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O1n Generalized Third-Order Jacobsthal Numbers

Abstract. In this paper, we investigate the generalized third order Jacobsthal sequences and we deal
with, in—detail; four special cases, namely, third order Jacobsthal, third order Jacobsthal-Lucas, modified
third order Jacobsthal, third order Jacobsthal Perrin sequences. We present Binet’s formulas, generating
functions, Simson formulas, and the summation formulas for these sequences. Moreover, we give some
identities and matrices related with these sequences.
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1. Introduction

In this paper, we introduce the generalized third order Jacobsthal sequences and we investigate, in detail,
four special cases: third order Jacobsthal, third order Jacobsthal-Lucas, modified third order Jacobsthal and
Jacobsthal Perrin sequences.

It is well-known that the Jacobsthal sequence (sequence A001045 in [34]) {J,,} is defined recursively by

the equation, for n > 0
Jn+2 = Jn+1 + 2Jn

in which Jy = 0 and J; = 1. Then Jacobsthal sequence (second order Jacobsthal sequence) is

0,1,1,3,5,11,21,43,85, 171, 341, 683, 1365, 2731, 5461, 10923, ...

This sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example, [1,2,5,12,13,16,17,20,22,23,27,28,29].

For higher order Jacobsthal sequences, see [6,7,8,9,10,11,15,39].
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The generalized Tribonacci sequence {W,,(Wy, W1, Wa; 7, s,t) }n>0 (or shortly {W,},>0) is defined as

follows:

(1.1) Wop=0rWpn_1+sW,_o+tW,_3s,

WOZCL,Wl Zb,WQZC,

n>3

where Wy, W1, Wy are arbitrary complex (or real) numbers and r, s, t are real numbers.

This sequence has been studied by many authors, see for example [3,4,14,18,19,30,31,32,33,35,38,41,42].

The sequence {W,, },,>0 can be extended to negative subscripts by defining

W_n

s T 1
— W1y — = We(neay + =W
7V =n-1) T Wo(n-2) T T W-(n-3)

for n =1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integer n.

As {W,,} is a third order recurrence sequence (difference equation), it’s characteristic equation is

(1.2) ¥ —ra? —sx—t=0
whose roots are
a = afrs,t)==+A+B
B = B(rst)=z+wA+uw’B
v = A(rst) =5 +wA+wB
where
A = (;+7§+;+¢Z>1/3, B= <;+7;+;—\/E>1/3
A = A(r,s,t)zg—? %—l—%t ;4—%, = _lzi\/g:exp(%ri/?))
Note that we have the following identities
a+B+y =
af+ay+py = -—s,
afy = t.

If A(r,s,t) > 0, then the Equ. (1.2) has one real («)

and two non-real solutions with the latter being

conjugate complex. So, in this case, it is well known that generalized Tribonacci numbers can be expressed,

for all integers n, using Binet’s formula

bla"

ba 3"

n

b3y

(1.3) W, =

(a=p)(a=7)

where

CEOCE

(Y —a)(y=5)

by =Wy — (f)’ + ’Y)Wl + ﬂ’yWQ, by = Wy — (Oé + ’Y)Wl + ayWy, by =Wy — (Oé + B)Wl + afWy.
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Note that the Binet form of a sequence satisfying (1.2), for non-negative integers is valid for all integers n, for
a proof of this result see [24]. This result of Howard and Saidak [24] is even true in the case of higher-order
recurrence relations.

In this paper we consider the case r = s = 1, t = 2 and in this case we write V,, = W,,. A generalized third

order Jacobsthal sequence {V,,}n>0 = {V,,(Vb, V1, V2) }n>0 is defined by the third-order recurrence relations
(14) Vo=V 14+ Vao+2V, 3

with the initial values Vg = ¢g, Vi = ¢1, Vo = ¢ not all being zero.

The sequence {V,,},>0 can be extended to negative subscripts by defining

1 1 1
Von = —§V7(n71) - §V7(n72) + §V7(n73)

for n =1,2,3,.... Therefore, recurrence (1.4) holds for all integer n.
(1.3) can be used to obtain Binet formula of generalized third order Jacobsthal numbers. Binet formula
of generalized third order Jacobsthal numbers can be given as

bl a™ bzﬂn bg’)/n

Y= ha— T BB T G —a) =B

where

(1.5) by =Vo = (B+7)Vi+ B0, by = Vo — (a+7)Vi + Vo, b3 = Vo — (a+ B)V1 + aBVp.

3

— 2

Here, «, 8 and ~are the roots of the cubic equation x —x — 2 = 0. Moreover

a = 2

—14+4V3
2
—-1—iV3
—

Note that

atf+y = 1,
af+ay+py = -1,

afy = 2.

The first few generalized third order Jacobsthal numbers with positive subscript and negative subscript

are given in the following Table 1.

