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CONTRIBUTION TO THE NUMERICAL SOLUTION
OF NONLINEAR HEAT TRANSFER EQUATION
SUBJECT TO A BOUNDARY INTEGRAL
SPECIFICATION

Abstract

The work present the numerical methods to solve the nonlinear heat equa-
tion subject to a boundary integral specification: Firsly the implicite Euler time
discretisation reduce the partial differential equation to a second ordre bound-
ary value problem. Then the third order finite difference scheme along with

/
the 3 s composite Simpson quadrature is used to produced a non linear. The

approximation solution is obtained, using The multivariate Newton method.
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1 INTRODUCTION

This paper consider the problems of obtaining numerical solution to the one-
dimensional nonlinear unsteady heat conduction equation [4],[7] given by

0 0 0
PCpai: = (%<n(u)6z) a<z<b 0<t<T
ffu(x,t)dt = a(t),0<t<T (1)
fub,t) = B(1),0<t<T
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where the unknown function u(x,t) is the temperature at position x and time ¢, p is
the density, ¢, is the specific heat capacity at constant pressure et x is the thermal
conductivity of the media. We assume that ¢, and p have constant values, but x
depends on the temperature u. By Differentiating the first equation in right hand
side of (1), we get

u 2u u
pen gy = () G + 0 () | G @)

When £ does not depend on w i.e 9k (u) = 0, then (2) is a linear (parabolic) partial
differential equation. When 9,k (u) # 0, then (2) is nonlinear. The boundary
conditions for equation (2) are the second and third equation in (1) where « () and
B (t) are know. The initial condition is assumed to be of the form

u(z,0) =g (z), = € [a,b] (3)

The first boundary condtion in (1) is the non-local condition [9]-[10] and the second
condition in (1) is the Neumann condtion for x = b.

2 METHODS OF RESOLUTION

Tis section describe successively the implicite Euler discretisation, the third order
finite difference scheme and the iteration method of newton.

2.1 Implicite Euler discretisation

We first discretise the equation (2) in time, using a time step 7 > . The time line
t > 0 is partition by equally mesh-points as:

Tn=n1, n=20,1,2,... (4)
Using the implicite Euler scheme [8], [2], equation (2) is dicretised on the mesh grids
(4)
Up — Up—1 d?u,, duy, 5
pPep——— =K (un) el + Ok (un) (%) (5)
here u, = uy(z) and up—1 = u,—1 () approximate the values of u(x,t,) and

u (z t,—1) respectively. The equation (5) is the approximate of the partial differential
equation (2). The error is O(r), hence the approximation scheme is first-order
accurate in time. This implicite method is stable.
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Solving the equation (5), for the second spatial derivative of the temperature u,,
we obtain as in [2]:

d?u,, ey (Uup — Up—1) B &m(un)(dﬂ)g
dz? 7K (up) k(up) © dx
or P
Un,
a2 ¢ (Un, Un, Un—1) (6a)

duy, . . . .
where v, = —— is the gradient of the temperature u,, and ¢ the nonlinear fonction
x

defined as " )
Unp,y Upy Up—
¢(Unavn,un—l) = /{(un) ! (7)
with -
w(uTw,Un?un—l) — pcpnin_l _6u/€ (Un) 0721 (8)
T

The equation (6a) with boundary conditions

b
/ Up, (z) dr = a (ty) 9)

duy, (b)

= B (t 10

constitutes a nonlinear boundary values problems for the unknown w,. Given the
known value u,_1 , the problem can be solved, by some numerical technique for

nonlinear problems. Starting from the initial condition ug, we can solve reccursively
(6a) forn =1,2,...

2.2 Finite difference method discretisation

We use the finite difference method (FDM) [5] ,[10], [12] for the solution of the
problem (6a). We divide the intervals [a,b] into N equal subintervals with space

a such that

mesh h =

zi=a+ih, i=0,1,2 .. N (11)

To approximate the space derivative in the equation (6a) to third-order accuracy at
some general point z on the uniform mesh (11), we assume that it may be replaced
by the five point formula [11] :

d*uy, (x;) 1
dz?  12h?

