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EXISTENCE OF RANDOM ATTRACTORS FOR A
STOCHASTIC STRONGLY DAMPED PLATE EQUATIONS
WITH MULTIPLICATIVE NOISE

Abstract: In this article we study the asymptotic dynamics for a stochastic
strongly damped generated plate equations with homogenous Neumann bound-
ary conditions and multiplicative noise. First, we investigate the existence and
uniqueness of solutions, bounded absorbing set, then the asymptotic compact-
ness.

1. INTRODUCTION

Let €2 be a bounded open set of R”(n = 5) with the smooth boundary
o0f).
Considered the following stochastic strongly damped plate equations with mul-
tiplicative noise:
AW (x,t
uy + aA*uy + A%u+eu+ g(u) = f(z) + cuo %, reQt>0,
u(x,()) = u0<£L'), ut(x,O) = ul(x)a S Q,t S 07
ou
ulaq = a_|89 =0, t>0,
n
(1.1)
where €, a, ¢ > 0 are positive constants, A is the Laplacian with respect to the
variable z € R5, w = wu(x,t) is a real function on Q x [0, +00), where uy €
H2(Q), up € L*(Q), f(z) € HYQ) N H*(Q) are given external forces. W(z,t)
is an independent two sided real-valued wiener processes on probability space

(Q,F,P),where
Q={w= (w1, Wa,.eer, W) € C(R,R™) : w(0) =0},

is endowed with compact open topology, P is the corresponding wiener measure,
and F is the P—completion of Borel o—algebra on Q. We identify W (t) with
(Wi(t), Wa(t),....., Wi(t)), ie.,

W(t) — (Wl(t>, Wg(t), ..... ; Wm(t>>, t e R
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Define the time shift (6;);er on € by
() =w(-+1t) —w(t), te R, we.
The nonlinear term g is C''—function with ¢g(0) = 0, that satisfies the following

conditions:
(h1) There exists constants 0 < p < 4,n > 5, and C; > 0 such that
g (w)] < C1(1+ |[u?) ,V u e R, (1.2)
and
(h2) There exists positive constants
lim‘ ilnf M >0,Vue R,
ul—oo U
(1.3)
lim ot 90 QMZG(“) >0, YueR

|u]—o0 U

(hs) There exists constants k£ > 0 and py such that Yu € (0, 1), there exists
i € R —— satisfying
{ kG(u) — pu® + ¢, < ug(u), Vu €R

(1.4)
Gu) > plluf "2 + cullul’, Vu e R

where G(s) = [ g(r)dr.

The asymptotic behavior of dynamical systems is one of the most importan-
t problems of modern mathematical physics and the theory has been greatly
developed over the last decade or so. In the deterministic case the global at-
tractor, a compact invariant and attracting set, occupies a central position see,
for example, Temam [5]. In this paper, we study random attractors of equa-
tion(1.1) when the forcing term is independent of time. In this case we intro-
duce two parametric spaces to describe the dynamics of the equations: one is
responsible for deterministic forcing and the other is responsible for stochas-
tic perturbations. Existence and upper semi-continuity of the global attractor,
pullback attractor (or kernel sections) for deterministic autonomous and non-
autonomous dynamical systems were studied widely related with this problem (
see,e.g.,[18, 20, 24, 25, 26, 29, 30, 36, 37]).
In order to study the corresponding random dynamical system, some authors
have introduced a different notion of an attractor from the view of stochastic
partial differential equations, for example, see Morimoto [19], L. Arnold [27], H.
Crauel and F. Flandoli [17], J. Duan, K. Lu and B. Schmalfu§ [23], J. Hale, X.
Lin and G. Raugel [25], and T. Caraballo and J. Langa [31] studied the existence
and the upper semi-continuity of attractors for deterministic and random dynam-
ical systems, respectively. They obtained a general criteria for attractor to exist
and be upper semi-continuous for non-autonomous stochastic evolution equations
with the time-dependent external term and multiplicative noise, Wang[!?2] estab-
lished a useful theory about the existence and upper semi-continuity of random
attractors by introducing two parametric spaces and given some applications to
non-autonomous stochastic reaction-diffusion equations and wave equations, see
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also [11, 13, 21, 22, 33, 34, 35, 41] for more details.

Recently many results have been established on the dynamics of a variety of sys-
tems related to equation (1.1). The deterministic hyperbolic equations has been s-
tudied to possess global attractors despite being subsets of an infinite-dimensional
phase space, are finite-dimensional objects, see[33, 38, 39] and references therein.
For instance, A. Khanmamedov[0], G. Yue and C. Zhong [7] proved the existence
of a global attractors for the linear damped plate equations with critical expo-
nent, [20, 21, 22, 23 24 25] obtained the nonlinear damped, and Ma et al.[]
obtained the strongly damped plate equations with white noise.