Table 1. A few generalized third order Jacobsthal numbers
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n Vn V_"
0 Vo
' g 52— 3V~ 1
2 Va 1V 4 3y, — Ly
3. W+ Wi+2W Ly Ly 4 Iy
4 2V 4 3Vi + 2V 1%‘/2—%‘/1—1%%
5 5V +4Vi 44V, —2Va+ BV, - 2V,
6 9Va+9V1 + 10V, 3V - &V + By,
T O18Va + 19V + 18V, v, — By - By
8 37Va+ 36V +36V0 —g Vo + 358Vi — Vo

Now we present four special case of the sequence {V;,}. Third-order Jacobsthal sequence{.J,, },,>0, third-
order Jacobsthal-Lucas sequence {j, }»>0, modified third-order Jacobsthal sequence { K, },,>0 and third-order

Jacobsthal Perrin sequence {@ }»>0 are defined, respectively, by the third-order recurrence relations

(16) Jn+3 = Jn+2 + J7L+1 +2Jn, Jo=0,J1=1J2=1,
(1.7) Jn43 = Jnt2 +JInt1 + 200, Jo=2,51=1,j2=5
and

(1.8) Kniz3=Knpo+ Kpi1 +2K,, Kog=3,K;=1Ky=3.

The sequences {Jy, }n>0 and {j, }n>0 are defined in [15] and K, },>0 is given in [6]. In this paper we
introduce another third order sequence namely: third-order Jacobsthal Perrin sequence which is given by

the third order reccurence relations

(1.9) Qniz = Qnio+ Qi1 +2Qn, Qo=3,Q1=0,Q2=2.

The sequences {J, }n>0, {Jn}tn>0, {Kn}n>0 and {@n}n>0 can be extended to negative subscripts by

defining
1 1 1
(110) J,n = —51],(”,1) - ijf(nfg) + §J7(n73)
and
. 1. 1. 1.
(1,41) Jon = =5J-(n=1) = 5I-(n-2) T 5I-(n-3)
and

1 1 1
(112) K—n - _§K7(n71) - in(n,Q) + 5K7(n73)
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and

(1.13) Q_n=

2

1 1 1
—§Q7(n71) —5Q_(n—2) t+ §Q7(n73)

ot

for n =1,2,3, ... respectively. Therefore, recurrences (1.10), (1.11), (1.12), and (1.13) hold for all integer n.

In the rest of the paper, for easy writing, we drop the superscripts and write J,, j,,K, and @, for

5P KD and QP respectively.

Note that J,, is the sequence A077947 in [34] associated with the expansion of 1/(1 — z — x2 — 223), 4,

is the sequence A226308 in [34] and K, is the sequence A186575 in [34] associated with the expansion of

(1+ 22 +62%)/(1 — x — 2? — 223) in powers of x. @, is not indexed in [34] yet.

Next, we present the first few values of the third-order Jacobsthal, third-order Jacobsthal-Lucas, modified

third-order Jacobsthal and Jacobsthal Perrin numbers with positive and negative subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
J, 0 1 1 2 5 9 18 37 73 146 293 585 1170 2341
J o L _1 _1 7 _9 _9 5  _73 _73 439  _ 585 _ 58

-n 2 4 8 16 32 64 128 256 512 1024 2048 4096
jn 2 1 5 10 17 37 74 145 293 586 1169 2341 4682 9361

- 1 5 7 7 41 55 55 329 439 439
Jn L -1 1 5 =7 3 % T3 ol 198 256 312 1024
K, 3 1 3 10 15 31 66 127 255 514 1023 2047 4098 8191
K 1 .3 17 _15 _31 120 _127 _255 1025 _ 1023 _ 2047 8193  _ 8191
-n 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192
Q, 3 0 2 & 10 22 48 90 182 368 730 1462 2928 5850
) 1 _5 19 _13 _45 147 _109 _ 365 1171  _ 87T  _ 2025 9363  _ 7021
-n 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192

For all integers n, third-order Jacobsthal, Jacobsthal-Lucas, modified Jacobsthal and Jacobsthal Perrin

numbers(using initial conditions in (1.5)) can be expressed using Binet’s formulas as

s an+1 B’fH’l n+1
"Tla-Bla-7 B-aB-7 (G -aG-5)

and

o = (20° —a+2)a" (287 -B+2)8" | (2°—y+27"

"o(a=B)a=7)  B-a)B-v) (—a)(y-p)’
and

Kn :aTL_’_ﬂn_’_,yTL’

and

(3a% — 3a — 1)a™
(@ —=pB)(a—-7)

(36° —35 —1)8"
(B—a)(B—=7)

(3% =3y — 1)y

@n = =) = B)

respectively.
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2. Generating Functions

o0
Next, we give the ordinary generating function Y. V,a™ of the sequence V,.
n=0

o0
LEMMA 1. Suppose that fv, (x) = > V,a™ is the ordinary generating function of the generalized third-
n=0

order Jacobsthal sequence {V,,}n>0. Then, Y V,a™ is given by

n=0

(2.1) ivxn_V0+(V1—V0)9€+(V2—V1—V0)$2

1—2—22—223
n=0

Proof. Using the definition of generalized third-order Jacobsthal numbers, and substracting z >~ , V2",

2 S n 3 0 n oo n :
2y o V™ and 227 )7 Via™ from Y7 Vi, x™ we obtain

o o o oo o
(1—2—a*—22%) Z Vo = Z Vo™ —x Z V,a™ — 22 Z V,z" — 223 Z V,z"
n=0 n=0 n=0 n=0 n=0
oo oo oo oo
= Z Vo™ — Z Vyat — Z Va2 -2 Z Va3
n=0 n=0 n=0 n=0

= Z Vpx™ — Z Vy1x™ — Z Vy—ox™ — 2 Z Vy—3x™
n=0 n=1 n=2 n=3
= (Vo + Viz + Vaz?) — (Voz + Vi2?) — Vpa?
+ Z(Vn - anl - Vn72 - 2Vn73)$n
n=3
= Vo+ Viz + Vaz? — Voz — Viz® — Vpa?
= %+(V1—%)$+(V2—V1—%)$2.

