௩)ߣ − (ݏ)ᇱᇱ௡ݕ(ݏ)(௩)ߣ +

−(ݏ)ᇱ௡ݕ(ݏ)(௩௜)ߣ (ݏ)௡ݕ(ݏ)(௩௜௜)ߣ +        ݏ݀(ݏ)௡ݕ(ݏ)(௩௜௜௜)ߣ∫

9 නݕ(ݏ)ߣ௡
(௜௫)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௩௜௜௜)(ݏ)− ௡ݕ(ݏ)ᇱߣ
(௩௜௜)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௩௜)(ݏ)−

௡ݕ(ݏ)ᇱᇱᇱߣ
(௩)(ݏ) + (௜௩)ݕ(ݏ)(௜௩)ߣ

௡(ݏ)− (ݏ)ᇱᇱᇱ௡ݕ(ݏ)(௩)ߣ +

−(ݏ)ᇱᇱ௡ݕ(ݏ)(௩௜)ߣ (ݏ)௡′ݕ(ݏ)(௩௜௜)ߣ + −(ݏ)௡ݕ(ݏ)(௩௜௜௜)ߣ

  ݏ݀(ݏ)௡ݕ(ݏ)(௜௫)ߣ∫
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10 නݕ(ݏ)ߣ௡
(௫)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௜௫)(ݏ)− ௡ݕ(ݏ)ᇱߣ
(௩௜௜௜)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௩௜௜)(ݏ) −

௡ݕ(ݏ)ᇱᇱᇱߣ
(௩௜)(ݏ) + (௩)ݕ(ݏ)(௜௩)ߣ

௡(ݏ)− (௜௩)ݕ(ݏ)(௩)ߣ
௡(ݏ) +

(ݏ)ᇱᇱᇱ௡ݕ(ݏ)(௩௜)ߣ − (ݏ)௡′′ݕ(ݏ)(௩௜௜)ߣ + −(ݏ)௡′ݕ(ݏ)(௩௜௜௜)ߣ

(ݏ)௡ݕ(ݏ)(௜௫)ߣ + ∫   ݏ݀(ݏ)௡ݕ(ݏ)(௫)ߣ

11 නݕ(ݏ)ߣ௡
(௫௜)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௫)(ݏ) − ௡ݕ(ݏ)ᇱߣ
(௜௫)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௩௜௜௜)(ݏ)−

௡ݕ(ݏ)ᇱᇱᇱߣ
(௩௜௜)(ݏ) + (௩௜)ݕ(ݏ)(௜௩)ߣ

௡(ݏ)− (௩)ݕ(ݏ)(௩)ߣ
௡(ݏ) +

(௜௩)ݕ(ݏ)(௩௜)ߣ
௡(ݏ) − (ݏ)௡′′′ݕ(ݏ)(௩௜௜)ߣ + −(ݏ)௡′′ݕ(ݏ)(௩௜௜௜)ߣ

(ݏ)௡′ݕ(ݏ)(௜௫)ߣ + −(ݏ)௡ݕ(ݏ)(௫)ߣ   ݏ݀(ݏ)௡ݕ(ݏ)(௫௜)ߣ∫

12 නݕ(ݏ)ߣ௡
(௫௜௜)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௫௜)(ݏ) − ௡ݕ(ݏ)ᇱߣ
(௫)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௜௫)(ݏ)−

௡ݕ(ݏ)ᇱᇱᇱߣ
(௩௜௜௜)(ݏ) + (௩௜௜)ݕ(ݏ)(௜௩)ߣ

௡(ݏ)− (௩௜)ݕ(ݏ)(௩)ߣ
௡(ݏ) +

(௩)ݕ(ݏ)(௩௜)ߣ
௡(ݏ)− ௡ݕ(ݏ)(௩௜௜)ߣ

(௜௩)(ݏ) + (ݏ)ᇱᇱᇱ௡ݕ(ݏ)(௩௜௜௜)ߣ −

(ݏ)ᇱᇱ௡ݕ(ݏ)(௜௫)ߣ + −(ݏ)ᇱ௡ݕ(ݏ)(௫)ߣ (ݏ)௡ݕ(ݏ)(௫௜)ߣ +

∫   ݏ݀(ݏ)௡ݕ(ݏ)(௫௜௜)ߣ

13 නݕ(ݏ)ߣ௡
(௫௜௜௜)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௫௜௜)(ݏ) − ௡ݕ(ݏ)ᇱߣ
(௫௜)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௫)(ݏ)−

