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Discussions are presented by Morita and Sato on the problem of obtaining the
particular solution of an inhomogeneous differential equation with polynomial
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1 Introduction

In the present paper, we treat the problem of obtaining the particular solutions of a differential equation
with polynomial coefficients in terms of the Green’s function.

In a preceding paper [(7)], this problem is studied in the framework of distribution theory, where
the method is applied to Kummer’s and the hypergeometric differential equation. In another paper
[(9)], this problem is studied in the framework of nonstandard analysis, where a recipe of solution of
the present problem is presented, and it is applied to a simple fractional and a first-order ordinary
differential equation. In a recent paper [(11)], we presented a compact recipe based on nonstandard
analysis, which is obtained by revising the one given in [(9)]. It is applied to Kummer’s differential
equation.

In the present paper, we apply the recipe presented in [(11)] to the differential equations treated
in [(9)] and the Hermite differential equation.

The presentation in this paper follows those in [(7; 9; 11)], in Introduction and in many descriptions
in the following sections.
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We consider a fractional differential equation, which takes the form:
Pn(t, RDt)u Zaz rD{ u(t) = f(t), (1.1)

where n € Z>_1,t € R, ai(t) for I € Zjy,) are polynomials of ¢, p, € C for I € Z, ) satisfy
Re po > Re p1 > --- > Re pn and Re po > 0. We use Heaviside’s step function H(¢), which is equal
to 1ift > 0and, to 0ift < 0. Here g D' are the Riemann-Liouville fractional integrals and derivatives
defined by the following definition; see [(6; 12)].

Definition 1.1. Let¢ € R, 7 € R, uo(t) be locally integrable on R, u(t) = wo(t)H(t — 7), A € C4,
n € Z=_1 and p = n — A. Then gD *u(t) is the Riemann-Liouville fractional integral defined by

RD;Au(t):ﬁ/_m(t—x)*—luo(g@)mx—T)dx

- t — ) g (z)da: - -7
—F(A)/T(t P uo(w)da - H(t - 7), (1.2)

and rD;  u(t) = 0 for t < 7, where I'(\) is the gamma function, rD?u(t) = rD? *u(t) is the
Riemann-Liouville fractional derivative defined by

dn

rD?u(t) = rD} Mu(t) = prel|

rD; Muo(8)] - H(t — 1), (1.3)
when n > Re A, and D} u(t) = Suo(t) - H(t —7) when p=n € Zs_1.

Here Z, R and C are the sets of all integers, all real numbers and all complex numbers, respectively,
andZso ={n€Z|n>al, Zay={n€Z|n<bland Zj,p ={n €Z|a<n<b}fora,beclZ
satisfyinga < b. We alsouse Rs, ={z € R |z >a}fora € R,and C; = {z € C | Re z > 0}.

In accordance with Definition 1.1, when uo(t) = ﬁ(t —7)¥~!, we adopt

_ v—1 (t—r)v—P—1 _ _
rD? (t T) H(t _ 7_) _ T(v—p) H(t T), v—pe¢E (C\Z<17 (1.4)
F(V) 07 l/ip€Z<17

forv € C\Z«1 and T € R. Here gD is used in place of usually used notation - Dz, in order to show
that the variable is t.

Remark 1.1. Let g (t) := 55t~ YH(t) for v € C. Then g,(t) = 0if v € Z<1, and Equation (1.4)
shows that if v ¢ Z<1, rRD?g.(t) = go—,(t). As a consequence, we have R Dy "g,(t) = g_n(t) =0
forn € Z-_;.

Remark 1.2. Let p1 € C, p2 € C, v € C\Z«1 and g, (t) := 5t H(t). Then the index law:

rD rDY? g, (t) = rD{?rDP' g, (t) does not always hold. An example is given in the book [(5, p.
108)]; see also [(10, p. 48)].

In distribution theory [(7; 13; 2; 14)], we use distribution H(t), which corresponds to function
H(t), differential operator D and distribution §(¢t) = DH (t), which is called Dirac’s delta function.

1.1 Preliminaries on Nonstandard Analysis

In the present paper, we use nonstandard analysis [(1)], where infinitesimal numbers are used. We
denote the set of all infinitesimal real numbers by R°. We also use R, = {e € R® | ¢ > 0}, which is
such thatif e € R%; and N € Z~o, then e < +. We use R™*, which has subsets R and R’. If z € R™*
and z ¢ R, = is expressed as z; + e by z1 € R and ¢ € R", where z; may be 0 € R. Equation = ~ y
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forz € R" and y € R™, is used, when = — y € R°. We denote the set of all infinitesimal complex
numbers by C°, which is the set of complex numbers z which satisfy |Re z| 4 |Im z|c R". We use
C™*, which has subsets C and C°. If z € C™ and = ¢ C, z is expressed as z; + ¢ by z; € C and
e € C°, where z; may be 0 € C.

Remark 1.3. In nonstandard analysis [(1)], in addition to infinitesimal numbers, we use unlimited
numbers, which are often called infinite numbers. In the present paper, we do not use them, but if we
use them, we have to consider sets R and C* such that if w € R, there exists ¢ € R? satisfying
w =1 andif w € C>, there exists ¢ € C° satisfying w = 1, and then R™* = RUR® U R™ and
Ccr* =cucluc®™.

In place of (1.4), we now use

b1
‘Tv+e)

1

DP .
n Fv—p+e)

I H(t) = TP H (), (1.5)

forall p € Cand v € C, where e € RY,.

Lemma1.1. Letp1 € C,p2 € C,v € C, e € RYy and g, 4(t) := t*t<=1H(t). Then the index

law:

F(V+s)

RDflRszgv+e(t) = RDfl+p2gu+e(t) = gV—Pl—PZ"rG(t)? (1.6)
always holds.