Rearranging above equation, we obtain

g = Vot (Vi = Vo)a+ (Vo — Vi — V)a?
> V" = 5 3 .
— l—z—2% -2z

The previous Lemma gives the following results as particular examples.

COROLLARY 2. Generated functions of third-order Jacobsthal, Jacobsthal-Lucas, modified Jacobsthal and

Jacobsthal Perrin numbers are

> x
Jpx" =

Z " 1—z—a%—22%

n=0

and

i, " 2 — + 222
xr =
n_oj" 1—z— 22— 223

and

> 3—2z —x?
Koa" =
7;) R R Tk
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—x—x%— 223

= 3— 3z —a?
> Qua” = —
1

n=0

respectively.

3. Obtaining Binet Formula From Generating Function

We next find Binet formula of generalized third order Jacobsthal numbers {V,,} by the use of generating

function for V,,.

THEOREM 3. (Binet formula of generalized third order Jacobsthal numbers)

dya™ da " dsy"

3.1 V, =
3-1) @ Ba-7 " F-wE-—  G-an-5
where

di = Vo2 + (Vi = Vo)a+ (Vo — V1 = 1p),

dy = Vo +(Vi—=Vo)B+ (Vo —Vi— W),

ds Vo2 + (Vi =Vo)y + (Vo = Vi = V).

Proof. Let

h(z) =1—z — 2% — 223

Then for some «, 8 and v we write

W) = (1 — az)(1 - fo)(1 - ya)

ie.,
(3.2) 1—z—2%—22%= (1 - ax)(1 - Bz)(1 —~z)
Hence é, %, ve % are the roots of h(z). This gives «, 8, and « as the roots of
1 1 2
h(i-)=1—-——-——— — =0
(x) x  x? a3

This implies 2% — 22 — 2 — 2 = 0. Now, by (2.1) and (3.2), it follows that

— 1 on_ Vot (Vi=Vo)a+ (Va— Vi —Vp)a®
2 Vet = T (- B~ v0)

Then we write

Vo + (Vl — V())ZE + (‘/2 -V - ‘/0)582 Ay Aq A3

(3.3) I-ae)1-Bo)1—70)  (-aa) (-fa)  (-ya)

So

Vo+ (Vi = Vo) + (Vo = Vi — Vo) = Ay (1 — ) (1 — yz) + As(1 — ax)(1 — yz) + Az(1 — ax)(1 — Bz).
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If we consider z = 1, we get Vo+ (Vi = Vo)Lt + (Vo = Vi = Vo) = A1 (1 - 5y — 1). This gives

1 B
[ [

A 7062(%+(V1—V0)§+(V2—V1—Vb)$) 7VOOzQ+(V17V0)oz+(V27V17Vo)
o (= B)(a—1) B (= B)(a—1) '

Similarly, we obtain

VB (VB (Vi) Ve + (Vi Vol + (Y~ Vi~ Vo)
(B=a)(B=7) o (= )y =)
Thus (3.3) can be written as

Az

Z Vo™ = Aj(1 —ax) ' 4 Ay (1 — Ba) ™! + Az(1 —ya) ™t

n=0
This gives
o0 (o] (o] o0 o0
Z Vo = A4 Z az"™ + Ay Z g™ + Az Z v = Z(Ala” + AyB" 4 Azy™)a™.
n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
Vo = A1a" + Ay8" + Asy"
where

A - ‘/00(24‘(‘/1—‘/0)044-(‘/2—‘/1—%)
I )

(@ —=pB)(a—7)
4~ V(M- V)B4 (Va— Vi - Vy)

: (6= a)(5 =)
ae = Vi =Voly+ (Vo = Vi - V)
’ (r—a)(r=5) |

and then we get (3.1).
Note that from (1.5), and (3.1) we have
Vo= B+ WV +B87Vo = Vol + (Vi —Vo)a+ (Vo — Vi — W),

Vo= (a+7Vi+ oW VoB%+ (Vi = Vo)B + (Vo — Vi — Vo),

Vo—(a+B)Vi+apVy = Vv’ + (Vi = Vo)y + (Va — Vi — V).

Next, using Theorem 3, we present the Binet formulas of third-order Jacobsthal, Jacobsthal-Lucas,

modified Jacobsthal and Jacobsthal Perrin sequences.

