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Abstract

Discussions are presented by Morita and Sato on the problem of obtaining the
particular solution of an inhomogeneous differential equation with polynomial
coefficients in terms of the Green’s function. In the present paper, solution is
given without using the Green’s function, on the basis of nonstandard analysis. It
is applied to the hypergeometric, the Hermite, a simple ordinary and a fractional
differential equation.
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1 Introduction

In the present paper, the problem of obtaining the particular solutions of a differential equation with
polynomial coefficients, without using the Green'’s function, is studied.

In a preceding paper [(6)], this problem is studied in the framework of distribution theory, where
the method is applied to Kummer’s and the hypergeometric differential equation. In another paper
[(8)], this problem is studied in the framework of nonstandard analysis, where a recipe of solution of
the present problem is presented, and it is applied to a simple fractional and a first-order ordinary
differential equation. In a recent paper [(9)], a compact recipe based on nonstandard analysis, which
is obtained by revising the one given in [(8)], is presented, and is applied to Kummer’s differential
equation.

In the present paper, we adopt a recipe without the Green’ functuion, and is applied to the
hypergeometric differential equation, the differential equations treated in [(8)] and the Hermite differential
equation.

The presentation in this paper follows those in [(6; 8; 9)], in Introduction and in many descriptions
in the following sections.




We consider a fractional differential equation, which takes the form:

n

palt, RDu(t) = 3 ar(t)RDY ult) = £(1), (1.1)

=0

where (i) n € Z> 1, t € R, (i) a;(t) for I € Zjq ,,) are polynomials of ¢, (iii) p; € C for [ € Zjo,, satisfy
Re po > Re p1 > --- > Re pn and Re po > 0.

Here Z is the set of all integers, R and C are the sets of all real numbers and all complex numbers,
respectively, and Zs, = {n € Z|n>a},Zay={n€Z|n<bland Zy = {n € Z | a < n < b} for
a,b € Z satisfyinga < b. We alsouse Rso ={z € R|z >a}fora € R,andC; = {z € C|Rez >
0}.

We use Heaviside’s step function H(t), which is equal to 1 if t > 0 and, to 0 if t < 0. Here g D%
are the Riemann-Liouville fractional integrals and derivatives defined by the following definition; see
[(5; 10)].

Definition 1.1. Let¢ € R, 7 € R, uo(¢) be locally integrable on R+, u(t) = uo(t)H(t — 7), A € C4,
n € Z=_1 and p = n — \. Then rD; *u(t) is the Riemann-Liouville fractional integral defined by

AD u(t) = ﬁ /_Oo(t — ) Yue(2)H(z — 7)da
1o A—1
:W/T (t—x)" uo(z)dx - H(t — 1), (1.2)

and rD; *u(t) = 0 for t < 7, where I'()\) is the gamma function, rDfu(t) = rD! *u(t) is the
Riemann-Liouville fractional derivative defined by

RDFu(t) = wD?ult) = S [nD; uo (0] - H (7). (13)

n

when n > Re A, and rD'u(t) = 4-uo(t) - H(t —7) when p =n € Zs_1.

1

oy (8 —7)" ", we adopt

In accordance with Definition 1.1, when uo(t) =

v— —r)yy—p—1
RDf(t_T) lH(t—T): %I—[(t—’r)7 V—pEC\Z<17 (1.4)
F(V) 07 v—p € Z<17

for v € C\Z<1 and T € R. Here gD, is used in place of usually used notation - Dg, in order to show
that the variable is ¢.

Remark 1.1. Let gy(t)zﬁt”*lH(t) forv € C. Then g, (t) = 0if v € Z<1, and Equation (1.4) shows
that if v ¢ Z<1, rD?g.(t) = g.—,(t). As a consequence, we have rD{""g,(t) = g_n(t) = 0 for

n e Z>71.

In distribution theory [(6; 11; 2; 12)], we use distribution H(t), which corresponds to function
H(t), differential operator D and distribution §(¢) = DH (t), which is called Dirac’s delta function.