(11un,i_1 — 20uw~ + 6un,i+1 + 4un7,~+2 — un,i+3) yi=1,...,N—2
(12)
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d*up (xn_1) 1

022 ~ Top3 (Uni—3 — 6Uni—2 + 26un i1 — 4upi + 21Un 11 — Univ2) (13)
d*uy, (zN) 1

2z = Tanz (2uni—a — 1y 3 + 24up ;o — 14up ;1 + 10up; — Yupiv1)

(14)
We set x = x; in (6a) and wu, (x;), vy, (25), un—1 (2;) has been replaced with their
approximations i, Un i, Un—1,; with

Uni+1 — Ung—1
= natl — Pmasl 15
Un,i oh ( )
Then the equation (6a) can be formulated as

1212 (]-1un,i—1 - 20Un,i + 6un,i+1 + 4un,i+2 - un,i+3) =9 (un,ia Un,is un—l,i)
fori=1,.... N —2

L
1212

(16)

Un,i—3 — O6Upi—2 + 26Up i1 — dUn; + 21U i1 — Unir2) = O (Ui, Unjis Un—1,i)
(17)
fori=N-1
1
Ton? (2upi—a — 1y -3 + 24wy j—2 — 14up i—1 + 10Uy ; — Yup iv1) = @ (Unji, Unir Un—1,)

(18)
For i = N. Assuming N even, the non local boundary condition (9) can be discre-
tised by the composite quadrature rule of Simpson

3’ using the values of unknown
at the grids points in (11) to get:

N N .
b h 2 2 -
/ Up () dx = 3 Up,0 + Up N + 4 ZUQj_l + 2 ZUQj = a(ty)
a j=1 J=1
or
N
hY  cjtn = o (tn) (19)
j=0
where
1 2 N 4 N
Co = CN = §7 C25 = 57 J= 1727'"75 - 17 C2j—1 = 57 J= 1727”'7?
Resolving the equation (15) for u, o give

N
1
un0 = @ (tn) = hY_ cjun
7=1
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N
a(t,) 1
" ha 52 ot 20)
7j=1
For i = 1 and using the equation (16), we get
(11un,0 - 20un,1 + 6un,2 + 4un,3 - un,4) = ¢ (un,la Un,1, un—Ll) (21)

12h?

Inserting (20) equation in (21,) permit to obtain

1le 1les 11 11 11_N 1la (tn)
— 20+ Up,1 — (6 — Up2+ (4— —c3)unz—(14+ —ca)una— —> cjun j+

€o €0 co co j=5 hco

=¢ (Un,1,Vn,1,Un—1,1)
(22)

The Neuman boundary condition can be writed as

dun, N

(1) (23)

Using the ghost point at zy1,the equation (??) became

Up, N+1 — Un,N—1
’ N1 B, 24
- 5(t) e

Up,N+1 = Up,N—1 t 2hf3 (tn)

For ¢ = N, the equation can be written as

2Un,N—4 — 1up,N—3 + 24upy N2 — 14up N1 + 10up, N — Yup N 11
1242 =9 (un,N7 Un,N Un—l,N)

(25)

Inserting the value of u, n41 from (23) in (24) we obtain

2Up, N—4 — 11up N—3 + 24up N—2 — 23Uy, N—1 + 10Uy v — 18h0 (tn)
1242 =¢ (un,Navn,Nvun—LN)

(26)
The equations (16), (21) and (26) constitute un nonlinear algebric equation to be
resolved with nonlinear techniques. The equation (16) approximates the equation
(6a) with error of O (h?) .The equation (26) approximates the Neuman boundary
condition (10) with error of O(h?).The composite Simpson rule (19) approximates
the non local condition (9) with error of O(h*). Hence the over all algebric system
approximate the nonlinera continue boundary value problem with a of high order
accurate in space.

2.3 Derivatives for the Newton Method
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Let us define
¥ (u, v;w)
k= (u)
and introduce the notation ¢ = ¢ (u,v;w), ¥ = ¥ (u,v;w). Denoting also the

derivatives by ¢ = ¢ (u,v;w), p = p (u,w) ,we get

q= % = H(lu) [gﬁ - ¢8ul<c(U)]

¢ (u,v;w) =

p_%_m(u)% (27)
where 5
O % R )0 (28)
0
% = —20uk (u) v (29)

SOLVING THE NONLINEAR SYSTEMS BY NEWTON METHOD

The non linear algebric equation correspondant to(16)-(19)-(26) can be write as
fallow:

N 11a(t,)

