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Bipartite Domination in Some Classes of Graphs

Abstract

For a nontrivial connected graph G, a non-empty set S C V(G) is a bipartite dominating set
of graph G, if the subgraph G[S] induced by S is bipartite and for every vertex not in S is
dominated by any vertex in S. The bipartite domination number denoted by 7u:p(G) of graph G
is the minimum cardinality of a bipartite dominating set GG. In this paper, we determine the exact
bipartite domination number of path graph and cycle graph via modulus. Moreover, this study

generates the possible exact values of the bipartite domination number of the complete graph,

complete bipartite graph, join graph, fan graph and wheel graph.
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1 Introduction

The concept of domination is one of the most interesting researched topics in graph theory. In
fact, numerous studies related to this topic have already been published, for instance, the bipartite
domination in graphs published by Bachstein et al.,[2]. They introduced and defined the concept
of bipartite dominating set and bipartite domination number, which motivates this study. Their
concept of the bipartite domination was inspired by the study of Ko, C., and Shepherd, F., [13].
In line with this, they investigated the case that a dominating set must induce a bipartite subgraph.

In this paper, we extended the study of the bipartite dominating sets in some classes of graphs.
We investigated the bipartite domination number of path graphs and cycle graphs via modulus.
We also characterize the bipartite dominating sets in graphs resulting from join graph. Lastly, we
generate the exact values of the bipartite domination number of complete graph, complete bipartite
graph, join graph, fan graph and wheel graph.

All graphs considered in this paper are undirected and nontrivial connected graph.

2 Preliminary Notes

Some definitions of the concepts covered in this study are included below. You may refer on the
remaining terms and definitions in [2], [5], [14], [17].
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Definition 2.1. [5] A graph G = (V(G), E(Q)) is bipartite if V(G) can be partitioned into two
sets U and W (called partite sets) so that every edge of G joins a vertex of U and a vertex of W.

Vo V3 V4 V6 Vo U3 V4 Ve
U1 V2 Vs V1 V2 Vs
Figure 1: A bipartite graph G.

Definition 2.2. [2] (Bipartite Dominating Set, Bipartite Domination number)A dominating
set S of a graph G is a bipartite dominating set if the induced subgraph S, G[S], is bipartite graph.
The minimum cardinality of a bipartite dominating set is called bipartite domination number of G,
denoted by 7ip(G). A nonempty set S C V(G) whose cardinality is the vip(G) is called pip-set
of G.

Example 2.1. Consider the graph G in Fig. 2 below. The possible bipartite dominating sets for the
graph G are By = {v1,v2,v5}, Ba = {v2,v3,0s5}, and Bs = {vo,v1,vs,06}. B1 can be partitioned
into partite sets U = {vz,v5} and W = {v1}, B2 can be partitioned into partite sets U = {va} and
W = {vs,vs}, and Bs can be partitioned into partite sets U = {vo,vs} and W = {v1,v6}. Notice
that S1 and Sz consist the minimum cardinality of a bipartite dominating set. Thus, Ybip(G) = 3.

Vo U3 V4 Ve V2 Us
“ m G[B1] :
V1 V2 Vs U1
V2 Vo Vs

G[B2] : G[Bs] :

V3 Vs v1 Ve
Figure 2: Bipartite dominating sets of graph G.

3 Main Results

In this section, the bipartite domination number of path graph, cycle graph, complete graph,
complete bipartite graph, join graph, fan graph and wheel graph are shown. As well as, the
characteristics of the bipartite dominating set of join graph.

By definition [12], every bipartite dominating set of a graph G is a total dominating set of G. Thus,
the following result is immediate:

Remark 3.1. Let G be a nontrivial connected graph. Then,

7t(G) < Yin(G)-
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3.1 Bipartite Domination Number of the Path Graph, P, and Cycle
Graph, C,

Theorem 3.1. Given a path graph, P, , n > 2 and a cycle graph, C,, , n > 3. Then,

5 if n = 0(mod 4)

nil ifn=1,3(mod
rYbip(Pn) = 'Ybip(cn) = 2 f ( 4)

nt2 if n = 2(mod 4)

Proof. Let S C V(P,) and S C V(C,) be a quip - set of P, and C,. Let P, = [z1, 22, ..., 2] and
Cyn = [z1, 22, ..., zs] be the labeling of P, and C), . Consider the following cases.

Case 1: n = 0(mod 4).