Remark 1.4. When ¢ € R® or e € C°, we often ignore terms of O(¢) compared with a term of O(e%).
For instance, when v € R~ and v — p € R, we adopt & e H (1) ~ otv e H(t), and

Noz=a) )
also
1
RDpitV 1+€H(t ~ —_—
W) )=o)

n_»

in place of (1.5). In the following, we often use "=" in place of "~”

P I (1), (1.7)

In the present study in nonstandard analysis, e € RY, is used, and H(t) and §(t) = DH(t),
respectively, are replaced by

H.(t) := rD; “H(t) = et 1)16 H(t) ~t°H(t), (1.8)
which tends to H (t) in the limit e — 0, and by
d d 1 1

Se(t) == aIﬂ(t) = @) ‘H(t) = @tE_IH(t) ~ et " H(t). (1.9)

Lemma 1.2. In the notation in Remark 1.1, Hc(t) = g1+<(t), 6c(t) = ge(t), and we have
rDyH(t) = rRDig14c(t) = g1(t) = H(t), rD;éc(t) = rDige(t) = go(t) = 0. (1.10)
Lemma 1.3. Lete c RY,, 7 € R, and f(t) be locally integrable on R-,. Then

/_ Oc(t — ) f(z)H(x — 7)dx = gDy *[f(£)H(t — 7)]. (1.11)
Proof. Since 6.(t — x) = rD; “T'H(t — z), we have
/ (t—2)f(x)H(x — 7)dx = rD; 6+1/ H(t—z)f(x)H(z — 7)dx

Dt—f+1/ F@)H(x — 7)dx = oDy [f () H(t — 7). (1.12)
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1.2 Summary of the Following Sections

In Section 2, a recipe of solution of Equation (1.1), in nonstandard analysis, is presented. We there
consider the solution of the following equation for @(t):

ﬁn&(thDt)ﬂ(t) = f(t)v (113)
where ¢ € R, and
ﬁn,e(t,RDt) = RDJEpn(t,RDt)RDE. (114)

Here the inhomogeneous terms f(t) and f(t) are assumed to satisfy one of the following four
conditions.

Condition 1.1. Lete € R, and 3 € C.

(i) f(t) = fo,o(t)H(t) and f(t) = rD; °f(t) + ccde(t), where foo(t) is locally integrable on Rxq
and c. is a constant.

(i) f(t) = rDy fs(t) and f(t) = rD{ fa(t), where
Fo(t) = RD7“f5(8) + cp,e0c(8),  fa(t) = fo0(t)H(D), (1.15)
f5,0(t) is locally integrable on R+, and cg,. is a constant.

(iiiy f(t) = rD?fs(t), where fs(t) = rD;H.(t) = 6.(t). When 8 € Z=_1, f(t) = 0, and when
B¢ Lsv, f(t) = RD/TTH(2).

(iv) f (t) and f(t) are expressed as follows:

télﬁl

:i rD}8.(t ch e Zdl rDJTVH(), (1.16)
=1

respectively, where ¢; € C are constants, 3, € C satisfy —Re 8 > —Re 81 € R, for all | € Z~o,
andd;=c if i ¢ Z~_1,and d; =01if B, € Z>_;.

Remark 1.5. When Condition 1.1(ii) is satisfied for 8 = 0, Condition 1.1(i), in which fo(¢t) = f(¢),
fo(t) = f(t) and c. = co., is satisfied, and vice versa.

Remark 1.6. Lemma 1.2 shows that when Condition 1.1(i) is satisfied RD§f~(t) = f(t), and f(t) =
rD; © f(t) does not always hold, and when Condition 1.1(iii) is satisfied, rDs fs(t) = 0.

In [(11)], full expressions of the Green’s functions and the solutions, are derived along the
recipe given in Section 2, for Kummer’s differential equation. In Section 3, they are applied to the
hypergeometric differential equation:

2
pir(t, mDeJu(t) = [1(1 — 1) 3 + (e~ (a+ b+ D) — ablu(t) = (1), (1.17)
where a, b and ¢ are constants satifying a # 0 and b # 0.

In Sections 4, 5.1.1 and 5.2.1, solutions of a simple ordinary and a fractional differential equation,
which are studied in [(9)], are given for the case, when Conditions 1.1(i)~(iii) are satisfied. The
fractional differential equation is the one presented in [(3)]. In Section 5 excluding Sections 5.1.1 and
5.2.1, solutions of the Hermite differential equation are given for the cases when Conditions 1.1 (i)~(iii)
are satisfied.

The solutions for the cases when Condition 1.1(iv) are easily obtained from the results for the
cases for Condition 1.1(iii), and hence are not given.

Section 6 is for Conclusion.
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2 Recipe of Solution of Differential Equation, in Nonstandard
Analysis

2.1 Solution of Equation (1.1) when Condition 1.1(i) is satisfied

Definition 2.1. Let 5, (¢, R D:) be given by Equation (1.14). Thenfore € R, and r € R, the Green’s
function G(t, ) for Equation (1.1) satisfies

Dn,e(t, RD:)Ge(t,7) = 0c(t — 7). 2.1)
Lemma 2.1. Let G.(t, ) be defined as in Definition 2.1, and Go(t, ) := rD;Gc(t, 7). Then Go(t,T)
is a complementary solution of Equation (1.1) onRx., and rD; *p.(t, rRD:)Go(t,7) = 1 at any value
of t satisfyingt > .

Proof. These are confirmed by applying rD{ and rD; '€ to Equation (2.1), by noting Lemma 1.2.
O

Lemma 2.2. Letu.(t) be a complementary solution of Equation (1.13) onR~, andu.(t) := rDftuc(t).
Then u.(t) is a complementary solution of Equation (1.1) on Rxo.

Proof. This is confirmed by replacing (t) and f(t) by @.(t) and 0 in Equation (1.13), and then
applying rD; to the equation. O

Theorem 2.1. Let Condition 1.1(i) be satisfied, G<(t, ) and G (t, 7) be given as in Lemma 2.1. Then
uy(t) given by

af(t)z/w Ge(t, 1) f (r)dr + ccGe(t,0), (2.2)
is the particular solution of Equation (1.13) for the term f(t), and u(t) given by
wp(t) = rDSiig (1) = /_oo Golt, 7)f(F)dr + c.Gio(t, 0), (2.3)
consists of the particular solution for the term f(¢) and a complementary solution of Equation (1.1).
Proof. By using Equations (2.3), (2.1) and (1.11), we obtain
ot RDO (0= et 1D [ Gt 1) () + (1, 0)
= [ 8t = p)r + e 0) = DO + e = o), (24
which is a proof for a (). O

2.2 Solution of Equation (1.13) when Condition 1.1(ii) or (iii) or (iv) is
satisfied

When Condition 1.1(ii) is satisfied, we introduce the transformed differential equations for w(t) =
rD;Pu(t) and w(t) = rD; “w(t) from Equations (1.1) and (1.13), respectively, by

Prg(t; RDo)w(t) = fa(t), (2.5)

D, p+e(t, RD)W(E) = f5(t), (2.6)
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where

ﬁ’ﬂﬁ(t,RDt) ::RDt_ﬂpn(ta RDt)RDf7 (27)
Prpre(t, RD1) = rD; "~ “pu(t, D) RD{ e (2.8)
Lemma 2.3. Let Equation (2.6) and f(t) = rD? fs(t) hold. Then by using (2.8), we confirm that
Equation (1.13) fora(t) = r D} (t) holds.
Remark 2.1. Let a.(t) and w.(t) be complementary solutions of Equation (1.13) and (2.6), respectively,
on R-. Then by using (2.8), we confirm that they are related by i.(t) = r D w.(t).
Definition 2.2. For e € R, and 7 € R, the Green’s function Gs.(t, T) for Equation (2.5) satisfies
P pre(t, RDt)Gp.e(t,7) = bc(t — 7). (2.9)
Lemma 2.4. Let G (t,7) be defined as in Definition 2.2, and Gso(t,7) := rD{Ggs,(t,7). Then
Gp,0(t, ) is a complementary solution of Equation (2.5) on R~ ;.