—Q1Un1 + Q2Un 2 + Q3UR 3 + Qulpa + Y, Uy j + N
j=5 Co

11un7i,1 — 20un’i + 6un7i+1 + 4un,i+2 — Uni+3 — 12h2¢n,i =

Up N—q — 6Un N—3 + 26U N—2 — Bty N—1 + 21up § — 208 (t,) — 12R%ppno1 =
2un N—4 — 1y N3 + 24Uy N—2 — 23up N—1 + 10U, N — 18h8 (t,) — 12R% ¢, v =

— 12h2¢y, 1 =

(30)
where
Gni = ¢ (Uni, UnisUn—1,4), 1<i <N (31)
1 2 N 4 . N
CO_CN_ga 62]:§a]:1>2> 75_1> Cijlzgv ]:1175 (32)
11 11
ap=-20— —2 ay=6- —2
Co Co
11 11
a3 = 4 — —C3,04 = -1 - —Cq4, N = —11,
Co Co

o — —44 when jodd, j=5<j< N
7 —22 when jeven, j=6<j <N

)
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The systems of non-linear equations (30) can be written as

Gn;l (un) 0 Un,1
I B I e I (33)
Gn;N (un) 0 un,N
with components

N

1la (2

Gt (Un) = 01t 1 + Q2lin 3 + Q3R 3 + Qglina + Y 0t j + hc(on) — 12h%¢,, 1

j=5

Gn;i (un) = 11unﬂ',1 — 20um- + 6un7i+1 + 4un,i+2 — Upi+3 — 12h2¢n,i,i = 2,....,N—=2

(34)
Gn,Nfl (un) = Un,N74_6Un,N73+26un,N72_5un,N71+2lun,N_2hﬁ (tn)_12h2¢n,N71

(35)
Gn.N (W) = 2up N—a— 11y N—3+240 N—2— 23U N—1+10u, y— 18RS (t,)—12h2¢, v

(36)

Assume that the exact solution is ugf). Suppose that the initial estimate of the

solution is, u%o). A Talor expansion of first order is

G (u) = G (u) + 53 () A,

with Au,, = uﬁf) — u%o) Using

gives

. (1) 2 == ()

(1)_ .(0)

This system of linear equations leads to new approximation u;,’= u,’ + Au,. The
Newton-Raphson Algorithm with the jacobian matrix LT(f) is then

L (D) Aud) = @, (ul0) (37)
£ (uff ) = T2 (ufe V) (3%)
u® = w4 Auk) (39)

Starting by some initial guess u,(lo), the equation (??) can be solved by the Newton

iterative method:
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-1

ulkH) = y® _ pk <u7(f)) G, <u§f)) L k=0,1,2,... (40)
with the matrix L¥ in the form
i 8Gn,l 8Gn,l 8Gn,l T
81,1”71 aumg 8un7N
GTL’Q aGn,Q aGn,Q
aG 8 8 cee 8

(k) — ZFn _ Up 1 Up 2 Un, N,

L= P~ oG, (4D
T
0G,, N 0G, N Gy, N
aun,l aun,? ou, N

s .

The elements of jacobian, are

LE(1,1) = a; — 120%¢%), L (1,2) = ap — 6mpf), LE(1.3) = as, L (1,4) = oy

n,2?

—44 when 7 odd
k A
Ly (1,1) = { —22 when i even
L® (i,i) = =20 — 12124\, i = 2,3,.. N — 1 (42)
LW Gi-1) = 11+ —6hpff§,
L Gi+1) = —6——6mpl"), LW(i,i+2)=4,
LPGi+3) = —1; (43)
k
LE(N-1,N-1) = 5-120%",_,,
LE(N-1,N—-2) = 26+6hpliy_,.
LO(N-1,N) = 21—-6hply_,
LON-1,N-4)=1; LP(N-1,N-3)=-6

LE (N, N) =10 - 12h2¢\;  LP (N, N —1) = —23 + 6hp!'\;

LN N—-2)=24; LB (N N-3)=-11; L¥ (N, N—-4)=2
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where

a) = a (ul ol hiwas) wl) = () oll)). (44)

(0)

Iteration (39) is one step(two-level) iteration. Given an initial guess u,’, we can
calculate next approximation u%k+1), k=0,1,2,..., using (39). The limiting vector

u, = klim (ugﬁl)) is a solution to the nonlinear system (?7?), il the sequence is
—+00

convergent. The iteration process is ended when

This inequality is called a stopping criteria. Generally, we use as ug)), the solution

u,_1 found in previous step.