COROLLARY 4. Binet formulas of third-order Jacobsthal, Jacobsthal-Lucas, modified Jacobsthal and Ja-

cobsthal Perrin numbers sequences are

antl BnJrl n+1

v

SACR ) o B 7 7 S avppe vy &

and
i = (20 —at2)a"  (28°—B+2)8" (292 =7+ 27"
" (a=B)a—7) (B=a)(B—=7) (v—a)vy=8)"
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and
Kn:an+/8n+77l
and
o, — Ba?=3a—l)a" (86° =38 -1)8" (31 =3y— 1"
" (a=B)a—7) B-a)B-7)  (v—a)y-B)
respectively.

Matrix method which is given in [26] for Pell numbers can be adjusted to third order Jacobsthall numbers.

Take k =i = 3 in Corollary 3.1 in [26]. Let

a? a1 a" a1
A = 251 A=) gt g1 |,
>y 1 oy 1
a2 am ! o1 a2 a ot
Ay = | g2 g1 | As= | 82 g g
2ot oy
Then the Binet formula for third-order Jacobsthal numbers is
1 g 1
Ip = det(A) 2 Ja—jdet(Ay) = X(Jg det(A1) + Jo det(Ag) + Jy det(Ag))
_ detl( (2ot (A1) + det(4a) + det(As)
a" a1 a? anlo1 a? a ot a? a1
i A A A U e At O e G A A B WA G
oyl ot 7oy oy 1
antl Bn+1 ,Yn+1

+ + .
(@=pB)la=7) B-a)B-7) ©O-a)-F)
Similarly, we obtain the Binet formula for third-order Jacobsthal-Lucas, modified third-order Jacobsthal and

Jacobsthal Perrin numbers as

1
X(J?’ det(Al) + Jo2 det(Ag) + 71 det(Ag))

jn =
a” 1l a1 o2 an 11 a2 a a7l o2 a1
= |10 gt g |+ g g | g || /] 82 8
oy 1 ol oy oyl

(20 —a+2)a"  (26°—B+2)8"  (29° =7+ 207"
(a=B)a=v)  B-a)B-7) ((G-a)(v—5)




UNDER PEER REVI EW

10 EVREN EYICAN POLATLI, YUKSEL SOYKAN
and
1
Kn = X(Kg det(Al) + KQ det(Ag) + K1 det(Ag))
a1l a1 o2 a1 o2 a a7l a2 a1
= [10| gt B 1 |+3| 5> g 1|+ B B /|8 B 1
oy 1 ol oy oyl
— an+6n+’y71
and
1
Qn - K(Q3 det(Al) + QQ det(Ag) =+ Q1 det(A3))
a™l a1 a? an 11 a? o 1
— 8 5”71 B 1 +2 /82 ﬂnfl 1 / /82 ﬂ 1
,.Yn—l v 1 72 ,yn—l 1 72 ol 1

(8a® = 3a—1)a" (36> — 38— 1)B" LB =31
(= B)(a—1) (B—a)(B—") (v—a)(y—B)

respectively.

4. Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F,}, namely,
Fn—i—an—l - F'Z = (_1)n

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This
can be written in the form
Foy1  Fy
F, F,_1

= (-1)".

The following Theorem gives generalization of this result to the generalized third-order Jacobsthal sequence

{an}nZ()'

THEOREM 5 (Simson Formula of Generalized Third-Order Pell Numbers). For all integers n, we have

‘/'IL+2 Vn+1 Vn ‘/2 ‘/1 VO
(4~1) Vg1 Vi Vil | = 2" i W Vo
Voo Vaoi Vaoa Vo Vou Voo

Proof. (4.1),is given in Soykan [36].

The previous Theorem gives the following results as particular examples.
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COROLLARY 6. Simson formula of third-order Jacobsthal, Jacobsthal-Lucas, modified Jacobsthal, Jacob-

sthal Perrin numbers are given as

Jn+2 Jn+1 Jn
Jn+1 Jn Jn—l = _2”—1’
Jn Jn—l Jn—2

and
jn+2 jn+l Jn
jn+1 ]n jnfl =-9X 2n+1’
j’ﬂ j’ﬂ—l jn—2
and
K7L+2 KIL+1 K,L
K, K, K, |=-147x 2"_27
K’ﬂ Kn*l Kn72
and
Qn-‘rl Qn Qn—l =-35x2"
Qn Qn—l Qn—2
respectively.

5. Some Identities

In this section, we obtain some identities of third order Jacobsthal, third order Jacobsthal-Lucas, mod-
ified third order Jacobsthal and third order Jacobsthal Perrin numbers. First, we can give a few basic

relations between {.J,} and {j,}.