௡ݕ(ݏ)ᇱᇱᇱߣ
(௜௫)(ݏ) + (௩௜௜௜)ݕ(ݏ)(௜௩)ߣ

௡(ݏ)− (௩௜௜)ݕ(ݏ)(௩)ߣ
௡(ݏ) +

(௩௜)ݕ(ݏ)(௩௜)ߣ
௡(ݏ)− ௡ݕ(ݏ)(௩௜௜)ߣ

(௩)(ݏ) +

(௜௩)ݕ(ݏ)(௩௜௜௜)ߣ
௡(ݏ)− (ݏ)ᇱᇱᇱ௡ݕ(ݏ)(௜௫)ߣ + −(ݏ)ᇱᇱ௡ݕ(ݏ)(௫)ߣ

(ݏ)௡′ݕ(ݏ)(௫௜)ߣ + −(ݏ)௡ݕ(ݏ)(௫௜௜)ߣ   ݏ݀(ݏ)௡ݕ(ݏ)(௫௜௜)ߣ∫

14 නݕ(ݏ)ߣ௡
(௫௜௩)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௫௜௜௜)(ݏ)− ௡ݕ(ݏ)ᇱߣ
(௫௜௜)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௫௜)(ݏ)−

௡ݕ(ݏ)ᇱᇱᇱߣ
(௫)(ݏ) + (௜௫)ݕ(ݏ)(௜௩)ߣ

௡(ݏ)− (௩௜௜௜)ݕ(ݏ)(௩)ߣ
௡(ݏ) +

(௩௜௜)ݕ(ݏ)(௩௜)ߣ
௡(ݏ)− ௡ݕ(ݏ)(௩௜௜)ߣ

(௩௜)(ݏ) +

(௩)ݕ(ݏ)(௩௜௜௜)ߣ
௡(ݏ)− (௜௩)ݕ(ݏ)(௜௫)ߣ

௡(ݏ) + −(ݏ)ᇱᇱᇱ௡ݕ(ݏ)(௫)ߣ

(ݏ)ᇱᇱ௡ݕ(ݏ)(௫௜)ߣ + −(ݏ)ᇱ௡ݕ(ݏ)(௫௜௜)ߣ (ݏ)௡ݕ(ݏ)(௫௜௜௜)ߣ +

∫   ݏ݀(ݏ)௡ݕ(ݏ)(௫௜௩)ߣ

15 නݕ(ݏ)ߣ௡
(௫௩)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௫௜௩)(ݏ)− ௡ݕ(ݏ)ᇱߣ
(௫௜௜௜)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௫௜௜)(ݏ)−

௡ݕ(ݏ)ᇱᇱᇱߣ
(௫௜)(ݏ) + (௫)ݕ(ݏ)(௜௩)ߣ

௡(ݏ)− (௜௫)ݕ(ݏ)(௩)ߣ
௡(ݏ) +
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(௩௜௜௜)ݕ(ݏ)(௩௜)ߣ
௡(ݏ) − ௡ݕ(ݏ)(௩௜௜)ߣ

(௩௜௜)(ݏ) +

(௩௜)ݕ(ݏ)(௩௜௜௜)ߣ
௡(ݏ)− (௩)ݕ(ݏ)(௜௫)ߣ

௡(ݏ) +

(௜௩)ݕ(ݏ)(௫)ߣ
௡(ݏ)− (ݏ)ᇱᇱᇱ௡ݕ(ݏ)(௫௜)ߣ + (ݏ)ᇱᇱ௡ݕ(ݏ)(௫௜௜)ߣ −

(ݏ)௡′ݕ(ݏ)(௫௜௜௜)ߣ + −(ݏ)௡ݕ(ݏ)(௫௜௩)ߣ    ݏ݀(ݏ)௡ݕ(ݏ)(௫௩)ߣ∫

⋮ ⋮                                               ⋮                      

݇ − 1 නݕ(ݏ)ߣ௡
(௞ିଵ)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௄ିଶ)(ݏ) − ௡ݕ(ݏ)ᇱߣ
(௄ିଷ)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௄ିସ)(ݏ)−