Recently, many authors have established the existence of random attractors for
other equations (see[s, 14, 15, 16, 31, 40]). Further, there are no result of ran-
dom attractors for the equation (1.1). In this article, we study the existence of
random attractors for system (1.1)-(1.2), there is difficult to prove compactness
of the generated random dynamical system, but its asymptotic compactness can
be proved by using the decomposition of solution method (see[33, 11]) and more
accurate calculation.

This paper is organized as follows. In section 2, we recall some basic con-
cepts and properties for general random dynamical systems. In section 3, we
first provide some basic settings about (1.1) and show that it generates a random
dynamical system in proper function space and existence and uniqueness of so-
lutions. In section 4, we devote to uniform energy estimates on the solutions of
(1.1) defined on R® when ¢ — oo with the purpose of proving the existence of a
bounded random absorbing set and the asymptotic compactness of the random
dynamical system associated with the equation. In section 5, we prove the exis-
tence of a random attractor.

2. RANDOM DYNAMICAL SYSTEMS

In this section we recall some basic concepts related to RDS and a random
attractors for RDS (see [, 2] for more details), which are important for getting
our main results. To study the asymptotic behavior of the RDS determined by
(1.1), we need to recall some difinitions and properties. Let (X, | - |x) be a
separable Hilbert space with Borel o—algebra B(X) and (Q2,F,P, (6;)cr) be a
metric dynamical system.

Definition 2.1. Let (2, F, P, (6;);cr) be a metric dynamical system. Suppose that
the the mapping ¢ : Rt x Q@ x X — X is (B(R') x Fx B(X), B(X))—measurable
and satisfies the following properties:

(i) o(0,w)r —

(17) P(s,0,w) 0 d(t,w)xr = P(s+t,w)x;

for all s,t € RY, 2 € X and w € €. Then ¢ is called RDS. Further more, ¢ si
called a continuous RDS if ¢ is continuous with respect to ¢t < 0 and w € Q.
Definition 2.2. A mapping ®(¢,7 ,w,z) : RT x R x Q@ x X — X is called
continuous cocycle on X over R and (Q, F, P, (60;)ier), if for all 7 € R jw € © and
t,s € RT, the following conditions are satisfied :

) O, 7,w,2) : RFXRXxQx X — Xisa (B(R')xF, B(R)) measurable mapping,
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ii) (0, 7,w, x) is identity on X,

i) ®(t+ s, 7,w,x) = ®(t, 7+ s,05w,x) o D(s, T,w, ),

iv) ®(t,7,w,x) : X — X is continuous.

Definition 2.3. A set-valued mapping B : Q — 2% is called a random closed set if
B(w) is closed, nonempty, and w + d(x, B(w)) is measurable for allx € X, w € Q.
A random set B := {B(w)},eq is said to tempered if

i —nt —
tligloe d(B(0_w)) =0,

for a.e. w € Q and all n > 0, where d(B) := sup, ,cp d(z,y).

Definition 2.4. Let D be a collection of random subset of X and K = {K(7,w) :
T € Rw e O} € D, then K is called an absorbing set of ® € D, if for all 7 €
R,w € Q and B € D, there exists, T' = T(7,w, B) > 0 such that

(I)<t » Ty Q,ta},B(T, G,tw)) - K(T,W) s Vi >T.

Definition 2.5. Let D be the collection of all tempered random sets in X, and
a random set A 1= A{(w)},eq € X is called a random attractor for the RDS ¢ if
P-a.s.

(i) A is a random compact set, i.e. A(w) is nonempty and compact for a.e. w € Q
and w +— d(x, A(w)) is measurable for every x € X;

(ii) A is p—invariant, i.e. ¢(t,w, A(w)) = A(Gw), for all t > 0 and a.e. w € Q;
(iii) A attracts every set in X, i.e. for all bounded (and non-random) B C X,

tlim dist(p(t,0_yw, B(0_w)), A(w)) =0, a.e. w € Q.
—00
Lemma 2.6. Let ¢ be a continuous random dynamical system on E over (2, F, P, (6;)icr)-

Suppose that there exists a random compact set { K (w) }weq which absorbs every
bounded non-random set B € D. Then, the set

A ={A(W)}vea =UpcxAp(w),
is a global attractors for ¢, where the union is taken over all bounded B C X,
and AB(w) is the w—limits set of B given by

ﬂ U o(t,0_w, B(0_4w)), A(w)), w € Q.

T>0t>T1

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

In this section, we study the existence and uniqueness of solution for the
system (1.1) on bounded set of Q@ C R™, (n = 5). From now on, it is assumed that
conditions () — (4i7) hold, the space E and the probability space (2, F, P, (6;)ier)
are defined as in Section 1. Let A = A? with Neumann boundary condition on
Q, then D(A) = {u € HY(Q) N HZ() : 24|50 = 0}. Clearly, A is a self-adjoint
and positive linear operator with eigenvalues {\; }ien:

Let E = HZ(Q) x L*(Q), which is a separable Hilbert space endowed with the
usual norm

Y lzxe = (1Aul® + Jo]*)z for Y = (u,v)", (3.1)
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where || - || denotes the usual norm in L?*(Q2) and T stands for the transposition.
it could be defined the powers A™ of A for r € R. The space Vs, = D(A") is the
Hilbert space with the standard inner product and norm, respectively

(5 Dpany = (A" A7), [ pan = IIA’“-||7((UaU))=/QAuAvd% |1Au] = ((u,))?