1.1 Preliminaries on Nonstandard Analysis

In nonstandard analysis [(1)], where infinitesimal numbers appear. We denote the set of all infinitesimal
real numbers by R°. We also use R, = {e € R? | ¢ > 0}, which is such that if ¢ € R, there exists
N € Zso satisfying e < +. We use R, which has subsets R and R”. If z € R™ and = ¢ R, z is
expressed as z1 + e by z; € Rand e € R?, where z; may be 0 € R. Equation = ~ y for z € R™ and
y € R™, is used, when =z — y € R°. We denote the set of all infinitesimal complex numbers by C°,
which is the set of complex numbers z which satisfy |Re z| + |Im z|€ R°. We use C™, which has



subsets Cand C°. If z € C™* and z ¢ C, z is expressed as z; + e by z; € C and ¢ € C°, where z;
may be 0 € C.
In place of (1.4), we now use

1

rRD?guic(t) = RDfﬁtu_HeH(t) = Gu—pte(t) = mty_p_lJreH(t)» (1.5)
forallp € Cand v € C, where e € R%.
Lemma 1.1. Letp, € C, po € C,v € C, e € RY, and gy+5(t):ﬁt”+€*1H(t). Then the index
law:
rRD{ RDgure(t) = RD{ P2 guie(t) = Gumpr—pote(t), (1.6)

always holds.

In the present study in nonstandard analysis, in place of H(t) and §(t) in distribution theory,
H(t) and é.(t) are used, which are given by

He(t):RDt_EH(t) :gl+5(t) = F(€+1)t5H(t), (17)
5.(t) = %He(t) (1.8)

for e € R%,. We note that they tend to H(¢) and 0, respectively, in the limit of ¢ — 0.
Lemma 1.2. In the notation in Remark 1.1, Hc(t) = gi+(t), 6c(t) = ge(t), and

RD{He(t) = rDigiye(t) = g1(t) = H(t), rD:de(t) = rDige(t) = go(t) = 0. (1.9)

1.2 Summary of the Following Sections
In solving Equation (1.1) for w(t), in nonstandard analysis, we consider the solution of the following
transformed differential equation for 4(t) = rD; “u(t):
Bn.e(t, RD)a(t) = (1), (1.10)
for e € RY,, where
Pre(t, RDt)=rDy; “pn(t, RD¢) R DS . (1.11)

In the present study in nonstandard analysis, we adopt the following assumption.

Assumption 1.1. Solutions of Equations (1.1) and (1.10), u(¢) and (¢), are linear combinations of
g.(t) and g.+(t), respectively, for v satisfying Re v > 1y € R. As a consequence, the following
condition is satisfied.

Condition 1.1. f(t) and f(t) are expressed as follows:

tul+e—1

FO= e gure®)=> a- mH(t% )= di- gure(t), (1.12)
=1 =1 =1

respectively, where ¢; € C are constants, v, € C satisfy Re vy > Re vy, foralll € Zso, and d;, = ¢; if
14 g Z<1, and dl =0if v € Z<1.

In order to obtain the solutions when Condition 1.1 is satisfied, we solve the equations which
satisfy the following condition.



Condition 1.2. f(t) = gu1c(t) = rD; " gc(t) = rDP6.(t) for v = —3 € C and ¢ € R2,. When
v=—B€Z«, f(t)=0,andwhenv = -3 € C\Z«1, f(t) = gu(¢).

The solutions for the cases in which Condition 1.1 is satisfied, are obtained from those for the
cases in which Condition 1.2 is satisfied, with the aid of the following lemma.

Lemma 1.3. Let the solution of Equations (1.10) and (1.1) satisfying Condition 1.2, be expressed by
u, (t) and u, (t), respecively. Then the solution of Equations (1.10) and (1.1) satisfying Condition 1.1,
are given by u(t) = > 2, ¢ -, (t) and u(t) = Y12, di - wy, (t).

In the following sections, only the solutions satisfying Condition 1.2 are obtained. In Sections 2
and 4, solutions of the hypergeometric the Hermite differential equation are given. In Sections 3 and
5, solutions of a simple ordinary and a fractional differential equation, which are studied in [(8)], are
given. The fractional differential equation is the one presented in [(3)].

In the preceding paper [(9)], the inhomogeneous terms f(t) and f(t) are assumed to satisfy one
of four conditions, which include the above two conditions.

In [(9)], full expressions of the Green’s functions and the solutions, are derived along the recipe
given there, for Kummer's differential equation.

Section 6 is for Conclusion.