Choose B = {z2,23,...,Zn—2,Zn—1}. Now, B can be partitioned into two sets Bi and Bz where
Bl = {mg,xﬁ,...,xn_g} and BQ = {$3,$77~--7$n—1}- Clearly, Pn[B] = Pn[B1 U B2] is a bipartite
graph and that B is a dominating set. Thus, B is a bipartite dominating set. Thus, |S| < |B| =
|B1| + |B2| = 4 + % = %. On the other hand, since every bipartite dominating set is a total
dominating set, S must have at least  vertices. Hence, |S| > . Therefore, vpip(Pn) = |S]| = 3.
Similarly, for the graph C,, by setting B = {x2, z3, ..., Tn—2, Tn—1}, B can be partitioned into two sets
B and By where By = {x2, Z6, ..., tn—2} and Bs = {x3,x7,...,xn_1}. Clearly, Cp[B] = C,,[B1U B3]
is a bipartite graph and that B is a dominating set. Thus, B is a bipartite dominating set. Thus,
S| < |B| = |Bi| +|B2|] = § +% = 5. On the other hand, since every bipartite dominating

set is a total dominating set, S must have at least T vertices. Hence, |S| > %. Therefore,
Yoip(Cn) = |5] = 3.

Case 2: n = 1(mod 4).

Choose B = {z2,23,...,Zn—2,Zn—-1}. Now, B can be partitioned into two sets Bi and Bz where
Bl = {$27$47~~7$n—2} and BQ = {$3,$7,...,$n_1}. Clearly, Pn[B] = Pn[Bl U BQ] is a bipartite
graph and that B is a dominating set. Thus, B is a bipartite dominating set. Thus, |S| <
|B| = |Bi| + |B2| = 2t + 2L — 241l On the other hand, since every bipartite dominating
set is a total dominating set, S must have at least "TH vertices. Hence, |S| > ”7“ Therefore,
Yoip(Pr) = |S| = "T“ Similarly, for the graph C, by setting B = {z2, %3, ..., Zn—2,Tn—1}, B can
be partitioned into two sets By and B where By = {z2,%4,...,tn—2} and Bz = {x3,27,...,Tn—1}.
Clearly, C,[B] = Cr[B1 U B3] is a bipartite graph and that B is a dominating set. Thus, B is a
bipartite dominating set. Thus, |S| < |B| = |Bi1| + |Bz| = ® + 2 = 2L On the other hand,
since every bipartite dominating set is a total dominating set, S must have at least ”7“ vertices.
Hence, |S| > ™. Therefore, vuip(Crn) = |S| = “5L.

Case 3: n = 3(mod 4).

Choose B = {z2,23,...,Zn—2,Zn—-1}. Now, B can be partitioned into two sets Bi and Bz where
B, = {z2,z6,...,2n — 2} and By = {x3,7,...,xn_1}. Clearly, P,[B] = P,[B1 U Bs] is a bipartite
graph and that B is a dominating set. Thus, B is a bipartite dominating set. Thus, |S| <
|B| = |Bi1| + |B2| = 2t + 2L — 24l On the other hand, since every bipartite dominating
set is a total dominating set, S must have at least "TH vertices. Hence, |S| > ”?H Therefore,

Yoip(Pr) = |S| = "T“ Similarly, for the graph C, by setting B = {z2, %3, ..., Zn—2,Tn—1}, B can
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be partitioned into two sets By and Bz where B = {x2, x¢, ..., n — 2} and Bs = {x3,Z7,...,Tn_1}.
Clearly, Cy,[B] = C,[B1 U Bs] is a bipartite graph and that B is a dominating set. Thus, B is a
bipartite dominating set. Thus, |S| < |B| = |Bi1| + |Bz| = ®* + 2 = 2L On the other hand,
since every bipartite dominating set is a total dominating set, S must have at least ”T“ vertices.

Hence, |S| > ™. Therefore, vuip(Crn) = |S| = “5.
Case 4: n = 2(mod 4).

Choose B = {z1,22, ..., Tn—2,Tn—-1}. Now, B can be partitioned into two sets Bi and B> where
Bi1 = {z1,z5,...,2n—2} and Bz = {x2,%6,...,xn-1}. Clearly, P,[B] = P,[B1 U B2] is a bipartite
graph and that B is a dominating set. Thus, B is a bipartite dominating set. Thus, |S| <
|B| = |Bi| + |Bs| = 22 + »2 = 142 On the other hand, since every bipartite dominating
set is a total dominating set, S must have at least ”T'*'Q vertices. Hence, |S| > "T” Therefore,
Yoip(Prn) = |S] = ”T“ Similarly, for the graph C, by setting B = {z2,x3,...,Zn—1,Zn—2}, B can
be partitioned into two sets B1 and B where B1 = {z2,Zs, ..., tn—2} and Bz = {x3,27, ..., Tn—1}-
Clearly, C»[B] = C,[B1 U Bs] is a bipartite graph and that B is a dominating set. Thus, B is a
bipartite dominating set. Thus, |S| < |B| = |B1| + |Bz| = ®f2 + 22 = »£2_ On the other hand,
since every bipartite dominating set is a total dominating set, S must have at least "7*2 vertices.