Vu,v € H(Q). Especially, (u,v) and | - || denote the L?*(€2) inner product
and norm respectively, (u,u) = [, uvdz, ||ul| = (u,u)2 Yu,v € L2(Q). Thus,
the injection D(A") < D(A®) is compact if » > s. Then by the generalized
Poincaré inequality, there holds

|ul|? > Ao|jul|? Where Mo >0 is the first eigenvalue of A.

For the purpose, is to convert the problem (1.1) into a deterministic system with
random parameters but without noise terms, and then show that it generates
random dynamical system.

Due to Ornstein-Uhlenbeck process deducing by the Brownian motion, which
hold the Ito differential equation

dz 4+ azdt = dW (t), (3.2)

and hence the solution is given by
Ow(s) = w(t + s) —w(t),

0 (3.3)
2(Ow) = —a/ e*(bw)(s)ds, s, teR, we
It is known from [3, 28, 33] the random variable |z(w)| is tempered and there is

a Op-invariant set Q C Q of full P measure such that for every w € Q, t — z(6,w)
is continuous in t and

tlim e 2(0_w) =0, Va>0, we. (3.4)
—00

Equation (3.3) has a random fixed point in the sense of random dynamical system-
s generating a stationary solution known as the stationary Ornstein-Uhlenbeck
process (see [, 2, &, 33] for more details). For convenience, in the following,
written as Q as Q.

Lemma 3.1.(see [3],[38]) For the Ornstien-Uhlenbeck process z(f;w) in (3.3),
so that it becomes
(

a0

t—+oo |t|

=0,

lim 1/_tz(@sw)ds = Fz(fw)] =0,

‘ (3.5)
lim —/ 2(Osw)ds = Elz(fw)] = —,

lim -/ 26, = F(00)] = 57,
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by (3.5), there exists T(w) > 0 such that for all ¢ > T, (w),
0 2 0 ) 1
z(A,w)ds < ——t, z(A,w)|“ds < —t. 3.6
[ syt < =t [ 0P < o (36)

It is convenient to reduce (1.1) to evaluation equation of first order in time, let
v = u + eu — cuz(Bw), then as it is

( CZTZL =v —eu+ cuz(fw),
% =(e—aAw—(e—aA+ A+ p)u— g(u), (3.7)
— (v —2eu+ cuz(Ow) + (A — 1)au)z(bw) + f(z),
L u(z,0) =up(x), v(x,0)=uv9(x) =ui(x) + cup(x) — cug(x)z(fw),

Let

U el —1
YZ(U)’ LZ(&I—@A+A+;¢—51+@A)’

and

B cuz(Oyw)
Qtw,Y) = < —g(u) — (v — 2eu + cuz(bw) + (A — 1)au)z(Ow) + f(x) ) ’
Then problem (3.7) has the simple matrix form
Y+ LY =Q(t,w,Y) (3.8)

it is defined
du
Uy =wu, 1y = p + eu — cuz(Ow), (3.9)
where ¢ is a given positive constant, then the system (3.7), can be written as the

following equivalent system with random coefficients, in E

( % =y — ey + e 2(Ow),
W2 (e~ s — (e — oA+ At s — g(0),
— (2 — 261 + c12(0iw) + (A — Dayn)z(w) + f(2),
L i(2,0) = uo(z), a(x,0) = vo(x) = us(x) + eup(x) — cuo(r)2(Ow),

(3.10)
then, the random differential equation (3.10) can be written as the following
vector form

{ Y+ LIP - Q(¢,t,w),
o = (Y1 (@,0), 92 (w,0)) = (uo(w), wr () + cug(z) — cuo(w)2(0w)) "

whereas

(3.11)

w_ ¢1 L_ 5[—[
o\ g )7 \Nel—aA+A+pu —el+aA )’



UNDER PEER REVI EW

PLATE EQUATIONS WITH MULTIPLICATIVE NOISE ON BOUNDED DOMAINS 7

and

B e z(Byw)
QY t,w) = ( —g(11) — (Yo — 281 + c12(6w) + (A — 1)ahy)2(6iw) + f(x) ) .

In line with [5, 10], it is known that the operator L in (3.11) is the infinitesimal
generator of Cyp-semigroup e of contractions on £ for t > 0, and also generates
a Cy-semigroup e X' of contractions on E. By the assumptions (hy) and the
embedding relation HZ(Q) < L'©(Q), it is easy to check Q(¢,t,w) : E — E is
locally Lipschitz continuous with respect to ¢ for each w € €, by the classical
semigroup theory concerning the (local) existence and uniqueness solution of
evolution differential equation [10], have the following theorem.