ulF+b) ug’“)H <e (45)

3 COMPUTER EXPERIMENT

We consider the problem defined on the interval [1, 3].The density p and the
heat capacity ¢, are constant, but x depends on the temperature ([2]) as

Kk = Koexp (xu) (46)

We choose p =1, ¢, = 1, kg = .1. The boundary condtions are

3
/1 w (@, 1) dz = g (47)

ou(3,t) 3
== 4
Ox 2 (48)
The initial temperature profile is (]2])
z—1
u(x,0)=2— +(x—-1)(z—-3), z€]l, 3] (49)

We solve the partial differential equation (1)with boundary condition (47) and(48)
and the initial condition (49) by the method described in this paper. The step size
is choosing to be 7 = 0.5 in the0 < ¢ < 15.We discretised the interval [1, 3] with
N = 41 mesh-points, i.e h = 0.05. The equation is solved for y = 0.0, 0.05,0.5,
1.0,1.5,2.0
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Below, the first figure in the left hand represent the profil of heat transfer when

the parameter y=0 for all time. The figure in the right hand is the profil of heat
0

transfer coresponding to the final time ¢t = 15 This situation arise when au_ 0, the

case of stability. All others must converge toward this staedy case. What is happen
is that, as the parameter y grows, the corresponding picture converge slowly to
wards the point u(z;, 15) =10,i=1,2,.... N

u(x,t X Versus u
16

Figure for x 0

Fig 1: Profile of heat transfer when the parameter x=0 for all time

Below the first figure in the left hand represent the profil of heat transfer when the
parameter x = 0.5 for all time. The figure in the right hand is the profil of heat
transfer corresponding to the final time ¢ = 15.


Editor-39
Typewritten text
Fig 1: Profile of heat transfer when the parameter x=0 for all time 
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uix.t ¥ VErsus u

ufxt)

)

Fig 2: Profile of heat transfer when the parameter x=0.5 for all time

The first figure in the left hand represent the profil of heat transfer when the
parameter xy = 1 for all time. The figure in the right hand is the profil of heat
transfer coresponding to the final time ¢ = 15.

wx, t X versus u
2
1.6 "\
1F
= = os
=
otk 8
0.8
10 3
= 2
=1
s (= g x 1 1.5 2 25 2
®
Figure for v = 1

Fig 3: Profile of heat transfer when the parameter x=1 for all time

Below, the first figure in the left hand represent the profil of heat transfer when
the parameter x = 2 for all time. The figure in the right hand is the profil of heat
transfer coresponding to the final time ¢ = 15.
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Fig 2: Profile of heat transfer when the parameter x=0.5 for all time
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Fig 3: Profile of heat transfer when the parameter x=1 for all time 
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uix,t X Versus u

ulx.t)

X

Figure for x 2

Fig 4: Profile of heat transfer when the parameter x=2 for all time

Below, the first figure in the left hand represent the profil of heat transfer when the
parameter x = 1.5 for all time The figure in the right hand is the profil of heat
transfer corresponding to the final time ¢t = 15

Figure for x 1.5

Fig 5:Profile of heat transfer when the parameter x=1.5 for all time

Below, the first figure in the left hand represent the profil of heat transfer when
the parameter x = 0.05 all time. The figure in the right hand is the profil of heat
transfer corresponding to the final time ¢t = 15
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Fig 4: Profile of heat transfer when the parameter x=2 for all time 

Editor-39
Typewritten text
Fig 5:Profile of heat transfer when the parameter x=1.5 for all time 
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u(x,t X versus u

u(x,t)

u(x)

5 1 . X
Figure for y = 0.05

Fig 6: Profile of heat transfer when the parameter x=0.5 for all time

4 Conclusion

This paper considered non linear heat transfer with non local boundary condi-
tion and temperature dependent thermal conductivity. The one-dimensional un-
steady heat conduction equation was solved numerically by using implicit time-
discretization and third order FDM. The boundary integral specification was com-
puted using the 1/3 composite Simpson quadrature and Newton method provided
the solution of the arising nonlinear two-point boundary value problems. The results
obtained by the numerical computer experiments are consistent with the expected
experimental datta. The proposed method is stable, unlike its explicit counterpart.
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Fig 6: Profile of heat transfer when the parameter x=0.5 for all time 
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