Hence, |S| > 2£2. Therefore, vpip(Crn) = |S| = 2£2.

By [12], we have the following remarks:
Remark 3.2. For Path graph, P, and Cycle graph C,,

Yt (Pn) = 7%(Cn) = Yoip(Pn) = Ypip(Cn).

Remark 3.2 shows the equality of Remark 3.1. Hence, the bound in Remark 3.1 is sharp.

Example 3.2. Consider the following graphs for Pn,n > 2.

Forn = 0(mod 4), choose Ps, illustrated below. The set A = {x2,x3,x6,x7} C V(Ps) is the bipartite
dominating set and also the minimum bipartite dominating set.

Ps: O @ @ O O L @ O

1 T2 xr3 X4 Ts5 Te g xs
i) Te
Pg[A] :
X3 [l

Clearly, Ps[A] = Ps[A1 U Ag] is a bipartite dominating set of Pz, where A1 = {x2,26} and
Az = {x3,x7}. Thus, |A| = |A1]| +|A2| = 3+ 3 = . Hence, yip(Ps) = 5 = 4.

For n = 1(mod 4), choose Py, the set B = {x2,x3,%6,27,28} C V(Po) is the bipartite dominating
set and also the minimum bipartite dominating set.
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Py : O @ @ O O L @ @

1 X2 x3 X4 x5 Te X7 s T9
T Te T8
P9 [B} :
xrs3 i

Clearly, Ps[B] = Py[B1 U B2] is a bipartite dominating set of Py, where B1 = {x2,xs,28} and
BQ = {LE3,£K7}. Thus, |B| = |B1| + |B2| = % -|— % = 92j H@TLC@, ")/ln'p(Pg) = 9271 = 5

For n = 3(mod 4), choose Pi1. As we can see, the set C = {x2,x3,T¢,T7,x10, 211} C V(P11) is the
bipartite dominating set and also the minimum bipartite dominating set.

Py O ® @ O O L @ O O ® @
T1 T2 T3 T4 Ts5 T6 7 T8 T9 Ti0o  T11

T2 Te Z10
P11 [C] :
x3 g 11

Clearly, P11][C] = P11[C1 U (3] is a bipartite dominating set of Pi1, where C1 = {x2,x¢,z10} and
Cy = {as,x7,x11}. Thus, |C| = |Cy| + |Co| = 5 4 1L = LEL - Hence, yuip(P11) = Y5 = 6.

For n = 2(mod 4), choose Piy. As we can see in Pio, the set D = {x1, 22,25, %6, 29,210} C V(P12)
is the bipartite dominating set and also the minimum bipartite dominating set.

Pio : [ @ O O L @ O O ® ®

1 X2 x3 T4 x5 Te X7 xs X9 x10
X1 X5 X9
P10 [D} :
T2 Te6 Z10

Clearly, Pio[D] = Pio[D1 U D2] is a bipartite dominating set of Pio, where D1 = {x1,z5,29} and
D2 = {.’E2,1E6,3310}. Thus, |D‘ = ‘D1| + |D2| = #f + % = % Hence, ’Ybip(PIO) = % = 6.
Example 3.3. Consider the following graphs for Cp,n > 3.

For n = 0(mod 4), choose Cg, the set E = {x2,x3,x6,27} C V(Cs) is the bipartite dominating set
and also the minimum bipartite dominating set.
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X2 e
s T3

Cs: Cs[E] :

xT7 T4
z3 X7

Te x5

Clearly, Cs[E] = Cs[E1 U E3] is a bipartite dominating set of Cs, where Ey = {x2,26} and
Ey = {x3,27}. Thus, |E| = |E1| + |E2| = % + % = %. Hence, vpip(Cs) = % = 4.

For n = 1(mod 4), choose Co, the set F' = {x2,x3,x¢,x7,28} C V(Co) is the bipartite dominating
set and also the minimum bipartite dominating set.

Xro Te xrs
9 T4

Cy : Cy[F] :

s 5
xr3 [ ird

x7 Z6

Clearly, Co[F] = Co[F1 U F3] is a bipartite dominating set of Cy, where Fy\ = {x2,x6,28} and
Fy ={xs,a7}. Thus, |F| = |Fi|+ |F| = 28 4 25 = 98 Hence, 43, (Co) = 2L = 5.

For n = 3(mod 4), choose Ci1, the set G = {x2,x3,%6,27, 210,211} C V(Ci1) is the bipartite
dominating set and also the minimum bipartite dominating set.