Proof. A proof of this lemma is obtained from that of Lemma 2.1, by replacing (2.1) by (2.9), pn.. by
Pr.gt+es Ge BY Ga.e, pn BY Pr.g, Go by G, and (1.1) by (2.5). O

Theorem 2.2. Let Condition 1.1(ii) be satisfied, and G, (¢, 7) satisfy Equation (2.9). Then wy(¢) and
ay(t) given by

B5(t)i= [ Gt Do)+ .G (8.0), 35(0)i= RD] (1), (2.10)
are particular solutions of Equations (2.6) and (1.13), respectively.

Proof. Theorem 2.1 states that when f(t) satisfies Condition 1.1(i) and G.(t, 7) satisfies (2.6), the
solution s (t) of (1.13) is expressed as (2.2). This shows that when f5(t) satisfies Condition 1.1(ii)
and Gg,(t, ) satisfies (2.9), the solution @, (t) of (2.6) is given by the first equation in (2.10). The
second equation in it is due to Lemma 2.3. O

When Condition 1.1(iii) is satisfied, Equation (1.13) is expressed as
1 B
= S B _ L e-B-1
Dn,e(t, RDy)a(t) = rD} 6c(t) = e = b’)t H(t). (2.11)
Since Condition 1.1(iii) is a special case of Condition 1.1(ii) in which fs(t) = 0 and cg,. = 1, we
obtain the following theorem from Theorem 2.2.
Theorem 2.3. Let Condition 1.1(iii) be satisfied, and G3,(t, 0) satisfy Equation (2.9) for = = 0. Then
wy(t) and s (t) given by
@5 (t) = Gp.e(t,0), @s(t) = RD{Gp.c(t,0), (2.12)
are particular solutions of Equations (2.6) and (1.13), respectively.
Corollary 2.5. When 8 = m € Zxo, us(t) = rRD{*Gm,(t,0) is a particular solution of (1.13), and
then us(t) = rD; “Uys(t) = rD{"Gm,(t,0) is @ complementary solution of Equation (1.1).
Proof. In this case, us(t) = rD{"Gm,o(t,0) is a solution of (1.1) for f(t) = D™ 0.(t), which is 0 by
Lemma 1.2. O

Theorem 2.3 shows that if f(t) = rD?d.(t), the particular solution of (1.13) is given by i (t) =
rDPGjs (t,0). As a consequence, we have

Theorem 2.4. Let f(t) satisfy Condition 1.1(iv), so that it is given by Equation (1.16). Then the
particular solution of Equation (1.13) is given by

ip(t) =Y e~ rD]'Gp (t,0). (2.13)

=1
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3 Solution of the Hypergeometric Differential Equation

We construct the transformed differential equation of Equation (1.17), which corresponds to Equation
(1.13). For this purpose, we use the following lemma.

Lemma3.1. Let A€ Cy,m € Z~_1 andp=m — \. Then

rD[tu(t)] =t - RD{u(t) + p- rRD{ ™ u(t), (3.1)
rD?[t*u(t)] =t* - RD{u(t) + 2pt - RD{ ™ u(t) + p(p — 1) - RD{ ™ *u(t). (3.2)

Proof. When p = —A, by using (1.2), we have
£ nDiu(t) — wDy fru(t)] = ﬁ /_oo(t — P u(@)de = A m D (), (3.3)

which gives (3.1) for p = —\. We then prove this equation for p € Z~, by mathematical induction. By
using Equation (3.1), we confirm Equation (3.2) as follows:

rD?[Pu(t)] = t- DY [tu(t)] + p- RDY ™ [tu(t)]
=t[t- RDPu(t) + p- DY u(t)] + plt - DY u(t) + (p — 1) - RD 2u(t)], (3.4)
which gives (3.2). O
With the aid of formulas (3.1) and (3.2) for p = —e, we construct the following transformation of
Equation (1.17) for a(t) = rD; “u(t), which corresponds to Equation (1.13):

P ,e(t, RDe)u(t) := rDy “pu(t, RDt) rRDia(t)
e d? d e
= rD; [t(l—t)——&—(c—(a—i—b—i—l)t)% — ablr D a(t)

dt?
d? d - P
=[t(1 - t)ﬁ +(c—e—(a+b+1—- 26)t)% — (a—e€)(b—e)u(t) = f(t). (3.5)
In accordance with Definition 2.1, we define the Green’s function Gx (¢, 7), which satisfies
ﬁH,e(ty RDt)GH,e(t7 T) =4 (t - 7)7 (36)

for 7 € R. The solutions of Equations (3.5) and (1.17) are then given with the aid of Theorem 2.1 and
the following lemma.

Lemma 3.2. Letc ¢ Z.1. Then there exist two complementary solutions of Equation (1.17), which
are given by

_ o e (@)k(0)k e
H,(t) =2Fi(a,b;c;t) ._k; H(o)r ", t>0, (3.7)
Hﬂt):ﬁtl*c~2F1(1—i-a—c,1—i—b—c;Q—c;t)7 t > 0. (3.8)

In the present paper, this is proved in Lemmas 3.3 and 3.4 given below.

Lemma 3.3. Let Hi(t) be given by Equation (3.7). Then Gx,(t,0) and G ,0(t,0), given by

Ge(t,0) = — 11+c ;0 (C)ké‘&’“f)e’l 1)tk+6H(t), (3.9)
Gro(t,0) = rD;Grr.c(t,0) = _11+ _Hi()H (1), (3.10)

are a particular solution of Equation (3.6) for - = 0, and a complementary solution of Equation (1.17),
respectively.
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A proof of this lemma is given in Sections 3.0.1 and 3.0.2, and also the statement for Gx,0(¢,0)
is due to Lemma 2.1.