Theorem 3.1. Assume that hy; — hs hold, for each w € 2 and for any ¥y € FE,
there exists 7" > 0 such that (3.11) has a unique mild function ¥ (-, w, 1) €
C([0, +00); E) such that (0, w, 1) = 1(0) satisfies the integral equation

Y(t,w, o) = e Hapy(w) —i—/ eHE=9Q(h(s,w, 1), Osw, 5)ds. (3.12)
0

However, ¥(t,w, 1) is jointly continuous into (¢)y) and measurable in w.

From Theorem 3.1, it is known that for P-a.s. each w € €1, then the following
results hold for all T > 0

(1)_ if 7?0(“’) €L thena w('7w77v/}0) € C([O,—FOO, E)7

(ii)- 9 (t, w, o) is jointly continuous into t and measurable in y(w),

(iii)- the solution mapping of (3.11) satisfies the properties of RDS.

it is noticed that a unique solution ¥(-,w, ) of (3.11) could defined a contin-
uous random dynamical system over R and (2, F, P, (6;):cr). Hence the solution

mapping

P(t,w):RxQx Ew E,t>0,

Y(0,w) = (up(w), vo(w),) " = (u(t,w),v(t,w),)" = P(t,w),
generates a random dynamical system. Moreover,

O(t,w) : Yo = ¥(0,w)+(0, cuz(fow)) " +— Y (t,w, Yy) = ¥ (t, w, o) +(0, cuz(fw)) ",

(3.14)
where Yy = (ug,u;)" and vy = (ug, u; + cuz(6w))". Then ®(¢,w) is a contin-
uous random dynamical system associated with the problem (3.8) on E. ®(t,w)
has the following relation with ®(¢,w)

d(t,w) = R(Ow)P(t,w) R (Oiw) (3.15)

whereas R(0iw) : (a,b)" + (a,b — cuz(fw)" is a homeomorphism of E.
it is also defined the following transformation.

(3.13)

p1=u=11, P2 =u +eu, (3.16)
similar to (3.11), it is got that
{ &+ H(p) = Qulp, t,w)
.

0(,0) = (g, v0)T = (uo(@), un (x) + cup(x)) T (3.17)
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whereas
U v — €U
SO:(U)’ H(g) = ( (5—@A+A+u)u—(f—:—aA)v)’
and

QJ%WJ*:(mwww»f&w+fm>)'

it introduced the isomorphism T.o = (1,02 —ep1)’, © = (p1,02)" € FE
which has inverse isomorphism T = (1, 2 +€p1) " it follows that (0, ) with
mapping

D (t,w) = T.O(t,w)T_. : o — p(t,w, ¥o) (3.18)

is a random dynamical system associated with (3.16), whereas g = (ug,u; +
eug — cugz(fow)) " and T. : (a,b)" + (a,b+ca)’ is a isomorphism of E. Notice
that all above random dynamical systems ®(¢,w), ®(¢,w), ®.(¢,w) are equivalent.
In this article, the existence of random attractor for RDS will be studied ® based

on Theorem 3.1.

4. UNIFORM ESTIMATES OF SOLUTIONS

In this section, the existence of a random absorbing set for the RDS will
be shown that ¢ (t,w, po(w)),t > 0 in the space E, and uniform estimaties on the
solutions of (3.11) defined on R™ (n=>5). For this purpose, it introduced a new

1
Hilbert space E, that is, (9, @)n = y(A2u1, AZus) + (v102) and [olle = (,9)3
for any ¢ = (uy,v1)", @ = (ug,v2)" € E, whereas ~ is chosen as

4 + Oz)\l + 61
V= s (4.1)
4+2(aM + Br)a+ B3 /M
It is clearly that, the norm |[| - ||z is equivalent to the usual norm [ - ||z, 1 of E.

Lemma 4.1 For any ¢ = (u,v)T € E, it follows that
£ £ a
(H(p),0)e > SllellE + llulz + S llvl*.
2 4 2
Proof Let o(t) = (u(t),v(t))” and H(p) € E, it is obtained

(H(p),0)p =lelli — ellull; + (a = &)[Jv]|* — e(a — &)(u, v)
Zelulls + (a —e)llv])* — e(a —)(u,v)

g «
=l + el + S ol

Lemma 4.2 Suppose that (h;) — (h3) hold. Then there exists a random variable
r1(w) > 0 and a bounded ball By(t,w) C E, centered at 0 with random radius
ro(w) > 0, Br(0,79(w) € D(E), such that for any bounded non-random set
B C D(F), there exists a deterministic 7' = T'(t,w, B) > 0, such that the solution
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o(t,w; p(w)) of (3.17) with initial value (ug,u; + ug,m9)’ € B satisfies, for P —
a.s. w €,

le(t,wi (0, w)lp < 5(w), t = T(B).
Proof For any w € Q, t > 0, suppose that ¢(t) = (u(t),v(t)) € E be mild
solution of (3.17), taking the inner product (-,-)g of (3.17) with ¢(t) = (u,v) =
(u, uy + eu — cuz(f,w)) T, it reached