LEMMA 7. The following equalities are true:

(5.1) Jn = Jnta—2Jn13 + Jnyo,
(5.2) Jn = —Jnys+2J 042+ 2Jn11,
(5.3) In = Jnyo+ Jpy1 — 2J,,

(5.4) In = 2Jp41 — JIn +2J51,

(5.5) G = T A ATy 1+ 4, s,
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and

(5.6) 48J, = Sjnta — 1ljn+3 + Sjn+o,
(5.7) Uy = —3juss+ jnsz + 5jnst,
(5.8) 12Jn = Jn+2 + Jnt1 = 3Jn,

(5.9) 6Jn = Jnt1 = Jn + Jn—1,

(5.10) 300 = Juo1tjnz,

Proof. Note that all the identities hold for all integers n. We prove (5.1). To show (5.1), writing
jn =a X Jn+4+b>< Jn+3+CX Jn+2

and solving the system of equations

jo = aXJ4+b>(J3+CXJ2
Jji = axJs+bxJy+cxJs
Jjo = axJg+bxJs+cxJy

we find that a = 1,b = —2,¢ = 1. The other equalities can be proved similarly.
Note that all the identities in the above Lemma can be proved by induction as well.

Secondly, we present a few basic relations between {.J,} and {K,}.

LEMMA 8. The following equalities are true:

8K, = 17Jp4a—23Jp43 — 15549,
4K, = —3Jpys+ Jnpo+17J541,
2K, = —Jpg2+T7Jpt1 — 3Ty,
K, = 3Jp41—2Jp — Jno1,
K, = Jy+2J,1+6J,-2
and
294J,, = —Kp4a— 15K, 43+ 55K, 2,
147J,, = —8K,13+27K,10— K11
147J,, = 19K, 42— 9K, 11 — 16K,
147J, = 10K,41 + 3K, + 38K, 1.
147J, = 13K, +48K,_1 + 20K,,_».

Thirdly, we give a few basic relations between {j,} and {K,}.
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LEMMA 9. The following equalities are true:

497,
497
497n
and
48K,
24K,

12K,

15Kn+3 - 20Kn+2 + 8Kn+17

5K+ 23K41 + 30K,

18K, +1 + 25K, — 10K,,_1,

199n+3 + 3Jn+2 — 61jn41,
11jn+2 - 21jn+1 + 19jna

=5Jn+1 + 150 + 11jpn 1.

Fourthly, we give a few basic relations between {j,} and {Q,}.

LEMMA 10. The following equalities are true:

707
705
704
707
704
and
96Qn
48Qn
24Qn
12Qn

6Qn

4Qn+1 +19Qn+3 — 26Qn 12,
23Qn+3 — 22Qn+2 + 8Qn+1,
Qnt2 +31Qn 41 +46Qn,
32Qn11 +47Qn +2Qn 1,

79Qn + 34Qn—1 + 64@71—27

—719p44 +1215,43 + 57p 42,
25Jn43 — Tint2 — Tljn4a,
Yn+2 — 23741 + 257n,
~Tjns1 + 1750 + 9jn_1,

5.7n +jn—1 - 7jn72~

Fifthly, we give a few basic relations between {K,} and {Q,}

LEMMA 11. The following equalities are true:

140K,
70K,
70K,
70K,

70K,

—33Qn+4 +97Qny3 — 13Qn 12,
32Qn+3 — 23Qn+2 — 33Qn+41,
9Qn+2 — Qnt1 + 64Qn,

8Qn+1 + 73Qy + 18Qy_1,

81Qn + 26Qn—1 + 16Qn—27

13
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and
588Q, = —145K, 44 +47T1K, 13— 257K 2,
294Q, = 163K,13— 201K, 40— 145K,
147Q,, = —-19K,42+9K,41 + 163K,
47Q, = —10Kpq1 + 144K, — 38K,,-1,
147Q,, = 134K, —48K,_1 — 20K, 2.

Sixthly, we give a few basic relations between {J,,} and {Q,}

LEMMA 12. The following equalities are true:

700, = Qnia —4Qn+3 + 11Qn+2,
70, = =3Qnt3+12Qn42 + 2Qn41,
70, = 9Qnt2 — Qni1 — 6Qn,
70J, = 8Qnt1+3Qn +18Qn—1,
70, = 11Qn +26Qn_1 + 16Q,_o,
and

8Qn = 19Jn14 —290nss — 13Jpss,
1Qn = —5Juis+3Jnis + 1900s1,
20 = —Jnio+ Tnp1 — 5,

Qn = 3Jpy1—3Jp — Jn1,

Qn = 2Jp_1+6J,-0.

6. Linear Sums

The following proposition presents some formulas of generalized third order Jacobsthal numbers with

positive subscripts.

ProproSITION 13. Ifr=1,s =1,t = 2 then for n > 0 we have the following formulas:
(a): ZZ:o Vi = %(Vn+3 — Vg1 = Va+ Vo).
(b): Yo Vak = 5(Vons1 + 2Van — Vi + Vo).
(C): ZZ:O ‘/Qk—i-l = %(‘/27L+2 + 2‘/2n+1 - ‘/2 + ‘/1)

Proof. This is given in [37].
As special cases of above proposition, we have the following four Corollaries. First one presents some

summing formulas of third order Jacobsthal numbers. (take V,, = J,, with Jo =0,J; =1, J5 = 1).
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COROLLARY 14. For n > 0 we have the following formulas:
(a): Ypo Ik = 5(Jngs — Jns1 — 1)
(b): ZZ:O J2k == %(J2n+1 + 2J2n - 1)
(C): ZZ:O Jok41 = %(J2n+2 + 2J2n+1).