௡ݕ(ݏ)ᇱᇱᇱߣ
(௄ିହ)(ݏ) + ⋯+ −(ݏ)௡ݕ(ݏ)(௄ିଶ)ߣ

   ݏ݀(ݏ)௡ݕ(ݏ)(௄ିଵ)ߣ∫

݇ නݕ(ݏ)ߣ௡
(௞)(ݏ)݀ݕ(ݏ)ߣ ݏ௡

(௄ିଵ)(ݏ) − ௡ݕ(ݏ)ᇱߣ
(௄ିଶ)(ݏ) + ௡ݕ(ݏ)ᇱᇱߣ

(௄ିଷ)(ݏ)−

௡ݕ(ݏ)ᇱᇱᇱߣ
(௄ିସ)(ݏ) + ⋯− (ݏ)௡ݕ(ݏ)(௄ିଵ)ߣ +

∫    ݏ݀(ݏ)௡ݕ(ݏ)(௄)ߣ

 

We remark that these expansions can be substituted directly where necessary, into the correction 

functional of VIM to aid the process of computing the exact Lagrange multiplier for VIM. 

4.0 NUMERICAL EXAMPLES 

Problem 1 [11] 

ᇱᇱᇱݕ = ᇱݕ4− + ,ݔ ݔ ∈ [0,                                                                                                          [ߨ4
(23) 

(0)ݕ = 0, ᇱ(0)ݕ = ᇱᇱ(0)ݕ						,0 = 1                                                                                              
(24) 

(ݔ)ݕ = ቀ ଷ
ଵ଺
ቁ (1− cos (ݔ2 + ଵ

଼
                                                                                                    ଶݔ

(25) 

A. Problem solved using an approximate Lagrange Multiplier 

To solve the above problem using the Variational Iteration Method, we construct a correction 
functional of the form: 

(ݔ)௡ାଵݕ = −(ݔ)௡ݕ ∫ ௫(ݏ)ߣ
଴ ቀௗ

య௬೙
ௗ௦య

+ 4 ௗ௬೙
ௗ௦

− ቁݏ                                                                      ݏ݀
(26) 
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Using the formula (5), we determine the Lagrange multiplier as (ݏ) = − (௦ି௫)మ

ଶ
 , so that we get 

the iteration formula as: 

(ݔ)௡ାଵݕ = −(ݔ)௡ݕ ∫ (௦ି௫)మ

ଶ
௫
଴ ቀௗ

య௬೙
ௗ௦య

+ 4 ௗ௬೙
ௗ௦

− ቁݏ                                                                    ݏ݀
(27) 

The initial approximation is determined using 

(ݔ)଴ݕ = (0)ݕ + ݔᇱ(0)ݕ + (0)′′ݕ ௫
మ

ଶ
                                                                                             

(28) 

⇒ (ݔ)଴ݕ = ଵ
ଶ
                                                                                                                            ଶݔ

(29) 

Successive iterations are determined using the initial approximation (29) and the iteration 
formula (27) as: 

(ݔ)଴ݕ = ଵ
ଶ
   ଶݔ

(ݔ)ଵݕ = ଵ
ଶ
ଶݔ − ଵ

଼
  ସݔ

(ݔ)ଶݕ = ଵ
ଶ
ଶݔ − ଵ

଼
ସݔ + ଵ

଺଴
  ଺ݔ

⋮																⋮															⋮  

(ݔ)ହݕ = ଵ
ଶ
ଶݔ − ଵ

଼
ସݔ + ଵ

଺଴
଺ݔ − ଵ

଼ସ଴
଼ݔ + ଵ

ଵ଼ଽ଴଴
ଵ଴ݔ − ଵ

଺ଶଷ଻଴଴
  ଵଶݔ

⋮																⋮															⋮  

 

…and so on. 