;ZH@HE + (H(p,9))e = (Qp,w,1), ), (4.2)

By Lemma 4.1, as resulted
€ a
(H(p. 0z = el + ellull + ST, (1.3
let us estimate the right hand side of (4.2)
(Q(p,w, 1), ) = ((cuz(fw),u)) + (cu(e — ad)z(Bw), w) + (Cuz?(Ow), w)

Heve(B).w) — (glu).w) + (F(x).w) (4.4
By the Cauchy-Schwartz inequality, it is found that
((eus(60). ) < [el2(0)] 3 (45)
cleus(to),0) < el ol < SDTLN Gl + o). (46
(s (Bs) ) < | =(0u) Pl ] < S0Pl olP). ()
(cws(B),w) < [e (6] ] (15)
(F@)w) < 2512 + & (1.9)
a/Nocl|z(Ow 9 9
o(eAuz(w), Aw) < ale (0wl < AL ey,

4.10
here it is estimated a nonlinear term (4.4), by (hs), (h3) and the Holder ineqlgality),
it is deduced that

(g(u) w) = (g(u), us + eu — cuz(Gw))
=4 [ G(u)dz + e (g9(u),u) — cuz(fw)(g(u), u) .
Due to (3.3), (h1), and (hy) and poincare inequality, there exists positive constant
41, b2 such that

(4.11)

(9(w),u) = kG(u) + pul|ull3 + p2 > 0, (4.12)
it follows from(1.4) for each given pus, py > 0
(g(u), u) < puslull3 + pa, (4.13)
d
(9(u), w) = d_/ G(u)dz + ekG(u) — e(mllull3 + p2) — lel|2(0w)| (uallull} + pa).

&I&

/G( )dz + ekG(u) — (epr + el 2(0w) | ps)[|ull3 — ez — puac]|2(Bw)].
(4.14)
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Whereas G(u = J,; G(u)dz. Collecting (4.5)-(4.14) and (4.4), showing that

(Qp,w, 1),¢) < —%/UG(u)dx—skG(u)+(au1+|clIz(9tw)|u3)||u||§+au2+u4lc||z(9tw)

02|z(9tw)|2 9 9 4€2|c] | (Gtw)| 5 2 9
+———(||u||5 + ||w —llwl||* + — . 4.15

Then substituting all together into (4.2) yleld

1d € 9 9 1) 9 «Q 9
5 2l + 2G(@)) + Sl + ) + Gl + 5 ol + ekGlar)

c |Z(9tw)|2 2 2
< 2—\/X0<“u”2+ [[wl]*) + (

Ll

4e?| ]|z (0ww)
av

|

Jull3 + ||f\|2+6u2+u4|0\ |2(0i0)] (4.16)

Since ¢ = min{e, ¢k, 5} and ||¢||* = (JJul|3 + ||w|?*), then there is the following
equivalent system

+ellz(Ow) s + ) [Jull;

1d 2
55(\!9@!1% +2G(u)) + p(t, 0w)(|lell % + 2G(u)) < al\f“2 + epta + pafcl|z(Oiw)].
(4.17)

Whereas

Elz(w)? | 4e?[c]z(0w)]? lc]]2(0w)]
t,0w) =0 — Oyw)| — Fepy ).
p(t, Ow) = o — pslcl|z(0:w)| — ( W N et 5 )
(4.18)

By applying Gronwall’s inequality to (4.17) over [0,t], it has been that
(s @, 0)l[E + 2G(u) < e 2o P04 | 4 2G (uo)]

t
(_HfH +€//L2)/ eifs p(T79TW)de8

e / J2 o707 (B,00)| s (4.19)

Substitiuting w by 6_,w, from (4.19) as a result
i (t, 01w, 90(0-)) [ 3+2G () < €720 P=t0e 2 |00 (9 10) 242G (ug)]

2 t
+(a||f||2 + 6u2+)/ N

0
t

+u4|c\/ e Js Pr=b0r—)dr| (9 w)|ds.
0

< el g
0

2 — (9 o(1,0,w)dr
P +2pa) [ e ro0ings

—t

0
+u4|c|/ e fsop(T’GT“)dT|z(98w)|ds. (4.20)
—t
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From (4.18) it is known that

11, 1 1 4?1
c +z)—+c¢ + <o. 4.21
| ‘(:u?) 2)& (2\/X0\/§CY Oé\//\_()\/i&) ( )
Note that by (4.12) and (4.13), it is arrived that
kG (u) < (g(u),u) + mllull3 + po < (1 + ps)l[ull3 + po + pra. (4.22)

Then it follows from Lemma 4.1 and ¢q(0_w) € B(6_;w), and the fact that B(w)
is tempered that

lim /2 =P 0m7 |10 (0_y) |2 + 2G(up)] = 0. (4.23)

t—+o00
Since |z(0sw)| is tempered, it is seen that the following integral is convergent