Second one presents some summing formulas of third order Jacobsthal-Lucas numbers. (take V;, = j,

Wlth jo = 27j1 = 1,j2 = 5)

COROLLARY 15. For n > 0 we have the following formulas:
(a): Dp—o ik = %(jn+3 — Jnt1 — 3).
(b): > o dok = 5 (J2nt1 + 220 + 1).
(e): D p_odokt1 = %(j2n+2 + 2jont1 — 4).

Third one presents some summing formulas of modified third order Jacobsthal numbers. (take V,, = K,

with KO == 3,K1 = I,KQ = 3)

COROLLARY 16. For n > 0 we have the following formulas:
(a): Z::O Kk = %(KTL+3 - K77.+1)'
(b): Yo Kok = 3(Kong1 + 2Kon +2).
(c): ZZ:O Kopt1 = %(K2n+2 +2K3,41 — 2).

Fourth one presents some summing formulas of third order Jacobsthal Perrin numbers. (take V,, = Q,,

with Qo = 3,Q1 =0,Q2 = 2).

COROLLARY 17. For n > 0 we have the following formulas:
(a): ZZ:O Qk = %(Qn-{-?) - Q7z+1 + 1)
(b): ZZ:O QQk’ = %(Q%H—l + 2Q2n + 3)
(©): Y ho Qar+1 = 3(Q2nt2 + 2Q2m+1 — 2).

The following proposition presents some formulas of generalized third order Jacobsthal numbers with

negative subscripts.

ProrosiTION 18. Ifr =1,s =1,t = 2 then for n > 1 we have the following formulas:
(a): ZZ:1 V,k = %(—4‘/,“,1 — 3V,n,2 - 2V7n73 + ‘/2 - V())
(b): >p Voo =2 (—Vegupr + Voo + Vi = Vp) .
(©): Yoy Veorsr = 2 (—Vion —2Vign_1 + V2 = V).

Proof. This is given in [37].
Taking V,, = J, with Jy = 0,J; = 1,Jo = 1 in the last Proposition, we have the following Corollary

which gives linear sum formulas of third order Jacobsthal numbers.
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COROLLARY 19. Forn > 1, third order Jacobsthal numbers have the following properties.
(@): YpJok=3(-4J 1 —3J 2 —2J 3 +1).
(b): Y5y Jook = 5(—J-2np1 + T2 +1).
(€): YonyJ ok = (=T 2n —2J 95 1).

From the last Proposition, we have the following Corollary which gives linear sum formulas of third order

Jacobsthal-Lucas numbers (take V,, = j,, with jo = 2,71 = 1,52 = 5).

COROLLARY 20. For n > 1, third order Jacobsthal-Lucas numbers have the following properties.
(a): ZZ:lj—k:%( 4.7 n—1 " 3] n—2 — 2j—n—3+3)'
(b): Y i d—2k = 5(—j2ns1 +j-2n — 1).
(©): Y pid—2k+1 = 5(—j-2n — 2j_2n—1 +4).
Third one presents some summing formulas of modified third order Jacobsthal numbers. (take V,, = K,
with K() = 3,K1 = 1,K2 = 3)
COROLLARY 21. Forn , third order modified Jacobsthal numbers have the following properties
(a): ZZ:I K,k = %( n—1 — 3K7n72 — QK,nfg).
(b): 22:1 K—Qk - %( K—27L+1 + K—Qn - 2)
(C): Z::l K_2k+1 = %(7K_2n — QK_Qn_l —+ 2)
Fourth one presents some summing formulas of third order Jacobsthal Perrin numbers. (take V,, = Q,,
with Qo = 3,Q1 = 0,Q2 = 2).
COROLLARY 22. Forn , third order Jacobsthal Perrin numbers have the following properties
(a): Zzzl Q*k = %( 4 —n—1 " 3Q7n72 - 2@77173 - ]-)
(b): > Qoox = %( Q-ont+1+ Q—2, — 3).
(€): Yop1 Qozkr1 = 3(—Q-2n —2Q_2,-1 +2).

7. Matrices related with Generalized Third-Order Jacobsthal numbers

Matrix formulation of W,, can be given as

n

Wiao r s t Wy
(7.1) Wit = 1 0 0 Wy
W 0 1 0 Wo

For matrix formulation (7.1), see [25]. In fact, Kalman give the formula in the following form

n

W 010 Wo
Wpsr | =1 0 0 1 Wi
Wito r s t Wa
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We define the square matrix A of order 3 as:

1 2
A=| 100
0 0
such that det A = 2. From (1.4) we have
Vn+2 1 2 Vn+l
(72) Vn+1 = 1 0 Vn
Vn 0 0 Vn—l
and from (7.1) (or using (7.2) and induction) we have
Voo 112 v,
Vn+1 = 1 0 0 V1
Va 0 1 0 Vo
If we take V = J in (7.2) we have
Jn+2 11 2 Jn+1
(7.3) Jnp1 | =] 1 0 0 In
T 010 Jn—1
We also define
Jn+l Jn + 2Jn—1 2Jn
Bn = Jn Jnfl + 2Jn72 2Jn71
Jn—l Jn—2 + 2Jn—3 2Jn—2
and
VnJrl an + 2Vn71 2Vn
C” = Vn anl + 2Vn72 2Vn71
‘/n—l Vn—2 + 2Vn—3 2‘/n—2

THEOREM 23. For all integer m,n > 0, we have

(a): B, =A"
(b): C1A™ = A"C
(C): C'n,+m = Can = Ban

Proof.