B. Problem solved using a more exact Lagrange Multiplier 

We proceed by taking variation of the correction functional (26) to get 

(ݔ)௡ାଵݕߜ = (ݔ)௡ݕߜ + ߜ ∫ ௫(ݏ)ߣ
଴ ቀௗ

య௬೙
ௗ௦య

+ 4 ௗ௬೙
ௗ௦

− ቁݏ                                                                ݏ݀
(30) 

Using theorem (1.0) on the integral in (30), (30) expands as: 
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(ݔ)௡ାଵݕߜ = (ݔ)௡ݕߜ + −(ݏ)௡′′ݕ(ݏ)ߣ	ߜ (ݏ)ᇱ௡ݕ(ݏ)′ߣߜ + −(ݏ)௡ݕ(ݏ)′′ߣߜ ߜ ∫ (ݏ)௡ݕ(ݏ)ᇱᇱᇱߣ +
−(ݏ)௡ݕ(ݏ)ߣߜ4 ߜ4 ∫                                                                                                    (ݏ)௡ݕ(ݏ)ᇱߣ
(31) 

Making (31) stationary by setting the Left hand side of (31) to zero, we get the following system. 

:(ݔ)௡ݕߜ 1 + (ݏ)ߣ4 + (ݏ)ᇱᇱߣ = 0                    (a) 

(ݏ)ᇱߣ−:(ݏ)௡′ݕߜ = 0                                      (b) 

:(ݏ)௡′′ݕߜ (ݏ)ߣ = 0                                         (c) 

(ݏ)ᇱᇱᇱߣ−:(ݏ)∗௡ݕߜ − (ݏ)ᇱߣ4 = 0                      (d) 

Solving the system (a)-(d), we determine a general solution of the form. 

(ݏ)ߣ = ܣ + (ݏ2)ݏ݋ܿܤ +            (ݏ2)݊݅ݏܥ

The coefficients ܤ,ܣ	݀݊ܽ	ܥ are determined as  

ܣ = − ଵ
ସ

, ܤ = ଵ
ସ

ୡ୭ୱ	(ଶ௫)
௖௢௦(ଶ௫)మା௦௜௡(ଶ௫)మ

, ܥ		݀݊ܽ = ଵ
ସ

ୱ୧୬	(ଶ௫)
௖௢௦(ଶ௫)మା௦௜௡(ଶ௫)మ

                                                 (32) 

So that we determine the Lagrange multiplier as  

(ݏ)ߣ = − ଵ
ସ

+ ଵ
ସ

ୡ୭ୱ(ଶ௫)ୡ୭ୱ	(ଶ௦)
௖௢௦(ଶ௫)మା௦௜௡(ଶ௫)మ

+ ଵ
ସ

ୱ୧୬	(ଶ௫)ୱ୧୬	(ଶ௦)
௖௢௦(ଶ௫)మା௦௜௡(ଶ௫)మ

                                                                   

(33) 

And the iteration formula as 

(ݔ)௡ାଵݕ = (ݔ)௡ݕ + ∫ ቀ− ଵ
ସ

+ ଵ
ସ

ୡ୭ୱ(ଶ௫)ୡ୭ୱ	(ଶ௦)
௖௢௦(ଶ௫)మା௦௜௡(ଶ௫)మ

+ ଵ
ସ

ୱ୧୬	(ଶ௫)ୱ୧୬	(ଶ௦)
௖௢௦(ଶ௫)మା௦௜௡(ଶ௫)మ

ቁ௫
଴ ቀௗ

య௬೙
ௗ௦య

+ 4 ௗ௬೙
ௗ௦

− ቁݏ   ݏ݀

(34) 

The initial approximation is chosen using as ݕ଴(ݔ) = ଵ
ଶ
 ଶ                                                        (35)ݔ

Using the initial approximation (35) and the iteration formula (34), we obtain the following 
successive  

(ݔ)ଵݕ = ଵ
଼
ଶݔ − ଽ

଼
cos(ݔ)ଶ + ଷ

଼
+ ଷ

ସ
cos(ݔ)ସ + ଷ

ସ
sin(ݔ)ଶ cos(ݔ)ଶ  

(ݔ)ଶݕ = ଵ
଼
ଶݔ − ଽ

଼
cos(ݔ)ଶ + ଷ

଼
+ ଷ

ସ
cos(ݔ)ସ + ଷ

ସ
sin(ݔ)ଶ cos(ݔ)ଶ  

We note that only one iteration was required to attain convergence using a more accurate 
Lagrange Multiplier. We compare results in Table 2. 