2 0
p(w) = (I 12 4 ez + ) / e~ [ PO dT (1 42 (0,w)|)ds. (4.24)

—00

Then by Lemma 3.1 and g € L*(U), it is yield

”90@7 Q*tc‘% @O(H*tw))H]zE S pQ(w)'

Then by (4.22)-(4.23), and Lemma 4.1 there exists By(w) = {¢ € E : ||po(0_w)|| g <
p*(w)} is closed measurable absorbing ball in D(E) and T' = T'(0, B,w) > 0 such
that o(t, 0_w, po) = @o € Bo(w) satisfy the following result p-a.s w € Q

”90@7 e—tw7 900(‘9—%0))”?5 < pQ(w)?

it is completed the proof. [

5. DECOMPOSITION OF SOLUTIONS

In order to obtain regularity estimates later, as in [33] the equations were
decomposed (3.3) by decomposing the nonlinear term. At first, the following
decomposition given on nonlinearity g(u) = g¢i(u) + ¢g2(u) whereas g;,g, € C!
satisfies the following conditions for some proper constant: there is a constant
C > 0 such that

lg1(s)| < C(|s] +1s]°), Vs € R,
sgi1(s) >0,

5.1
3 p2, Y1 > 0 such that ¥V 9 € (0,94], (5.1)
ey €R, paGi(s) +Us* —cy < 591(s), Vs €R,
and
g5(s)] < C(1+[sP), Vse R,0<p<5,
3Ga(s) — C < sgq(s), (5.2)

A
—§52—C§G2(3), Vs eR,
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Whereas
fo gi(r)dr,i=1,2.
The solutlon decomposed ¢ = (u,w)’ of the system (3.15) into the two parts
p=vL+eNn

whereas ¢, = (ur,wr), pny = (uy, wy) solves the following equations respectively

©p + H(pr) +Qi(pr) =0,
{ 0 (0,w) = (ug, uy + cug — cupz(Gw))*, t >0, (5:3)
and
Oy + H(pn) + Qa(, 1) = Qa(w), (5.4)
on(0,w) = (0,e2(6,w),0)", t >0, '
whereas
0 0
Qi(pr) = gl(ém) , Qa(pyor) = | 9(u) —Ogl(uL) :
. cuyz(6,w) (5:5)
Qa(w) = | —cz(Ow)(vy — 2eun + c?évzgﬁtw)) —g(u)+ f(x)

To prove the existence of a compact random attractor for the RDS &, it is ob-
tained that the solutions of systems (5.3) and (5.4) similar to solution of system
(4.2), which one decays exponentially and another is bounded in higher regular
space. In order to get the regularity estimate, it will be proved some priori esti-
mate for the solutions of systems (5.3) on U x [0, 00| as follows.

Lemma 5.1 Let B be a bounded non-random subset of F, for any ¢ (0,w) =
(uo, uy + eug — cuoz(etw))T € B, there holds

(0, w;0L(0,w))l|E < r5(w), (5.6)

whereas pr = (ur,vr)? satisfies (5.3)

Proof. Taking the inner product (-,-)g of (5.3) in L?(U) with ¢r, = (ur,vr)?,
in which v, = ur; + euy, whose initial values are (ug, u; + cug — cugz(fw))7T, it
is given that

1d
ST, lenlls + (H(pw), 1) g + (Qu(eL), o) =0, (5.7)
by simple computation there holds
€ a
(Hlpr),or)p 2 5 (el + flocl®) + §IIUL||2, (5.8)

whereas ¢ satisfy (4.4). Now it is estimated that the Third term of (5.7) such as

(Qpr), pr) = ( gl((;L) ) < Zi ) (5.9)

= (g1(ur),ure +cur)
= %Gl( +€ng1 ur)urds.

—~
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According (5.1) and (5.1)s, it is resulted

Gi(ug) >0, gi(ug)ur >0,
%Gl(uL) + ng QQ(UL)uLdl‘ > %Gl(uL) + ko&‘Gl(uL) + 2’:‘19HUL||2 — ECy.

Thus combining with (5.7)-(5.10) and (5.3) it follows that 10
& (loel + 260 (un) + 201 (Nouls + 261 (u)) <o, (5.01)
whereas p = ecy and o, = min(3, §, §, koe)
el +2G (ur) > |lecly >0, (5.12)
hence
Pr0w) = (Po(f_w) + cuz(f_w)) " (5.13)

< (ra(w) + cuz(fw)) = p2(w) € Bo(w).
By putting (5.1)1, (5.11) and (5.13) together. Then taking Gronwall’s inequality
to result over [0,¢] such that by definition of By(w) and Lemma 4.2, it is proved

le2(0,w, orew)le < riw). (5.14)
The proof is completed.