Lemma 3.4. Let H»(t) be given by Equation (3.8). Then u.(t) and u.(t), given by

o5}

e (t) = ;0 (@ ;'g(’; i)’;(i; it)l)k £ (), (3.11)
uc(t) = rDitic(t) = Ha(¢)H(t), (3.12)

are complementary solutions of Equations (3.5) and (1.17), respectively.

A proof of this lemma is given in Sections 3.0.1 and 3.0.2, and also Equation (3.12) is due to
Lemma 2.2.

3.0.1 A Particular and a Complementary Solution of Equation (3.5), by Frobenius’
Method, |

Lemmas 3.3 and 3.4 state that 4(¢) = Gu.(t,0) given by Equation (3.9), and 4(t) = a.(t) given by
Equation (3.11), are a particular and a complementary solution, respectively, of Equation (3.5). We
derive them by using Frobenius’ method.

We assume that (t) is expressed by

oo

() = Zpkmta“mt), (3.13)

k=0

where « and py, are constants, and py # 0. By using this in Equation (3.5), we obtain

o ta«val
kzzopk[(a—kk—l—}—c—e)m —[(a+k—1)(a+k)
a+k
Ha—etb—ecti)(at k) +(a—e)b— e)]ﬁ]H(t)
:po(a—1+c—e)FD;;)H(t)+Z[pk(oc+k—l—l—c—e)
k=1
a+k—1
—pri(at+k—1+a—e)(a+k—1+b— e)}ﬁH(t) = f(t). (3.14)

When f(t) = d.(t) = "F(;; H(t), Equation (3.14) is satisfied, if a = ¢, po = —— and

Pk = Pr—1 (k= 1;_“)1(]1_6 L+b) _ Po (“zz)(i’)’“ , k€ Zso. (3.15)

By using these «, po and pi in Equation (3.13), and putting u(t) = Gu,(¢,0), we obtain Equation
(3.9).
When f(t) = 0, Equation (3.14) is satisfied, if « = 1 — ¢ + ¢, po # 0 and
(k+a—c)(k+b—c) (a—c+1)p(db—c+ 1)k

Pk =Pk-1 & = Po il , k€Zso. (3.16)

By using these «a, po and py, in Equation (3.13), and putting @.(t) = poi.(t), we obtain Equation (3.11).
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3.0.2 Complementary Solutions of Equation (1.17), by Frobenius’ Method

We now give the derivations of Equations (3.10) and (3.12), by Frobenius’ Method.
We note that the statements in Section 3.0.1 hold, even when we replace "particular” by "complementary”,

e by 0, @(t) by u(t), ic(t) by ue(t), £(t) by £(t), (3.5) by (1.17), (3.9) by (3.10), and (3.11) by (3.12).

3.1 Solutions of Equations (3.5) and (1.17) Satisfying Condition 1.1(iii)

We construct the transformed differential equations of Equation (1.17), which appear in Theorems 2.2,
2.3 and 2.4. With the aid of formulas (3.1) and (3.2), we have the following equations for w(t) =
rD;Pu(t) and w(t) = rD; “w(t) from Equation (1.17) satisfying Condition 1.1(ii), as follows:

st D) = 1D; *pn(t, 1D RDFw(t) = 11— 1)
He—f—(a+b+ 128005 — (= B)(b— Alul®) = f3(0) 317)
B pee(t; D)D) == R D7 pr(t, r D) DY 0(t) = [1(1 — t)j—;
He—f-e—(atbt1-28-200L —(a—p—b—B— i) = fst). (3.18)

dt

Remark 3.1. In this section, we consider Equations (3.17) and (3.18) in place of Equations (1.17)
and (3.5), respectively, and hence the equations in this section are obtained from the corresponding
equations in Section 3, by replacing a by a — 8, bby b— 3, cby ¢ — 3, f by fs, f by fs, u by w, and @
by @w. They will be given without derivation.

Lemma 3.5. Letc— ¢ Z«1. Then Lemma 3.2 and Remark 3.1 show that there exist two complementary
solutions of Equation (3.17), which are given by

= b et =S @Bl =B
Hp(t)=2F1(a—B,b—B;c ﬁ,t)_kzzo He— B " t>o0, (3.19)
Hﬁ’z(t):mtl_c%'2F1(1+a—C71+b—c;2—c+B;t)

=rD; Hy()H(t), t>0. (3.20)

In accordance with Definition 2.2, we define the Green’s function G g s, (¢, 7), which satisfies
ﬁH,BJrs(thDt)GH,B,e(t:T) = 6e(t_7—)7 (321)

for 7 € R. The solutions of Equations (3.18), (3.17), (3.5) and (1.17) are then given with the aid of
Theorems 2.2, 2.3 and 2.4 and Lemma 3.5.

Remark 3.2. Equation (3.21) is obtained from Equation (3.6), by replacingcby c— 8, abya — 3,0
by b — 5, and G, by Gu g,e.

In Section 3.1, formulas are derived with the aid of two complementary solutions given by Equations
(3.19) and (3.20), and hence they hold when ¢ — 3 ¢ Z 1.
Lemma 3.6. Let Hg,1(t) be given by Equation (3.19). Then Lemma 3.3, Remark 3.1 and Lemmas 3.5
and 2.1 show that Gu ,c(t,0) and Gu, 5,0(t,0), given by
v
—1+c—-p

are a particular solution of Equation (3.21) for = 0, and a complementary solution of Equation (3.17),
respectively.

Gr,6,e(t,0)=rDy “Gr,5,0(t,0), Gupo(t,0)= Hp 1 (1) H(t), (3.22)
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Theorem 3.1. Let Condition 1.1(iii) be satisfied, and G gs,.(t,0) be given by Equation (3.22). Then
Theorem 2.3 shows that w;(¢) and 4y (¢), given by ws(t) = Gu,,(t,0) and by

(b _
ay(t) = RDws(t) = HC%Z o= kr k ﬂf)ue) P (1), (3.23)

are the particular solutions of Equations (3.18) and (3.5), respectively.

Corollary 3.7. Let =n € Z~_1,Gu,(t,0) and Gu0(t,0) be given by (3.9) and (3.10), respectively,
iy (t) be the solution of Equation (3.5), given by Equation (3.23), and C; = (4==lt=n  Then
uy(t) = rDfus(t) and uy(t) are expressed by

()~ C1 - Grre(t,0) +¢C1 S (’1(;_0 lgll&j (_711)3 (-0 H(®, (3.24)

uf(t) =Ci - GH’O(IZ 0)7 (325)
where u¢(t) is a complementary solution of Equation (1.17), forn € Z~_1, as shown in Corollary 2.5.