2 Solution of the Hypergeometric Differential Equation

The hypergeometric differential equation is described by

d? d
pu(t, RD)u(t)=[t(1 — t)@ +(c—(a+b+ 1)t)$ — ablu(t) = f(¢), (2.1)
where a, b and ¢ are constants satifying a # 0 and b # 0.
Lemma 2.1. Letc ¢ Z... Then there exist two complementary solutions of Equation (2.1), which are
given by

— o) — (@) ()
H1(t)—2F1(a,b,c,t)—kZ:O H(o)r t*, t>0, (2.2)
Hz(t):ﬁtl*c-2F1(1—|—a—c,1—|—b—c;2—c;t)7 t>0. (2.3)

In the present paper, this is proved in Lemma 2.3 given below.
We construct the transformed differential equation of Equation (2.1), which corresponds to Equation
(1.10). For this purpose, we use the following lemma.

Lemma2.2. LetA\ € Cy,m € Z~_1 andp=m — \. Then

rDP[tu(t)) =t - rDPu(t) + p- RD?  u(t), (2.4)
rD[t*u(t)] =t* - RD{u(t) + 2pt - RD{ ™ u(t) + p(p — 1) - RD{ ™ *u(t). (2.5)
Proof. When p = — ), by using (1.2), we have
t
t- rD; u(t) — RD; M [tu(t)] = ﬁ/ (t — ) u(x)de = X - gDy > tu(t), (2.6)

which gives (2.4) for p = —\. We then prove this equation for p € Z~ by mathematical induction. By
replacing u(t) by tu(t) in Equation (2.4), and then by using Equation (2.4) in the obtained equation,
we obtain
rD{[t*u(t)] =t - rD{[tu(t)] + p - DY tu(?)]
=t[t- RD{u(t) +p- DY u(®)] + plt- RDYu(t) + (p — 1) - DY u(®)], (2.7)
which gives (2.5).



With the aid of formulas (2.4) and (2.5) for p = —e, we obtain the following transformed differential
equation of Equation (2.1), which is satisfied by @(¢t) = rD; “u(t) and f(¢t) = rD; *f(t):

Pa.e(t, RD)u(t) = Dy “pu(t, RDt) RDy(t)
2

— oD [(1 — );2 . (a+b+1)t)% — ablrDSa(t)
(11— 1) Sy + (e — e~ (a+b+1—200) & — (a— b alt) = (1). (2.9

Lemma 2.3. Let H:(t) and H»(t) be given by Equations (2.2) and (2.3), respectively. Then
(iy whenv e C and f(t) = gu+(t), @ (t), given by

oo

- _ 1 (a4+v)(b+ )k e
“”(t)_u—1+ckzzo (C+I/)kr(k+u+e+1)tk+ FEH(t), (2.9)

is a particular solution of Equation (2.8),
(i) whenv € C\Z«1 and f(t) = gu(t), u.(t) = rDfu.(t), given by

S SR S (A (2T
u(t) = V_1+CkZ:0 (c—|—l/)kI‘(k+l/+1)t TH(), v La, (2.10)

is a particular solution of Equation (2.1),
(a—B)g(b=B)g

(iii) whenvy =—p € Z«1 andCp = it B, u_g(t) = u, (t) = rD{0.(t), given by
_ 1 o~ (@=B)b—Br ks _ L
u_g(t) = —ﬁ—1+c,; (C_B)kr(k_ﬂ+1)t H(t) = Cp _1+CH1(t)H(t), (2.11)

is a complementary solution of Equation (2.1), and
(iv) @c(t) anduc(t), given by

- _oo(a—c—i—l) (b—c+ 1)k cte
e (t) —;O MTE e ki o TR (), (2.12)
we(t) = rDio(t) = Ha(t)H(2), (2.13)

are complementary solutions of Equations (2.8) and (2.1), respectively.
Whenv = —f € Z1, with the aid of Equation (2.11), . (t) given by Equation (2.9) is expressed as

(1) = Dy w0 +62T3<ﬂ = DU (), @14

Proof. In Frobenius’ method, solution (t) is assumed to be expressed by

Zpk +k+ )f**kH(t), (2.15)

where « and py, are constants, and po 75 0. By using this in Equation (2.8), we obtain