Lemma 5.2 Let B be a bounded non-random subset of E, there exists positive
constant o7 > 0 such that for any ¢ (0,w) = (ug, ug + cug — cuoz(etw))T € B, we
have

lo2.(0, w3 01.(0,w)) I < ri(w)e*™ @t >0, (5.15)
whereas ¢ = (up,vr)? satisfies (5.3),
Proof Similar to Lemma 5.1, consider (5.7). By (5.1), (¢1(ur), (ur)) >0, ¢1(0) =
Oand. By Sobolev embedding theorem H' C L% C L* C L? and (5.6), it is
concluded

0 < Cuuy) < / G (ul)da

U
< C(llurll® + lurllzs) (5.16)
< pa(W)fJuclly,
oillucllt = 555G (ur), Vur €R,

due to (5.7) and (5.16) it could be obtained the following result,

d 2 = 2 Jl

— 2G 2 —0G < p. 5.17
dt(||<PL||E +2G1(ur)) + 201 [Jerls + 2 (@) 1(ug) <p (5.17)
Since o1 (w) = min [0, 3751,

By applying Gronwall’s inequality to (5.17) it yield

t
||90L(0,w790L(0,w)H2E < <||<PL(0,w)||2E +G1(uL(0))) 2oLt +p/ —201(5) g
0
<p% (w) + G (W;(O))) e2n Wt f(f e201(59) .

(5.18)
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by (5.1); the following estimate will be got

Gi(ur) = / Gi(u')dz < Clull® + lluzllie) < Collurllin < Copi®(w), ¥ ug € R.
U

(5.19)
Thus collecting all (5.13) and (5.18)-(5.19) together, to arrive to (5.15), where

t
ri(w) < (W) + Gy (W) e 4 p / ¢2n1 ),
0

The proof is completed.

Lemma 5.3 Assume that (h;)—(h3), and (5.1)-(5.2) holds. there exists a random
radius r5(w), such that for P-a.ew € Q,

1+v

2 |14
HATUNH + ||A§uNtH2 < r5(w), (5.20)
whereas v
V:min{z,%p}, VOo<p<A4 (5.21)

Proof By (5.6),(4.1) and ¢y = ¢ — ¢, there exists a random variable r(w) > 0
such that

max{||e(0,w, ¢(0,w)) 2, [len ((0,w, on(0,w)))]s} < r(w). (5.22)
Taking the inner product of (-, )z of (5.4) with (AN, A¥wy)T to find that

(s A%on) + (H(ow), An) = (Qaloww,t), A ) (5.23)
According to (5.21) and Lemma 4.1, it is found

14+v

2 ) )
(H(pn), A%¢N) g = ° A7 uy|| + ||A§wN||2 L@ A2 wy]
2 2 2

2
)

(5.24)

next, it will be estimated the right hand side of (5.23), yield

<Q2(80N,w,t),A”gpN) =
((cunz(Oiw), A%un)) — (cwnz(Bw), A%wy) (5.25)
+(2ceunz(Biw), A¥wy) — (Cunz?(Bw), AYwy)
—(g(v) — gi(ur), Awy) + (f(z), Awy).
Now, it is dealt with the right term in (5.25), by using (4.5)-(4.10) and (5.21), it

leads to .
((cunz(w), A%un)) < |e||z(0w) || A un]?, (5.26)
(cwnz(iw), A"wy) < Je|[2(0w)]|A>wyl?, (5.27)
9 14+v v
(2ccunz(6uw), A"wy) < %\(ﬁwﬂ (I uxl? + | ATwnl?) . (5.2
2 0 2 1+v v
(Cun2*(Ow), Awy) < %(HAEUNHQ + | Azwn|?), (5.29)

(F(2), A'wn) < AT F@)I? + S | ASwy]?, (5.30)
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for the nonlinear term, It is easy to show that

(9( )—gl(uL) AY wN) (9(u) — 91(UN) A”(un + eun — cunz(6w)))
> 5 fU L))A UNdflf—F fU —gl(uL))A UNdJT
— J, (g (u ) (uL)uLt)A”uNdx — CfU — g1(up)) A% unz(0w)dx,
Next, due to (1. ) ( 1)-(5.2), the Cauchy—Schwartz inequality and the Young
inequality, it arrives to

[ @i unr) A = [ ((6100)= (un)ue ] o, e g w)u) A
U

U
(5.31)
then, the following inequalities

(91(w) = g1 (ur))ur A" undr < C [ gy (u+0(u = up))u — u||ul|A"uy|dx

U U
< C [y U+ [l + ur]?) [un]| A" ux]u|dz
< C (T4 lullZio + lucliuo) llunll, o, 1A7un | g, uellzo
14v
I

< ki (W) [[A= uy
§4€k2( ) 16||A 2 UN”Zv

(5.32)
and note that v < %

NS

go(w)ug A’ undr < C/(l + [ul?) |ug] | A uy | da

<C(1+ ||U||L 10 A unp 1o ludl 2 (5.33)
<C(1+ ||VUHP>HAVUNHL 10 HUtHL6

< dek3 (w) + 16-||141§VUN||2

/gl(uL)uNtA undr < C(1+ [[ugl|}10) || A un 20 10 [| A% unell, o
U
< O+ fJurlfa) | A5 unl| 20 10 [| AV up| (5-34)