Proof. When 8 = n € Zxo, the terms of k < n on the righthand side of (3.23) are O(¢). We confirm
that the terms of £k > n gives the first term on the righthand side of (3.24). The second term is
obtained by using the following formulas for z € Cand m € Z~ _1:

1 sin(mz)['(1 — 2) 1

e = - ; e ~ (=1)™e-ml. (3.26)

O

Remark 3.3. In the preceding paper [(11)], we have Corollary 1 for Kummer’s differential equation.
We note here that the first terms on the righthand sides of Equatlons §63) and (64) in that paper can
be written as C1 - Gk (t,0) and C1 - Gk ,0(¢,0), where C; =

( 1+C n)n
Lemma 3.8. Lemma 3.5, Remark 3.1 and Lemma 2.2 show that w.(t) and w.(t), given by
We(t) = rRD; “we(t), we(t):=Hg2(t)H(t) = rD; " Ha(t)H(t), (3.27)

are complementary solutions of Equations (3.18) and (3.17), respectively, and then Remark 2.1
shows that ii.(t) and u.(t), given by ii.(t) = rDPw.(t) and u.(t) = rD{ii.(t), respectively, are
the complementary solutions of Equations (3.5) and (1.17) which are given in Lemma 3.5.

3.2 Solutions of Equations (1.17) and (3.5) Satisfying Condition 1.1(i)
or (ii)

The differential equation, which is satisfied by the Green’s function G (¢, 7) for Equation (1.17), is

given by Equation (3.6).

Lemma 3.9. Let0 < 7 < t, H1(t) and H2(t) be those in Lemma 3.2, and G0 (t, T) be given by

Grolt,r) = %w(tm(t —r)=— 1/} Z k'w(m CFH(E-7),  (3.28)

where Ty = T(l — T) andz/)f(t) = Hl(T)Hz(t) — HQ(T)H1(t).
Then Gu,(t,7), given by Gu . (t,7) = rD; “Gu,(t, ), satisfies Equation (3.6).

10
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Proof. Taking account of Lemma 2.1, we choose the complementary solution of Equation (1.17) on
Rs., givenby Gro(t,7) = C1-Guol(t,7), where C; is a constant, and then confirm that G . (¢, 7) =
C1- rD; “Gu(t, 7) satisfies (3.6), when Cy = 1, as follows.

We put z = t — 7, and we express G, (t, 7) by

_ ~ R $k+6
o(x) = Gue(t +x,7) = ; aka(x), (3.29)
where ay, are constants, and a; # 0. Then (3.6) is expressed as

e—1 e—1

Pr.e(T +z, rDy)i(z) = [mal“;(—e) + 0@z H(z) = ol

This is satisfied when a; = % O

H(x). (3.30)

Theorem 3.2. Let f(t) satisfy Condition 1.1(i), G, (¢, ) satisfy Equation (3.6), G'u,(t, 7) and G0 (t, 7)
for 7 > 0 be given in Lemma 3.9, and G ,(t,0) and G0 (¢, 0) be given in Lemma 3.3. and be given
in Lemma 3.9, Then Theorem 2.1 shows that we have the solutions s (t) and us(t) of Equations
(3.5) and (1.17), respectively, which are given by

Uy (t) :/00 Ga,e(t, ) f(T)dT 4+ cGH,(t,0), (3.31)
wy () = rDSig (£) = / Y Guolt, 1) f()dr + cGrro (4 0). (3.32)

See Lemma 3.4 for the complementary solutions a.(t) and uc(t).
This lemma is derived by using the complementary solutions given by Equations (3.7) and (3.8),
and hence by assuming ¢ ¢ Z«;.

With the aid of Remark 3.2, we have the following lemma for Gy .. (¢, 7) for 7 > 0.

Lemma 3.10. The lemma, which is obtained from Lemma 3.9 by replacing H1 by Hg 1, H2 by Hgs 2,
Lemma 3.2 by Lemma 3.5, G, by Gu,g,., and G0 by Gu,z,0, holds.

Theorem 3.3. Let f3(t) satisfy Condition 1.1(ii), Gu,gs,(t,7) for 7 > 0, satisfy Equation (3.21), and
be determined by Lemma 3.10, and Gx s, (t,0) be given in Lemma 3.6. Then Theorem 2.2 shows
that the particular solutions of Equations (3.5) and (3.18), respectively, are given by

’&f(t):RDf/ Grp.e(t, ) fa(1)dT + cs.c - D) Grp.e(t,0), (3.33)

and @y (t) = rD; "as(t). Their complementary solutions . (t) and @.(t) are given in Lemma 3.8.

Corollary 3.11. Let 3 = n € Z~o. Then the expression of the second term on the righthand side of
Equation (3.33) is given by u(t) in Equation (3.24) in Corollary 3.7, multiplied by cgs, .

4 Solution of a Simple Ordinary and a Fractional Differential
Equation, |

In a preceding paper [(9)], solutions of a simple ordinary and a fractional differential equations are
discussed in the framework of nonstandard analysis, by using the recipe of solution given in [(9)]. The
simple fractional differential equation is

pr(t, RD)o(t) =D} — at - RD;*Ju(t) = f(1), (4.1)

11
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which is presented in [(3)], and the ordinary differential equation is

d d
pr(t, 2y =[5 — atly(t) = f(0), (42)
where «a is a constant. We give here a brief discussion of this problem by using the recipe given in

Section 2.
We put g(t) = rD; “y(t), in Equation (4.2), by using Equation (3.1), we have the following
equation for ¢(t), which is a transformation of Equation (4.2):

d _er d ..
,dt)RDzy() rD; [E_at]RDty(t)

= [% —at +ae - gDy () = f(1). (4.3)

In the case of Equation (4.1), we put 9(¢t) = rD; “v(t), and then we have
Pr.e(t, RDe)o(t) := rDy “pr(t, RDe) RD3(t) = rD; “pr(t, RDe)rDy* RD{O(1)
= pr.e(t, RD)RD;*5(t) = f(1). (4.4)

Corresponding to Equation (2.9), the differential equation satisfied by the Green’s function G (¢, 7)
for Equation (4.2), is given by

Pr,e(t, RD:)G(t) := Dy “pr(t

4 —at 4 ae- gD; |G o(t,7) = 6:(t — 7). (4.5)

Pr,e(t, RDt)Gr,e(t,T) = [dt

Lemma 4.1. Lety:(t) := /2 Then by using the formula (2k)! = 4"k!(%)x, we can easily confirm
that G0 (¢,0) and G (t,0), given by

a _ _ — a" _ — Qkak(%)k 2k
o(t,0) =y (H () = Y 5t H(t)_zi%)! *RH(t), (4.6)
k=0 k=0
GrL,e(t,0)=rD; “GL,0(t,0) = im 2R H () (4.7)
,€ Rt ,0 £ F(2k+1+ ) ) -

are a complementary solution of Equation (4.2) and a particular solution of (4.5), respectively, for
7=0,andGro(t,7) and G (t,T), given by