Zpk[(a%-k:—1+c—e)%—[(a+k—l)(a+k)

ta+k

—|—(a—e—|—b—e—|—1)(a+k)—&-(a—e)(b—e)]m]H(t)
:po(a—1+c—e a_l —I—ipka—l—k—l—kc—e)

-1 s ~
—pk,1(a+k—1+a—e)(a+k—1+b—e)]mH(t) = f(¥). (2.16)



When f(t) = g, 4(t) = & H(t), Equation (2.16) is satisfied, if a« = v + ¢, py = —-+ and
(k=14a+v)(k—14+b+v) (a+v)e(b+v)g

— - Zo. 2.17

Pk = Pk—1 k_1tciv Po + ) , k€Zso ( )

Using these «, po and py. in Equation (2.15), and putting @(t) = 4. (t), we obtain Equation (2.9).
When f(t) = 0, Equation (2.16) is satisfied, if « =1 — ¢+ ¢, po # 0 and

kta—c)(k+b— et Dpb—c+1
pr=ppr T c)k( th-o) _plezct )Zf CHDE ke (2.18)

Using these a, po and py, in Equation (2.15), and putting 4(t) = pot.(t), we obtain Equation (2.12).

Remark 2.1. We note here that the above derivation of Equation (2.9) becomes that of Equation
(2.10), when we replace @ by u, e by 0, f by f, (2.8) by (2.1), and (2.9) by (2.10).

Remark 2.2. We note here that if v = —3 = 0, the above derivation of Equation (2.9) becomes that
of Equation (2.11), when we replace @ by u, (2.8) by (2.1), e by 0, f by f, v by 0, (2.9) by (2.11).

Remark 2.3. We note here that the above derivation of Equation (2.12) becomes that of Equation
(2.13), when we replace 4 by u, (2.8) by (2.1), e by 0, f by f, (2.12) by (2.13).

In obtaining Equation (2.14) from (2.9), the following formulas are used:

1 sin(mz)l(1 —2) 1 R
i) - N ——— ~(=1)™e-m!l, meZs_, (2.19)
which are given by (65) in [(9)]. O

Remark 2.4. For r € R, the Green’s function G (¢, 7) is so defined that it satisfies
P, e(t, RDt)GH,e(t,T) = 0c(t — 7). (2.20)

Comparing Equation (2.20) with the solutions 4, (t) in Lemma 2.3, we see that Gy (t,0) = to(¢),
and Gu,0(t,0) = rD; “Ga,e(t,0) = uo(t).

Remark 2.5. In [(9)], studies are made on Kummer’s differential equation, where we have equations
which correspond to the equations given above for the hypergeometric differential equation. The
equations which correspond to Equations (2.1), (2.2), (2.3), (2.8), (2.9), (2.11), (2.12) and (2.13)
given above, are (24), (41), (42), (39), (62), (63), (45) and (46) in [(9)], in this order. Following
Equation (2.11), Equation (63) in [(9)] is expressed as

)

_ (a—=n)yb" a)b! _ (a—mn)pd" 1
“f(t)_( 1+cfnn+1lz:(:) ri+1) vH() = (~1+c—n), 71+cK1(t)H(t)' (2:21)

3 Solution of a Simple Ordinary and a Fractional Differential
Equation

In a preceding paper [(8)], solutions of a simple ordinary and a fractional differential equation are
discussed in the framework of nonstandard analysis, by using the recipe of solution given there.
The simple fractional differential equation is

pr(t, RD)v(t) = [rDY? — at - RD*o(t) = (1), (3.1)

which is presented in [(3)], and the ordinary differential equation is

pr(t, 2)y(t) == — atly(t) = f (1), (32)



where a is a constant. A brief discussion of this problem is given by using the revised recipe adopted
in the preceding section.