17

(a): By expanding the vectors on the both sides of (7.3) to 3-colums and multiplying the obtained

on the right-hand side by A, we get

B, =AB,_;.
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By induction argument, from the last equation, we obtain
B, = A" 'B;.

But B; = A. It follows that B,, = A™.
(b): Using (a) and definition of Cy, (b) follows.

(c): We have
1 1 2 V., Vi1 +2V,_o 2V,_4
ACp1 = 100 Vet Vo +2V_3 2V, _
010 Vn—2 Vn—3 + 2Vn—4 2Vn—3

Vn+l Vn + 2Vn—1 2Vn
= Va Vo1 4+2V,_ o 2V,_1 =Ch.
Vn—l Vn—2 + 2Vn—3 2Vn—2

ie. C, = AC,_,. From the last equation, using induction we obtain C,, = A" 'C;. Now
Crom = AVT710 = An71A™C) = AV1C1A™ = C,B,,
and similarly
Crim = BnCh.
Some properties of matrix A™ can be given as
A" = AnTL A2 g3
and
AT — AT A™ = AT AT

for all integer m and n.

THEOREM 24. For m,n > 0 we have

(74) Vn+m = anm+l + 2Jrn—l‘/n—l + Jm (Vn—l + 2Vn—2)

(75) = Vodmt1 + (Vn—l + 2V, _Q)Jm +2Jm-1Vp-1

Proof. From the equation C,,,, = C;,B,, = B,,C,, we see that an element of C,,4,, is the product of
row C), and a column B,,. From the last equation we say that an element of C,,,, is the product of a row
C,, and column B,,. We just compare the linear combination of the 2nd row and 1st column entries of the

matrices Cy, ., and Cy, B,,. This completes the proof.

REMARK 25. By induction, it can be proved that for all integers m,n < 0, (7.4) holds. So for all integers
m,n, (7.4) is true.
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COROLLARY 26. For all integers m,n, we have

(7.6) Jnim = Jndmit + (Tt + 2Jn_2)Jm + 201 Jn

(7.7) Jntm = Jndmsr + (n-1 + 2jn-2)JIm + 2Jm—1jn-1

(7.8) Knim = Kndmet + (EKn_1 +2Kn_2)Jm + 2Jm_1Kpn_1

(7.9) Qnim = Qudmi1 + (Qn-1+2Qn—2)Jm +2Jm-1Qn—1
References

(1]

=
=

Akbulak M., Oteles A., On the Sum of Pell and Jacobsthal Numbers by Matrix Method, Bull. Iranian Mathematical
Society. 40(4), 1017-1025, 2014.

Aydmn, F.T., On generalizations of the Jacobsthal sequence, Notes on Number Theory and Discrete Mathematics, 24(1),
120-135, 2018.

Bruce, I., A modified Tribonacci sequence, Fibonacci Quarterly, 22(3), 244-246, 1984.

Catalani, M., Identities for Tribonacci-related sequences, arXiv:math/0209179, 2012.

Catarino, P., Vasco, P., Campos, A.P.A., Borges, A., New families of Jacobsthal and Jacobsthal-Lucas numbers, Algebra
and Discrete Mathematics,20(1), 40-54, 2015.

Cerda-Morales, G., A Note On Modified Third-Order Jacobsthal Numbers, arXiv:1905.00725v1, 2019.

Cerda-Morales G., On fourth-order jacobsthal quaternions, Journal of Mathematical Sciences and Modelling, 1 (2), 73-79,
2018.

Cerda-Morales G., On the Third-Order Jacobsthal and Third-Order Jacobsthal-Lucas Sequences and Their Matrix Repre-
sentations, Mediterranean Journal of Mathematics, Mediterr. J. Math. (2019) 16:32 https://doi.org/10.1007,/s00009-019-
1319-9 1660-5446/19/020001-12, 2019.

Cerda-Morales G., Third-Order Jacobsthal Generalized Quaternions, SCImago Journal & Country Rank, 50, 1-100, 2018.
Cerda-Morales G., The Third Order Jacobsthal Octonions: Some Combinatorial Properties, An. St. Univ. Ovidius Con-
stanta, 26(3), 57-71, 2018.

Cerda-Morales G., Identities for Third Order Jacobsthal Quaternions, Advances in Applied Clifford Algebras, 27, 1043—
1053, 2017.

Cerin, Z., Formulae for sums of Jacobsthal-Lucas numbers, Int. Math. Forum, 2(40), 1969-1984, 2007.

Cerin, Z., Sums of Squares and Products of Jacobsthal Numbers. Journal of Integer Sequences, 10, Article 07.2.5, 2007.
Choi, E., Modular Tribonacci Numbers by Matrix Method, Journal of the Korean Society of Mathematical Education
Series B: Pure and Applied. Mathematics. 20(3), 207-221, 2013.