Gro(t,7) ZAk H(t—7), (4.8)
Gr.o(t,7) = rD; “Gro(t,7) = iA =D (4.9)
L,e\ly RLU¢ L,0\t, s k F(k Te+ 1) 5 .

are those for > 0, where

(2k+1) k
(2k
A2k+r(7') — Y1 ( Z +7‘

=0

sothat Ao(1) = 1, A1(7) = at, Az2(7) = a(1+a7?), Az(r) = a®>7(3+ar?), Au(1) = a*(3+6a7’+
a*r?), and so on.

k+l+r7_2l+r
120+ r)l2k—1°

ke Z>717 re Z[071]7 (410)

Theorem 4.1. Let Condition 1.1(i) be satisfied. Then Theorem 2.1 shows that the solutions of
Equations (4.3) and (4.2), respectively, are given by

:/Oo Gr,e(t,7)f(1T)dT + ccGL,(t,0), (4.11)

:/w Gro(t, T F(F)dr + c.G1o(1,0). (4.12)

12
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The differential equation satisfied by the Green’s function Gr,(¢t,7) for Equation (4.1), is

ﬁF,g(t, RDt)GF,e(t7 7') = [RDE/Q —at - RD2/2 + ae - RD;I/Q}GFVE(t, T)
=6.(t—7). (4.13)

Lemma 4.2. Let G1o(t,0), Gr,(¢,0), Gro(t,7) and G (t,7) be given by Equations (4.6)~(4.9).
Then comparing Equation (4.2) with (4.1), and Equation (4.5) with (4.13), we confirm that

Gro(t,0)=rD; *GLo(t,0), Gre(t,0)=rD; *GL.(t,0), (4.14)
Gro(t,7)=rD; " ?GLo(t,7), Gre(t,7)=rD;"*Gr. (t,7), T>0. (4.15)

Corollary 4.3. Comparing Equation (4.3) with (4.4), and Equation (4.2) with (4.1), we see that the
solutions of Equations (4.4) and (4.1) are obtained from Equations (4.11) and (4.12), by replacing 4 ¢
by os, ys by vs, Gr.e by RD; /*Gr.c, and Gro by rD; /> Gr .

Solutions of Equations (4.3) and (4.4) satisfying Conditions 1.1(iii) and (ii), respectively, are given
in Sections 5.1.1 and 5.2.1, by using the results for the Hermite differential equation.

5 Solutions of the Hermite Differential Equation

We consider the Hermite differential equation:

Dreb(t, %)u(t) = [% — at% + ablu(t) = f(t), t>0, (5.1)

where a € C\{0} and b € Z~_; are constants.

Lemma 5.1. We have two complementary solutions of Equation (5.1), which are

. - (—%)k(%)k 2%k b 1.1 5
hebo(t) —kE:O F(2k+1) t —1F1( 2,575 t ), t>0, (52)
- (17 )k(2a)k 2k+1 1-06 3 2
hep,1(t) :E 2 t =t 1F( i—;—at”), t>0 (5.3)
= L2k +2) 2 2

Proof. In Section 5.0.1, derivation of (5.2) and (5.3) by using Frobenius’ method is presented. O

Remark 5.1. Letn € Z~_1. Thenifb =2n+1, (—2)r = (-3 — n)r and (352)x = (—n), and if
b=2n, (=% = (—n)r and (:5%)r = (3 — n)x. Since

D2 k€ Zpm,

=4 V'w
(=n)e = { 0, k€ Zon, (5.4)
h62n,0(t) and h62n+1,1(t) are
. "L (—=D)*n! (20)F o = " (=1)Fn! (20)F  akgs
heQ‘lL,O(t) Ca P (TL _ k)' (Qk)' t ) h62n+1,1(t) Ea P (n _ k)' (2k + 1)'t ’ (55)

which are polynomials of degree 2n and 2n+ 1, respectively, and hezn+1,0(t) and hea, 1 (t) are infinite
series.

13
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Remark 5.2. In the notation of [(4, Chaper V, Section 2)], the Hermite polynomials Hes, (x) and
Heszpnt1(x) represent

—1)" (2n)! 1" (2n+ 1)!
Hes (@) = 5" 1) Heano( ). Hean(a) = COentl . hezsna(J). (69)
and the Hermite functions of the second kind hez, (z) and hean+1(x) represent
hean(z) = (—1)"2"nlV/a - hezn,l(%)7 heznii1(z) = (—=1)"12"n! - heQnH,o(%). (5.7)
When Condition 1.1(i) is satisfied, the equation for @(t) := r D, “u(t) is
~ _ —e d €~
DPHebt+e(t, RDe)0(t) := rDy “pre(t, %)RDtU(t)
= [d—2 - ati +a(b + e)]a(t) = f(t) (5.8)
-~ lde2 dt e '

Corresponding to Equation (2.1), the differential equation satisfied by the Green'’s function G e . (t, 7)
for Equation (5.1), is given by
2

_ d d d
DHe,bte(t, a)GHs,b,e(t,T) = [ﬁ — ata +a(b+ €)|Grep,(t, ) = 0c(t — 7). (5.9)

Lemma 5.2. Let heyo(t) and hey,1(t) be given by Equations (5.2) and (5.3). Then Grrep,e(t,0) and
G'epi1.(t,0) given by

_ —e _ S (%)k@a)k 2k+1+4e€ 1
e,0,e\by - t ) - b .
k=0
! —€ = -3 2a i C€
Gireasr(t:0) = RD hena(0H () = Y- (=D, (5.11)
k=0

are particular solutions of Equation (5.8) for f(t) = 6.(t) and 4 5.(t), respectively. As a consequence,
Corollary 2.5 shows that Ge,0(t,0) and G, ,11.0(t,0) given by

GHe,b,O(ta 0) = RchHe,b,e (tv 0) = heb,l (t)H(t)a (51 2)

Glrept1,0(t,0)=rD{ " Grept1,e(t,0) = heso(t)H (1), (5.13)

are complementary solutions of Equation (5.1). Equation (5.5) shows that whenn € Z~_1, he2n,0(t)
and hean+1,1(t) are polynomials of degree 2n and 2n + 1, respectively.