Table 2. 

Table comparing exact solution, solution of the 37th iteration using approximate Lagrange 

Multiplier, and 1st Iteration using a more accurate Lagrange multiplier for problem 1.   
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 Exact  ࢟૜ૡ(࢞) with ݔ
Approx. (ݏ)ߣ 

Error with 
Approx. (ݏ)ߣ 

࢟૚(࢞) with More 
Exact (ݏ)ߣ 

Error with More 
Exact. (ݏ)ߣ 

0.00 0.0000000000    0.0000000000    0.0000e+00 0.0000000000     0.0000e+00 
1.00 0.3905275318    0.3905275319     1.0000e-10   0.3905275319     1.0000e-10   
2.00 0.8100581789    0.8100581789     0.0000e+00   0.8100581790     0.0000e+00 
3.00 1.1324680710    1.1324680710    0.0000e+00   1.1324680710     0.0000e+00 
4.00 2.2147812560    2.2147812560     0.0000e+00   2.2147812560     0.0000e+00 
5.00 3.4698259120    3.4698259120     0.0000e+00   3.4698259120     0.0000e+00 
6.00 4.5292773830    4.5292773830     0.0000e+00   4.5292773830     0.0000e+00 
7.00 6.2868617720    6.2868617720     0.0000e+00   6.2868617720     0.0000e+00 
8.00 8.3670611530    8.3670611530     0.0000e+00   8.3670611530     0.0000e+00 
9.00 10.1886906200   10.1886906200    0.0000e+00   10.1886906200     0.0000e+00 
10.00 12.6109846100   12.6109846100    0.0000e+00   12.6109846100     0.0000e+00 
11.00 15.4999926600   15.4999926500    1.0000e-08   15.4999926500     1.0000e-08   
12.00 18.1079664400   18.1079664400 0.0000e+00   18.1079664400     0.0000e+00 
 
Problem 2 
Consider the non-linear PDE 
௧௧௧ݕ + ௫௫ݕݐ − ௧ݕ4 =  (36)                                                                                         (ݔ)	ଶ௧cosି݁ݐ−
With the initial conditions 
,ݔ)ݕ 0) = cos(ݔ), ݕ௧(ݔ, 0) = −2 cos(ݔ) ,ݔ)௧௧ݕ, 0) = 4 cos(ݔ)                                                (37) 
,ݔ)ݕ (ݐ = ݁ିଶ௧cos	(ݔ)                                                                                                                 (38) 
 

A. Problem solved using an approximate Lagrange Multiplier 

To solve the above problem using the VIM, we construct a correction functional of the form: 

,ݔ)௡ାଵݕ (ݐ = ,ݔ)௡ݕ (ݐ + ∫ ௧(ݏ)ߣ
଴ ቀడ௬೙

య

డ௦య
+ ݏ డ௬೙

మ

డ௫మ
− 4 డ௬

డ௦
+ ቁ	(ݔ)	cosݏ2−݁ݏ                                      ݏ݀

(39) 

Using the formula (5) we determine the Lagrange multiplier as, (ݏ) = − (௦ି௫)మ

ଶ
 , so that we get 

the iteration formula as: 

,ݔ)௡ାଵݕ (ݐ = ,ݔ)௡ݕ (ݐ − ∫ ߣ (௦ି௫)మ

ଶ
)௧

଴ ቀడ௬೙
య

డ௦య
+ ݏ డ௬೙

మ

డ௫మ
− 4 డ௬

డ௦
+ ቁ	(ݔ)	cosݏ2−݁ݏ                               ݏ݀

(40)  

The initial approximation is determined using  

(ݔ)଴ݕ = (0)ݕ + ݐᇱ(0)ݕ + (0)′′ݕ ௧
మ

ଶ
                                                                                              

(41) 

⟹ (ݔ)଴ݕ = cos	(ݔ)− (ݔ)ݏ݋ܿݐ2 + ସ௧మ

ଶ
cos	(ݔ)  

Using the initial approximation and the iteration formula, we determine the following iterations: 
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(ݔ)଴ݕ = cos	(ݔ) − (ݔ)ݏ݋ܿݐ2 + ସ௧మ

ଶ
cos	(ݔ)  

 

 

…and so on. 