L1+4V
< deks (w) ([|[AZun|® + |e]*) + 16||A1§ unlly 1o

and

[ (960 = g1(u2)) |47 |20

U
<C [, 9 (u+0(u—w))|u—uLl|Auy||z(Ow)|dz
< C [y (T [ul* + Jur|*) Jun| | A un||z(0,w)|da (5.35)

< C (14 flullzio + lluclio) luxll, o) A" un] | 1a) 12(0w))]
2
< e (k2 (w) + |2(0w)?) + £ [| A% uNH

Thus, by putting (5.24)-(5.35) into (5.23), can show that

337 (1A% ealls + 2 9 0) = an)) + 5 14+

< pizlel|2(0uw) |[| A% o[ + C(w)[1 +/f2( ) + k3 (w)
(W) + k3 (W) + [2(0w) * + 2(0u)[* + | AZ f(2)]]%].

ke

5 — (g(u) — g1 (ur))

(5.36)
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By Gronwall’s inequality to (5.36), is satisfied

HAm (t, w0, 0(0, )| 2. < (1A% 02(0, w, 9(0,0)) |3 + 2(g(u(0,w, p(0,w))) — g1 (ur, (0,w, (0,w)))
< (1A% 2]l + (g(u) — g1(ur))) e2Ja(enalellz@))sw)ds
+ [ pr(w)e2 o -palellz@ulswids s
(5.37)
put
pr(w) = CW)[1+ k(W) + k3 (w) + k3 (w) + ki (w)
+z(Ow)? + [2(0w)|* + | Az f(2)]1%]

similar to above equation

/ (9(s) — g (uz)) Aundz < C / (o (u+ B — up))u — ]| A"y |de
U U

< C/ (1+ Jul* + |ur|*) |un]|A un|dz

< C(LA [lullzoo + lurllzow)llunll, o, A unll, 10
14+v

< ks (@) 4" uy|14%ux |
< k2 () [ Ay |+ 1A F u

(5.38)

(5.39)
by (5.38) and (5.39), to get

1A% p2(t, w, (0, w) | < 75(w),
this complete the proof.

6. RANDOM ATTRACTORS

In this Section, it established the existence of a D-random attractor for the
random dynamical system ® associated with system (3.15) on R® that is, by
Lemma 4.1, ® has a closed random absorbing set in D, which along with the
D-pullback asymptotic compactness and then imply the existence of a unique
D-random attractor. Next due to decomposition of solutions shall prove the D-
pullback asymptotic compactness of ® (see[9, 32]).

Since w € Q,t > 0, reads as

Lemma 6.1. assume that (hy) — (h3) hold, then for any ¢ > 0,w € Q, the RDS
¢ associated with (3.5) possesses a uniformly attracting set A(0,w) C E, and
possesses a random attractor A(0,w) C A(0,w) N By(w).
Proof For any t > 0,w € €, as in Lemma 5.3 let B, (0,w) be the closed ball in
Hy, 9, X Hy,, with radius 7’5( ). Set

A(0,w) = B,(0,w), (6.1)

then A(0,w) € D(E). Since Hoyo, X Ho, < HZ(U) x L*(U). Now to show the
following attraction property of A(0,w) : for every B(0,w) € D(E),

tliglo dp (P(t, 04w, B(0,0_4w)),A(0,w)) = 0. (6.2)
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From Lemma 5.2, implies that

o (0,w, 0(0,w)) = ¢(0,w, ¢(0,w)) — ¢L(0,w, p(0,w)) € A0, w). (6.3)
Thus, by Lemma 5.2, yields

id >Hso<o,w,so(o,w>> —P||% < |ler(0,w, 0r(0,w))]|5 < ri(w)e* @t ¢ > 0.

YeA(Ow
(6.4)
However, for all £ > 0

dist(®(t,0_,w, B(0,0_,w)), A(0,w)) < r2(w)e 21t (6.5)

Finally, from the relation between ® and ¥ one can easily obtain that for any
non-random bounded B C E P-a.s.

dist(V(t,0_w, B(0,0_w)), A(0,w)) — 0,t — +o0. (6.6

)
Therefore, the RDS @ associated with (3.5) possesses a random attractor A(0,w) C
A(0,w) N B(w), A={A(0,w):t>0,weQ} €U in R
Then the proof is completed. [J
Theorem 6.2. we assume that(h;) — (h3) hold. Then the continuous cocycle ®
associated with problem (3.8)or random dynamical system ® has a unique D-
pullback attractorA = {A(1,w) : 7 € R,w € Q} € D in R®.
Proof. Notice that the continuous cocycle ® has a closed random absorbing set
{A(w)}weq in D by Lemma 4.2. On the other hand, by(3.17) and Lemma 6.1
the continuous cocycle ® is D-pullback asymptotically compact in R3. Hence the
existence of a unique D- random attractor for ® follows from Lemma 2.6 imme-
diately. O
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