Putting y(t) = rDfg(t) and f(t) = rD;f(t) in Equation (3.2), and using Equation (2.4), we
obtain the following transformed differential equation of Equation (3.2):

d —€
dt)RDty() rD; [

—[——at—&—ae rD; ] ():f(t) (3.3)

Pr.e(t, RD:)y(t) = rRDy “pr(t,

In the case of Equation (3.1), putting v(¢) = r Do (t) and f(t) = rDj f(t), we obtain
Pr.c(t, RD:)0(t) = rD; “pr(t, RD:)rRD{5(t) = rRDy “pr(t, RDe)r Dy RD{T(t)
=pL.c(t, rD) Dy *5(t) = f(0). (3.4)

Remark 3.1. For 1 € R, the Green’s function G (¢, ) for Equation (3.2), is so defined that it satisfies

_ d _
Pr,e(t, RDy)Gr.e(t,7) = [a —at 4 ae- gD; |G o(t,7) = 6:(t — 7). (3.5)

Lemma 3.1. Let yo(t) = e“*/2H(t). Then by using the formula (2k)! = 4%E!(3)k, we can easily
confirm that G 0(¢t,0) and G, (t,0), given by

oo o] k k(1
yo(t)=Gro(t,0) = e /2H(t) Z T; t** H(t) Z%t%ﬂ(t), (3.6)
k=0 k=0
0 k k
Go(t) =GL,e(t,0) = RDy “Gr,0(t,0) Z Z]H s R H (1), (3.7)

k=0

are a complementary solution of Equation (3.2) and a particular solution of (3.3) for f(t) = 6.(t) =

ot H(1), respectively.

Remark 3.2. For 7t € R, the Green’s function Gr (¢, T) for Equation (3.1), is so defined that it satisfies
Prc(t,RD)Grc(t,7)=[rD}? —at - gD} + ae- oDy VP|Gr(t,7) = 6.t — 7). (3.8)

Lemma 3.2. Let G10(t,0) and G (t,0) be given by Equations (3.6) and (3.7). Then comparing
Equation (3.2) with (3.1), and Equation (3.5) with (3.8), we confirm that

- - 2%a" (§)s
t)= t,0) = rD; Y ?yo(t) = rD; 2 t 29 Bk 2k 2 .
vo(t) =Gro(t,0) = rDy "“yo(t) = Dy "GLo(t,0) = Z T2k + 3 ) (t), (3.9)
B0(t) =Gr.e(t,0) = D, *§o(t) = rD; /*GL(t,0) i 2%a" (3)n =277 42kH1/2He (1) (3.10)
o ¢ r 2k+ + €) ’

k=0

are a complementary solution of Equation (3.1) and a particular solution of (3.4) for f (t) = de(t) =

ot H(1), respectively.

4 Solutions of the Hermite Differential Equation

The Hermite differential equation is described by

d d?

prealt, S yu(t)={ s at% +abu(t) = f(t), t>0, (4.1)

where a € C\{0} and b € Z~ _, are constants.



Lemma 4.1. We have two complementary solutions of Equation (4.1), which are

_oo( )(Qa) 2k _ b 11 4
heb,o(t)_kzzo (2k+1) T 1F1(—§,§,§at ), t>0, (4.2)
[es) k
1-b 3 1
hepi(t) = %t%“ =t aFi(—5— 5 5ms?), t>0. (4.3)

ES
Il
<)

These are related by hey, o(t) = rDiheyy1,1(t) and hey1 (t) = rRD;  hey—1,0(t).

In Lemma 4.2, derivation of (4.2) and (4.3) by using Frobenius’ method is presented.

Remark 4.1. Letn € Z~_;. Then ifo=2n+1,(=2)k = (=3 —n)e and (}:52)r = (—n)i, and if
b=2n, (-2 = (—n)r and (3:32)x = (3 — n)k. Since
(_1)k( :L!k>l7 ke Z[O nly
=Rt : 4.4
{ 0, k € Zsy, (44)

- (*1)’6”!% 2k+1
(n—k)! (2k 4+ 1)! ’

%, heant1,1(t)= (4.5)

k=0

which are polynomials of degree 2n and 2n+ 1, respectively, and hezny1,0(t) and heay,1(t) are infinite
series.

Remark 4.2. In the notation of [(4, Chaper V, Section 2)], the Hermite polynomials Hez,(x) and
Heopnt1(x) represent

—1)" (2n)! 1 2 +1
Hean(o) = G O a2, Heainte) = BN G heana (), 48)
and the Hermite functions of the second kind hea,, (z) and hean+1(z) represent
hean(z) = (—1)"2"nIVa - heana(—=), heansi(z) = (=1)"T2"n! - heani1.0(—=). (4.7)

Va va
The transformed differential equation of Equation (4.1) for a(t) = rD; “u(t) and f(t) = rD; f(t),

is
5 5 e d .
DHe,bte(t, RDe)U(t) = RDy “pHe b (t, %)RDtu(t)
Tt w ot late) = Fo) (4.8)
dt2 —Qa dt a €)|lu = . .