B. Problem solved Using a More exact Lagrange Multiplier 

We proceed by constructing correction functional of the form 

,ݔ)௡ାଵݕ (ݐ = ,ݔ)௡ݕ (ݐ + ∫ ௧(ݏ)ߣ
଴ ቀడ௬೙

య

డ௦య
+ ݏ డ௬෤೙

మ

డ௫మ
− 4 డ௬

డ௦
+ ቁ	(ݔ)	cosݏ2−݁ݏ                                        ݏ݀

(42) 

Taking variation of the correction functional (42) we get 

,ݔ)௡ାଵݕߜ (ݐ = ,ݔ)௡ݕߜ (ݐ + ߜ ∫ ௧(ݏ)ߣ
଴ ቀడ௬೙

య

డ௦య
+ ݏ డ௬෤೙

మ

డ௫మ
− 4 డ௬

డ௦
+ ቁ	(ݔ)	cosݏ2−݁ݏ                              ݏ݀

(43) 

Using theorem (1.0) on the integral sign in (43), (43) expands as: 

,ݔ)௡ାଵݕߜ (ݐ =
,ݔ)௡ݕߜ (ݐ + ,ݔ)௡′′ݕ(ݏ)ߣ	ߜ (ݏ − ,ݔ)ᇱ௡ݕ(ݏ)′ߣߜ (ݏ + ,ݔ)௡ݕ(ݏ)′′ߣߜ (ݏ − ߜ ∫ ,ݔ)௡ݕ(ݏ)ᇱᇱᇱߣ (ݏ −
,ݔ)௡ݕ(ݏ)ߣߜ4 (ݏ + ߜ4 ∫ ,ݔ)௡ݕ(ݏ)ᇱߣ  (44)                                                            (ݏ

Making (44) stationary by setting the Left hand side of (44) to zero, we get the following system 

:(ݔ)௡ݕߜ 1 − (ݏ)ߣ4 + (ݏ)ᇱᇱߣ = 0                       (a) 

(ݏ)ᇱߣ−:(ݏ)௡′ݕߜ = 0                                         (b)         

:(ݏ)௡′′ݕߜ (ݏ)ߣ = 0                                            (c) 

(ݏ)ᇱᇱᇱߣ−:(ݏ)∗௡ݕߜ + (ݏ)ᇱߣ4 = 0                        (d) 

Solving the system (a)-(d), we determine a general solution of the form. 

(ݏ)ߣ = ܣ + ଶ௦݁ܤ + ଶ௦ି݁ܥ                                                                                                             
(45) 
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The coefficients ܤ,ܣ	݀݊ܽ	ܥ are determined as  

ܣ = ଵ
ସ
ܤ  , = − ଵ

଼௘మ೟
 and ܥ = − ଵ

଼௘షమ೟
                                                                                         

(46) 

And the Lagrange multiplier as  

(ݏ)ߣ = ଵ
ସ
− ଵ

଼
௘మೞ

௘మ೟
− ଵ

଼
௘షమೞ

௘షమ೟
                                                                                                                 

(47) 

The iteration formula is determined as  

,ݔ)௡ାଵݕ (ݐ = ,ݔ)௡ݕ (ݐ + ∫ ቀଵ
ସ
− ଵ

଼
௘మೞ

௘మ೟
− ଵ

଼
௘షమೞ

௘షమ೟
ቁ௧

଴ ቀడ௬೙
య

డ௦య
+ ݏ డ௬೙

మ

డ௫మ
− 4 డ௬

డ௦
+ ቁ	(ݔ)	cosݏ2−݁ݏ               ݏ݀

(48) 

Using ݕ଴(ݔ) = cos	(ݔ) − (ݔ)ݏ݋ܿݐ2 + ସ௧మ

ଶ
cos	(ݔ) as the initial approximation, and the Iteration 

formula (48), we obtain the following successive iterations 

(ݔ)଴ݕ = cos	(ݔ) − (ݔ)ݏ݋ܿݐ2 + ସ௧మ

ଶ
cos	(ݔ)  

 

 

…and so on.  