Cook C. K., Bacon, M. R., Some Identities for Jacobsthal and Jacobsthal-Lucas Numbers Satisfying Higher Order Recur-
rence Relations, Annales Mathematicae et Informaticae, 41, 27-39, 2013.

Dagdemir, A., On The Jacobsthal Numbers By Matrix Method. SDU Journal of Science, 7(1), 69-76, 2012.

Dagdemir, A., A study on the Jacobsthal and Jacobsthal-Lucas numbers by matrix method, DUFED Journal of Sciences,
3(1), 13-18, 2014.

Elia, M., Derived Sequences, The Tribonacci Recurrence and Cubic Forms, Fibonacci Quarterly, 39 (2), 107-115, 2001.
Er, M. C., Sums of Fibonacci Numbers by Matrix Methods, Fibonacci Quarterly, 22(3), 204-207, 1984.

Gnanam, A., Anitha, B., Sums of Squares Jacobsthal Numbers. IOSR Journal of Mathematics, 11(6), 62-64. 2015.
Hanusa, C., A generalized Binet’s formula for kth order linear recurrences, A Markov chain approach, harvey mudd college,
undergraduate thesis, Math Senior Thesis, 2001.

Horadam, A.F., Jacobsthal Representation Numbers, Fibonacci Quarterly, 34, 40-54, 1996.


HP
Insert Text
4.8

HP
Insert Text
4.9

HP
Insert Text
5.0

HP
Insert Text
5.1


UNDER PEER REVI EW

20 EVREN EYICAN POLATLI, YUKSEL SOYKAN

| Horadam, A.F., Jacobsthal and Pell Curves, Fibonacci Quarterly, 26, 77-83, 1988.
| Howard, F.T., Saidak, F., Zhou’s Theory of Constructing Identities, Congress Numer. 200, 225-237, 2010.
5] Kalman, D., Generalized Fibonacci Numbers By Matrix Methods, Fibonacci Quarterly, 20(1), 73-76, 1982.
| Kilic, E., Stanica P., A matrix approach for general higher order linear recurrences, Bulletin of the Malaysian Mathematical
Sciences Society, 34(1), 51-67, 2011.
[27] Kocer, G.E., Circulant, Negacyclic and Semicirculant Matrices With the Modified Pell, Jacobsthal and Jacobsthal-Lucas
Numbers, Hacettepe Journal of Mathematics and Statistics, 36(2). 133-142, 2007.
(28] Koken, F., Bozkurt, D., On the Jacobsthal numbers by matrix methods, Int. J. Contemp Math. Sciences, 3(13), 605-614,
2008.
[29] Mazorchuk V. New Families of Jacobsthal and Jacobsthal-Lucas Numbers. Algebra and Discrete Mathematics. Vol. 20. No
1. 40-54. 2015.

[30] Lin, P. Y., De Moivre-Type Identities For The Tribonacci Numbers, Fibonacci Quarterly, 26, 131-134, 1988.

[31] Pethe, S., Some Identities for Tribonacci sequences, Fibonacci Quarterly, 26(2), 144-151, 1988.

[32] Scott, A., Delaney, T., Hoggatt Jr., V., The Tribonacci sequence, Fibonacci Quarterly, 15(3), 193-200, 1977.

[33] Shannon, A., Tribonacci numbers and Pascal’s pyramid, Fibonacci Quarterly, 15(3), pp. 268 and 275, 1977.

[34] N.J.A. Sloane, The on-line encyclopedia of integer sequences, http://oeis.org/

[35] Soykan, Y. Tribonacci and Tribonacci-Lucas Sedenions. Mathematics 7(1), 74, 2019.

[36] Soykan, Y., Simson Identity of Generalized m-step Fibonacci Numbers, International Journal of Advances in Applied

Mathematics and Mechanics, 7(2), 45-56, 2019.

[37] Soykan, Y., Summing Formulas For Generalized Tribonacci Numbers, Universal Journal of Mathematics and Applications,
3(1), 1-11, 2020. DOI: https://doi.org/10.32323 /ujma.637876

[38] Spickerman, W., Binet’s formula for the Tribonacci sequence, Fibonacci Quarterly, 20, 118-120, 1982.

[39] Srividhya, G., Ragunathan, T., k-Jacobsthal and k-Jacobsthal Lucas Numbers and their Associated Numbers, International
Journal of Research in Advent Technology, 7(1), 2019.

[40] Uygun, $., Some Sum Formulas of (s, t)-Jacobsthal and (s,t)-Jacobsthal Lucas Matrix Sequences, Applied Mathematics,
7, 61-69, 2016.

[41

(42

Yalavigi, C. C., Properties of Tribonacci numbers, Fibonacci Quarterly, 10(3), 231-246, 1972.

Yilmaz, N., Taskara, N., Tribonacci and Tribonacci-Lucas Numbers via the Determinants of Special Matrices, Applied

Mathematical Sciences, 8(39), 1947-1955, 2014.