T2 Te 10
T11 T4

C11 : C11[G] :

x10 x5

O @
X9 xrs [ iird X6

Clearly, C11[G] = C11[G1 U G2] is a bipartite dominating set of Ci1, where G1 = {x2,%6,210} and

GQ = {SES,CE7,$11}< Thus, ‘G| = |G1| =+ |G2| = 11477% + 11:1 = % Hence, 'Ybip(cll) = % =6.
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For n = 2(mod 4), choose Cho, the set H = {x2,x3,T6,27,29,210} C V(Cio) is the bipartite
dominating set and also the minimum bipartite dominating set.

X1 T2 X3

T2 Te T9

Cio : Cio[H] :

T9 Ts5
T3 x7 T1o0

xrs [iird Te

Clearly, Cio[H] = Cho[H1 U Hs] is a bipartite dominating set of Cio, where Hy = {x2,x¢,z9} and
Hy = {1L'3,ZE7,5810}. Th’LLS, |H| = ‘H1| -+ |H2‘ = 1047+2 + 1042 _ % Hence, 'ybip(Cm) = 1042 _ 6.

1 = T2
The next results can be easily determined.

Remark 3.3. For complete graph, K,, n > 2, and complete bipartite graph, Ky, n, m,n > 2,

Voip (Kn) = 2 = Yoip (Km,n)-

3.2 Bipartite Domination Number of a Join Graph, X, ,

Theorem 3.4. Let G be a nontrivial connected graph and H be a trivial graph. Then, ) # S C
V(G V H) is a bipartite dominating set if and only if one of the following holds:

1. S CV(Q) such that S is a bipartite dominating set of G.

2. S = B1U By such that B1 C V(G) and B2 = H for all u,v € V(G),u # v,u ¢ Ng(v) and
v ¢ Ng(u).

Proof. Let 0 # S C V(G V H) be a bipartite dominating set of GV H. Clearly, S ¢ V(H). Now,
suppose S C V(G), since S is a bipartite dominating set in GV H. S must be a bipartite dominating
set in G. On the other hand, suppose S = B1 U B where B; C V(G) and B, = H. Again, since S
is a bipartite dominating set in G V H then for all u,v € By C V(G),u ¢ Ng(v) and v ¢ Ng(u).
Conversely, suppose S satisfies property (). Then, clearly S is a bipartite dominating set in
G V H. Now, suppose S satisfies property (2). S is clearly a bipartite dominating set. Since for
each u,v € V(G),u # v such that u ¢ Ng(v) and v ¢ Ng(u), GV H[S] is a bipartite graph. Thus,
S is a bipartite dominating set in G V H.
d

The following results immediately follow from Theorem 3.4.
Corollary 3.5. For the fan graph, F,, n > 2 and wheel graph, W,,, n > 3,
Yoip(Fn) = 2 = Yoip(Wh).

Proof. This is immediate from Theorem 3.4.
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Theorem 3.6. Let G and H be two nontrivial connected graph. Then, § # S C V(G V H) is a
bipartite dominating set if and only if one of the following holds:

1. S CV(Q) such that S is a bipartite dominating set of G.
2. S CV(H) such that S is a bipartite dominating set of H.

3. S = B1 U By such that B1 C V(G) and B> C V(H) for all z,y € By, * ¢ Ng(y) and
y ¢ Na(z) and for all u,v € Bz, u ¢ N (v) and v ¢ Ng(u).

Proof. Let 0 # S C V(G V H) be a bipartite dominating set of GV H. Clearly, S ¢ V(H). Now,
suppose S C V(G), since S is a bipartite dominating set in GV H. S must be a bipartite dominating
set in G. Similarly, S ¢ V(G). Now, suppose S C V(H), since S is a bipartite dominating set in
GV H. S must be a bipartite dominating set in H. On the other hand, suppose S = By U B2 where
B: C V(G) and B2 C V(H). Again, since S is a bipartite dominating set in G V H then for all
z,y € B1 CV(G),z ¢ Ng(y) and y ¢ N¢(x). Similarly, for all u,v € Bo C V(H),u ¢ Ng(v) and
v ¢ Nu(u).

Conversely, suppose S satisfies property (). Then, clearly S is a bipartite dominating set in
GV H. Similarly for S satisfying property (2). Now, suppose S satisfies property (8). S is clearly
a bipartite dominating set. Since for each z,y € V(G),z # y such that ¢ Ng(y) and y ¢ Ng(x).
Similarly, for each u,v € V(H),u # v such that u ¢ Ng(v) and v ¢ Ng(u), GV H[S] is a bipartite
graph. Thus, S is a bipartite dominating set in GV H.

d
Corollary 3.7. Let G and H be two nontrivial connected graph. Then,
Yip(GV H) = 2.
Proof. This is immediate from Theorem 3.6. ]

4 Conclusion

In this article, the bipartite domination number resulting from path, cycle, and complete graph are
studied. As future line of research, it would be interesting to determine further results on some
graph clustering.
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