We present a comparison of results in Table 3 and Table 4. 

Table 3 

Table comparing exact solution, solution of the 9th iteration using an approximate Lagrange 
Multiplier, and 4th Iteration using a more exact Lagrange multiplier for problem 2 for  0 ≤ ݔ ≤
10, and ݐ = 3 

,࢞)Exact  ࢟૚૙ ݔ ࢚) with 
Approx. (ݏ)ߣ 

Error with 
Approx. (ݏ)ߣ 

࢟૞(࢞, ࢚) with 
More Exact (ݏ)ߣ 

Error with More 
Exact. (ݏ)ߣ 

0.00 0.0024787522 0.0025177847 3.9033e-05   0.0024824882     3.7361e-06   
1.00 0.0013392755 0.0013603649 2.1089e-05   0.0013412933     2.0178e-06   
2.00 -0.0010315249   -0.0010477682    1.6243e-05   -0.0010330788     1.5539e-06   
3.00 -0.0024539461   -0.0024925880    3.8642e-05   -0.0024576491     3.7030e-06   
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4.00 -0.0016202205   -0.0016457339    2.5513e-05   -0.0016226611     2.4406e-06   
5.00 0.0007031283    0.0007142003     1.1072e-05   0.0007041880     1.0597e-06   
6.00 0.0023800242    0.0024175021     3.7478e-05   0.0023836157     3.5915e-06   
7.00 0.0018687369    0.0018981636     2.9427e-05   0.0018715557     2.8188e-06   
8.00 -0.0003606585   -0.0003663378    5.6792e-06   -0.0003612016     5.4305e-07   
9.00 -0.0022584661   -0.0022940299    3.5564e-05   -0.0022618691     3.4030e-06   
10.00 -0.0020798504   -0.0021126015    3.2751e-05 -0.0020829908     3.1404e-06 
 
Table 4 
Table comparing exact solution, solution of the 9th iteration using approximate Lagrange 
Multiplier, and 2nd  Iteration using a more accurate Lagrange multiplier for problem 2 for  
0 ≤ ݔ ≤ 10, and ݐ = 0.8 

࢞ Exact  ࢟૚૙(࢞, ࢚) with 
Approx. ࣅ(࢙) 

Error with 
Approx. 
 (࢙)ࣅ

࢟૜(࢞, ࢚) with 
More Exact 
 (࢙)ࣅ

Error with 
More Exact. 
 (࢙)ࣅ

0.00 0.2018965180 0.2018965180 0.0000e+00 0.2018965180 2.0000e-10 
1.00 0.1090851542    0.1090851542    1.0000e-10   0.1090851542    1.0000e-10   
2.00 -0.0840185973   -0.0840185973    0.0000e+00   -0.0840185973    0.0000e+00 
3.00 -0.1998760379   -0.1998760379    0.0000e+00   -0.1998760379    0.0000e+00 
4.00 -0.1319683711   -0.1319683711    0.0000e+00   -0.1319683711    0.0000e+00 
5.00 0.0572704075    0.0572704075    0.0000e+00   0.0572704075    0.0000e+00 
6.00 0.1938550376    0.1938550376    0.0000e+00   0.1938550376    0.0000e+00 
7.00 0.1522102401    0.1522102401    0.0000e+00   0.1522102401    0.0000e+00 
8.00 -0.0293759502   -0.0293759502    0.0000e+00   -0.0293759502    0.0000e+00 
9.00 -0.1839540273   -0.1839540273    0.0000e+00   -0.1839540273    0.0000e+00 
10.00 -0.1694056201   -0.1694056201    0.0000e+00   -0.1694056201    0.0000e+00 
 
 
 
 
Conclusion 
This study has presented a theorem for resolving integrals that often arise in the correction 
functional of VIM which aids the accurate determination of the Lagrange multiplier for VIM. 
Resolving these integrals can be tricky and time consuming, but the proposed theorem 1.0 gives 
a straight forward handling. The study also further demonstrated the importance of using 
accurately determined Lagrange multiplier as against using approximate Lagrange multiplier in 
the implementation of VIM. 
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