Remark 4.3. For 7 € R, the Green’s function G s,(t,7) for Equation (4.1), is so defined that it
satisfies

2 d
[dt2 — ata +a(b+€)]Grep,e(t,7) =0c(t — 7). (4.9)
Lemma 4.2. Let heyo(t) and hesy1(t) be given by Equations (4.2) and (4.3). Then

(iy whenv € C and f(t) = guie(t) = rD; V0(t), 4. (t) given by
= () (2a)"

“T(2k+2+v+e)

~ d
pHe,b+e( dt)GHebe(t T)

@, (t)=rD; " “heyr_,1 (t)H PR (), (4.10)

is a particular solution of Equation (4.8). We denote the equation which is obtaind from
Equation (4.10) by replacing @ by u, and e by 0, by Equation (4.10-A), and then



(i) whenv € C\Z«1 and f(t) = g.(t) = F(U) t""rH(t), u, (t) = rD§,(t), satisfying Equation
(4.10-A), is a particular solution of Equation (4.1).
(i) Whenp € Z~_,, forv = —-2p andv = —2p3 — 1, we express u, (t) = rDiu,(t) as

u_25(t) :RDfﬁh€b+23 1( Z F T 2) (225)) t2k+1_25H(t)
Py
—(-B+ 17*”) - hey 1 (1)H(2), @.11)
_ 268 o ﬁ 2k—28
u—2p-1(t) = rRD;" hep12p,0( kz:% T2k +1-25) t H(t)
= (=8 2)s - heno(H)H (), @12)

which are complementary solutions of Equation (4.1).

Equation (4.5) shows that whenn € Z~_1, hean,o(t) and hean41,1(t) are polynomials of degree
2n and 2n + 1, respectively.

Proof. We now give a derivation of Equation (4.10), by Frobenius’ Method.
In Frobenius’ method, solution %(t) is assumed to be expressed by

_ = 1 a+2k
a(t) = ;pkir(a+2k+ 1)t H(t), (4.13)

where « and py, are constants, and py # 0. Using these in Equation (4.8), we obtain

ta+2k 2 ta+2k
- b)) —o— 1 H
Zp’“ Tator—1 otk —b-Or—or )

toz72 oo ta+2k72 _
= pomH ) + ;[Pk —apr—1(a+2k—2—-b— 6)]mH(ﬂ = f(t). (4.14)
When f(t) = rD; "6 (t) = %H(t), Equation (4.14) is satisfied, if « = 1 + € + v, po = 1 and
v+1-05 LVv+1—0

pi = 2app—1(k =14 ———) = po(2a)"(

Using these in Equation (4.13), and putting @(t) = 4. (t), we obtain Equation (4.10).

Remark 4.4. We note here that the above derivation of Equation (4.10) becomes that of Equation
(4.10-A), when we replace @ by u, (4.8) by (4.1), e by 0, f by f, and (4.10) by (4.10-A).

Remark 4.5. We note here that if v = —28 = 0, the above derivation of Equation (4.10) becomes
that of Equation (4.11), when we replace @ by u, (4.8) by (4.1), eby 0, fby f,vby0,a =1+€e+v
by o =1, and (4.10) by (4.11).

Remark 4.6. We note here thatif v = —25—1 = —1, the above derivation of Equation (4.10) becomes
that of Equation (4.12), when we replace @ by u, (4.8) by (4.1),eby 0, fby f,vby -1, a=14+¢c+v
by o = 0, and (4.10) by (4.12).

5 )k, k€Z>0. (415)

O
Remark 4.7. When b = 0, Equations (4.3) and (3.6), and Equation (4.5) show that
hep () H(t) = e /2H(t) = yo(t), heoo(t)H(t) = H(t), (4.16)

respectively.