Proof. When we know the statement for G e 5,0(¢,0), we confirm the statement for G e 5, (¢, 0) by
using Lemma 2.1, since rD; 'pre(t, & )hep 1 (t)H(t) = 1+O0(t) att > 0. In Sections 5.0.1 and 5.0.2,
Equations (5.10), (5.11), (5.12) and (5.13) are derived by using Frobenius’ method. O

5.0.1 Particular Solutions of Equation (5.8) by Frobenius’ Method

We now give the derivations of Equations (5.10) and (5.11), by Frobenius’ Method.
In Frobenius’ method, the solution @ (¢) is assumed to be expressed by

oo

at) = ;pkmta+kﬂ(t), (5.14)

14



UNDER PEER REVI EW

where « and py, are constants, and py # 0. By using this in Equation (5.8), we obtain

a+k2 tu+k: ta72
Zpk Tathon etk bdraqgyplH ) =rop =5 HO

a—

t 1 oo ta+k72
+p1—)H(t) + [k —apra(a+k—2-b—e)]
k=2

mH(t) = f(t). (5.15)

I«

When f(t) = 8.(t) = - H(t), Equation (5.15) is safisfied, if & = 1+ ¢, po = 1, p1 = 0 and

b

1-— 1-9b
D2k = 2apak—2(k — 1+ T) = po(2a)"(

2
By using these in Equation (5.14), and putting 4(t) = Gre.p,e(t, 0), we obtain Equation (5.10).

When f(t) = £5.(t) = %H(t), Equation (5.15) is satisfied, if & = €, po = 1, p1 = 0, and

Jks  Dart1 =0; k€ Zso. (5.16)

b b
pok = 2apr—1(k —1— 5) = p0(2a)k(f§)k, p2k+1 =05 k € Zso. (5.17)

By using these in Equation (5.14), and putting @(t) = G'.11.5..(t, 0), we obtain Equation (5.11).

5.0.2 Complementary Solutions of Equation (5.1) by Frobenius’ Method
We now give the derivations of Equations (5.12) and (5.13), by using Frobenius’ method.
We note that the statements in Section 5.0.1 hold, even when we replace ¢ by 0, a(t) by u(t),
F(t) by £(t), (5.8) by (5.1), (5.10) by (5.12), and (5.11) by (5.13).
5.1 Solutions of Equations (5.8) and (5.1) Satisfying Condition 1.1(iii)

When Condition 1.1(ii) or (iii) is satisfied, the equations for w(t) := rD; Pu(t) and w(t) := rD; “a(t),
respectively, are

d d
Preb+s(t, )w(t):=rDy Ppmel(t, o —VrDPw(t)

[@ - at% +a(b+ B)|w(t) = fa(t), t>0, (5.18)
ﬁHa,b+B+6 (t, %)ﬂ)(t) = RD; p'ﬁj-leyzpﬁe(i'7 %)RD?’[Z)@)
1 —at L ab+ B+ Na0) = Fol0). 5.19)

Lemma 5.3. We have two complementary solutions of Equation (5.18). They are expressed by
hept8,0(t) @and hevss,1(t), which are obtained from Equations (5.2) and (5.3), respectively, by replacing
bbyb+ .

Corresponding to Equation (2.9), the differential equation satisfied by the Green’s function G e o+5,¢(t, 7)
for Equation (5.18), is given by

- d
Preprore(t, 2)Grebtpe(t, T) = et — 7). (5.20)
Remark 5.3. Equation (5.20) is obtained from Equation (5.9), by replacing b by b + .

Lemma 5.4. Let heyi,1(t) be given by Equation (5.3), in which b is replaced by b + 3. Then
Remark 5.3 shows that the lemma, which is obtained from Lemma 5.2, by replacing b by b + 33,
(5.9) by (5.20), and (5.1) by (5.18), holds.

15
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Theorem 5.1. Let Condition 1.1(iii) be satisfied, and Gre.,b+5,(t,0) be given by Equation (5.10),
in which b is replaced by b + 3, as stated in Lemma 5.4. Then Theorem 2.3 shows that w(t) =
Grepsp.e(t,0)and af(t) = rRDP @y (t), given by

oo lbﬁ) 2(1)

2k+1—Bte
F2k+2—6+e)t H®), (6-21)

ﬂf()—RD GHeb+,Be t 0
=0

are particular solutions of Equations (5.19) and (5.8), respectively.

Corollary 5.5. Letm € Z~_1,r € Zpy and § = 2m-+r. Then by using the second formula in (3.26),
uy(t) given by (5.21) is expressed as

(l b— rim) (2(1)k
P F2k+272mfr+e)
_(l=b-r ym - (1 2a)' 2U41—rde
=g ™Y T B () + 00 (5.22)

iip(t) = rD;"™ " Grepraminc(t,0) =Y Zhrl=2more i (p)

0

Corollary 5.6. Letm € Z~_1 and us(t) be given by (5.21). Then comparing Equation (5.22) with
(5.10), we see that if B = 2m,

- m 1-b m
Up(t) = rD;™ Grepram.e(t,0) = (—2 —m)m(2a)" Grrepe(t,0) + O(e), (5.23)
andif3=2m+1,
~ m b m /
s (t)=rD;" ' Greprame1.e(t,0) = (*5 —m)m(2a)" Ghepi1,e(t,0) + O(e). (5.24)

Remark 5.4. Let us(t) be given by (5.21). Then Corollary 5.6 shows that u;(t) = rD; “us(t) for
B € Z~o is a complementary solution of Equation (5.1), as shown in Corollary 2.5.

5.1.1 Solutions of Equations (4.3) and (4.4) Satisfying Condition 1.1(iii)
Lemma 5.7. By comparing Equation (4.5) and (4.13) with (5.9), we see that

d N
L GHeoc(t,7), Gre(t,7) = rD; ?Gr.c(t,T). (5.25)

GL,ﬁ(t, T) = a

Lemma 5.8. Letuy(t) be a particular solution of Equation (5.8) forb = 0. Then g¢(t) and @y (t), given
by Gs(t) = Lag(t) and o;(t) = rD; "/*§s(t), are particular solutions of Equations (4.3) and (4.4),
respectively.

Theorem 5.2. Let Condition 1.1(iii) be satisfied, and Gre,b+3,(t,0) be given by Equation (5.10).
Then Theorem 2.3 shows that §;(t) = r DY Gre p.c(t,0) and 07 (t) = rD; /G (t) for b = 0, given

by
§5(t)=rD{ " Gre,p,(t,0) Z ﬁt%_ﬁﬂf[(t% (5.26)
- - — ( k(20)" 2k+1/2—pB+e
o(t)=RrD Z NE k+3/2_6+€)t H(t), (5.27)

=0

are particular solutions of Equations (4.3) and (4.4), respectively.
We see that when 5 = 0, Equation (5.26) agrees with Equation (4.7).
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Corollary 5.9. Letm € Z~_1. and 8 = 2m. Then by using Equations (5.26), (5.23) and (5.25), we
have

§1(0) = D™ Gt om,o(1,0) = (5 — 1) (20)" G, (1,0) + O(¢), (5.28)

Corollary 5.10. Letm € Z~_1, 8 = 2m + 1, and §¢(t) be given by (5.26). Then by using Equations
(5.26), (5.4), and (3.26), we have

=21 2k 2m - i o L (OB OF (5.29)
k=0

5.2 Solutions of Equations (5.8) and (5.1) Satisfying Condition 1.1(i)
or (ii)

The differential equation satisfied by the Green’s function G ge p+,(t, 7) for Equation (5.1) is given

by (5.9).

Lemma5.11. Let0 < 7 < t, hey,0(t) and hes1(t) be given by Equations (5.2) and (5.3), respectively,
and Gye.,0(t, 7) be given by

Grepolt, ™) = mw(tm(t —r)=— d) Z L ()0 - ) H( - 7). (530)

where tge = 1 and - (t) = hey,o(T)hep,1(t)—hep,1 (T)heyo(t). Then Grep,(t,7), givenby Grep,(t, 7) =
rD; “Guepo(t, T), satisfies Equation (5.9).

Proof. Proof of Lemma 3.9 is regarded as a proof of this lemma, if we replace (1.17) by (5.1), Gro

by Gre,b,0s G0 BY Griep,0, Gire By Griep,e, by (5.9), Prr,e BY Prre,pte, Trar in (3.30) by 7aca1, and
_ 1 _ 1

@ =y byar = =

Lemma 5.12. Let heptp,1(t) be given by Equation (5.3), in which b is replaced by b + 3. Then
Remark 5.3 shows that the lemma, which is obtained from Lemma 5.11, by replacing b by b+ (3, (5.9)
by (5.20), and (5.1) by (5.18), holds.

Theorem 5.3. Let Condition 1.1(i), in which f(¢) is expressed by
= _ d
F(&) = rD7F() + ccbe(t) + e bc(0), (5.31)

where ¢{*) is a constant, be satisfied, Grre,.e(t,7), Grrep,e(t;0), Grepi1.e(t,0), Grrepo(t,0) and
G'epi1,0(t,0) be given in Lemmas 5.11 and 5.2, and @y () and uy(t) be given by

= / e, e(t, 7) f(T)dT + ceGre e (t,0) + P Gl pin e (t,0), (5.32)
us(t)= g Dfiis(t) = / Grepo(t, ) F(T)AT 4 ccGrrepo(t,0) + 2 Qe pi1.0(t,0), (5.33)

Then with the aid of Theorem 2.1, we confirm that 4 (¢) is a particular solution of Equation (5.8), and
uy(t) is a sum of a particular solution and two complementary solutions of Equation (5.1).

Theorem 5.4. Let Condition 1.1(ii), in which fz(t) is expressed by

Folt) = RDi fa(t) + cacbet) + ) L 5.(1), (5.34)
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where cg> is a constant, be satisfied, and Gre b1,e(t, 7), Grep48,c(t,0) and G, b6, (t,0), be

given in Lemmas 5.12 and 5.4. Then with the aid of Theorem 2.2, we confirm that @ (¢) given by

ﬂf(t)ZRDf/ Grepipe(t,7)fs(r)dT + cp.c - RD] Grebip.c(t,0)
+e§) - RDPT Grreipine(t,0). (5.35)

is a particular solution of Equation (5.8).
Corollary 5.6 gives the expressions of the second and third terms on the righthand side of this
equation, for 3 satisfying % € Z>_1.

5.2.1 Solutions of Equations (4.3) and (4.4) Satisfying Condition 1.1(i) or (ii)

Theorem 5.5. Let Condition 1.1(ii) be satisfied. Then Lemma 5.8 and Theorem 5.4 show that
particular solutions of Equations (4.3) and (4.4), are given by

G (t) = RDJH / Grrepe(t,7) fo(T)dr + cg.c - RD{ Grre .e(1,0), (5.36)

and 9, (t) = rD; /3 (t), respectively.

Corollaries 5.9 and 5.10 give the expressions of the second term on the righthand side of
Equation (5.36), for 8 € Z~_1. When j is an even integer, the term is a multiple of G, (¢,0) given
by (4.7), and when g is an odd integer, it is O(e).

Remark 5.5. By Remark 1.5, when Condition 1.1(i) is satisfied, Condition 1.1(ii) is satisfied for 8 = 0,
and Equation (5.36) for 5 = 0 holds. By using that equation with Equation (5.25), we confirm Equation
(4.11).

6 Conclusion

In [(7)], the problem of obtaining the particular solution of an inhomogeneous ordinary differential
equation with polynomial coefficients is discussed in terms of the Green’s function, in the framework
of distribution theory. It is applied to Kummer’s and the hypergeometric differential equation.

In [(9)], a compact recipe is presented, which is applicable to the case of an inhomogeneous
fractional differential equation, which is expressed by Equation (1.1). In the recipe, the particular
solution is given by Theorems 2.1, 2.2 or 2.3, according as the inhomogeneous part satisfies Condition
1.1(i), (i) or (iii), in the framework of nonstandard analysis. It is applied to a simple fractional and an
ordinary differential equation.

In [(11)], a compact revised recipe in nonstandard analysis is presented, which is more closely
related with distribution theory. In this case, the particular solution is given by Theorems 2.1, 2.2, 2.3
or 2.4, according as the inhomogeneous part satisfies Condition 1.1(i), (ii), (iii) or (iv). In that paper, it
is applied to Kummer’s differential equation.

In the present paper, the revised recipe is applied to the hypergeometric differential equation in
Section 3, to the differential equations studied in [(9)], which are a simple ordinary and a fractional
differential equation, in Sections 4, 5.1.1 and 5.2.1, and to the Hermite differential equation in Section
5 excluding Sections 5.1.1 and 5.2.1. In these sections, studies are made for the cases where
Condition 1.1(i), (ii) or (iii), is satisfied.

In [(8)], an ordinary differential equation is expressed in terms of blocks of classified terms. When
the equation is expressed by two blocks of classified terms, the complementary solutions are obtained
by using Frobenius’ method. In Sections 3.0.1, 3.0.2, 5.0.1 and 5.0.2, some of the Green’s functions
and complementary solutions are presented by using Frobenius’ method.
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