5 Solutions of Equations (3.3) and (3.4)

Lemma 5.1. Let u.(t) be a particular solution of Equation (4.8) for b = 0, that is given by Equation
(4.10) for b = 0. Then §,(t) and o, (t), given by §i,(t) = i, (t) and ©,(t) = rD; V24, (t), are

Lit

particular solutions of Equations (3.3) and (3.4), respectively, for f (t) = gure(t) = RD;Vde(2).
By using Lemmas 5.1 and 4.2 and Remark 4.7, we obtain the following lemmas.
Lemma 5.2. When 3 € Z~_1, y_25(t) and y_25_1(t) are given by
yoaa(t) = ulap(t) = (~5 — 3)s - 90(), yo2p1(t) = wlap 1 (1) =0, (5.1)
and y_»5(t) is a complementary solution of Equation (3.2).

Lemma5.3. (i) Forve Cand f(t) = g,i(t) = rRD;"5.(t), 0, (t), given by

H= D1/2~ ) 2k 24 te g , 5.0
W(t)=r Z;)P2k+ +u+e) ® (2

is a particular solution of Equation (3.4). We denote the equation which is obtaind from
Equation (5.2) by replacing @ by u, and e by 0, by Equation (5.2-A), and then

(i) whenv € C\Z«1 and f(t) = g.(t) = F(u)t” YH(t), vo(t) = rDf0,(t), satisfying Equation
(5.2-A\), is a particular solution of Equation (3.1).

(i) WhenpB € Z~_1, forv =28 andv = —28 — 1, we express v, (t) = rD;0,(t) as

[e%s) k
voop(t)=> Mt%ﬂm_wh’(t% BEZLs-1, (5.3)

1\
v-ss() =B+ alen(V) 4 3 et HOL BT 64

B
_ (=B)k(2a) 2k—1/2-28
Lo a(t)= t H(t)
Ve ;rmmgﬂﬁ)
=(-1)"! i (_71)151/2*2#1(0 BeL (5.5)
- ST (L - 21) ’ zb '

which are complementary solutions of Equation (4.1). Here vo(t) is given by Equation (3.9),
which is obtained by putting 8 = 0 in Equation (5.3).

(iv) WhenpB € Zs_1, forv=—-28+ 1 andv = —253 — 1, we express v, (t) = rD;7,(t) as

— (- i (20)" 2k+1-2
voapap(t) = %t FHPH() = (-8 + %)5(211)5 “v1/2(t), (5.6

[ee] 1 k
v a()=3 % PP = (<54 Psa) v, (67)

which are particular solutions of Equation (4.1), for f(t) = r D}’ ""/*H(t) and f(t) = Rk D;*T'/?H(t),

respectively. Here expressions of vy,5(t) and v_,,2(t) are obtained by putting 5 = 0 in
Equations (5.6) and (5.7), respectively.
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6 Conclusion

In [(6)], the problem of obtaining the particular solution of an inhomogeneous ordinary differential
equation with polynomial coefficients is discussed in terms of the Green’s function, in the framework
of distribution theory. It is applied to Kummer’s and the hypergeometric differential equation.

In [(8)], a compact recipe is presented, which is applicable to the case of an inhomogeneous
fractional differential equation, which is expressed by Equation (1.1). In the recipe, the particular
solution is given, assuming that the inhomogeneous part satisfies one of three conditions, in the
framework of nonstandard analysis. It is applied to a simple fractional and an ordinary differential
equation.

In [(9)], a compact revised recipe in nonstandard analysis is presented, which is more closely
related with distribution theory. In this case, the particular solution is given, assuming that the
inhomogeneous part satisfies one of four conditions. In that paper, it is applied to Kummer’s differential
equation.

In the present paper, in solving Equation (1.1) in the framework of nonstandard analysis, we
solve Equations (1.1) and (1.10) assuming Assumption 1.1. As a consequence, we adopt Condition
1.1. Only the solutions satisfying Condition 1.2 are obtained. In Sections 2 and 4, solutions of the
hypergeometric and the Hermite differential equation are given. In Sections 3 and 5, solutions of
a simple ordinary and a fractional differential equation, which are studied in [(8)], are given. The
solutions for the cases in which Condition 1.1 is satisfied, are obtained from those for the cases in
which Condition 1.2 is satisfied, with the aid of Lemma 1.3.

In [(7)], an ordinary differential equation is expressed in terms of blocks of classified terms. When
the equation is expressed by two blocks of classified terms, the complementary solutions are obtained
by using Frobenius’ method. In Sections 2 and 4, particular and complementary solutions are derived
by using Frobenius’ method.
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