
ABSTRACT. We recall the notions of semi-invariant, semi-slant, hemi-slant and
quasi-hemi-slant Riemannian submersions from almost Hermitian manifolds to
a Riemannian manifolds. In this paper we find some local orthonormal Basaes
for the fibre of quasi-Hemi-Slant Riemannian submersion which is a generalizes
hemi-slant, semi-slant and semi-invariant Riemanian submersions from almost
Hermitian manifold to a Riemannian manifold.

1. INTRODUCTION

Riemannian submersions are related with physics and have their applications in
the Yang-Mills theory ([16], [17]), Kaluza-Klein theory ([18], [19]), Supergravity
and superstring theories [20], [21]).

In [22] we introduced a new class of Riemannian submersion; quasi-Hemi-Slant
Riemannian Submersion, which is a generalization of Hemi-slant, semi-invariant
and semi-slant submersions defined on almost Hermitian manifolds. In this paper
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LOCAL ORTHONORMAL BASIS OF THE FIBRE OF
QUASI-HEMI-SLANT RIEMANNIAN SUBMERSION

The importance of Immersions and Submersions in Riemannian geometry and
other aspects of the differential geometry cannot be over emphasized. Riemannian
Submersion was initiated by O’Neill [1] and Gray [2]. Later submersions have
been studied widely in differential geometry; for details, see [3]. Riemannian sub-
mersions between Riemannian manifolds equipped with an additional structure of
almost complex type was first studied by Watson [4]. He defined almost Hermitian
submersions between almost Hermitian manifolds and showed that in most cases
the base manifold and each fiber have the same kind of structure as the total space.
Some Geometers have come up with several other kinds of submersions according
to to certain conditions associated with the submersions. Examples are; invariant
submersion [5], anti-invariant submersion [6], semi-invariant submersion [7], Sub-
mersion of Semi-Invariant Submanifolds of Trans-Sasakian Manifold [8], Geome-
try of slant submaniflods [9], slant submersions from almost Hermitian manifolds
[10], semi-slant submersion [11], Riemannian submersions from almost contact
metric manifolds [12], quaternionic submersion [13], almost h-slant submersion
and h-slant submersion [14], Hemi-slant submersions [15] and and the one we in-
troduced; On quasi-hemi-slant Riemannian submersion [22].
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we introduce local Orthonormal Basis of the fibre for quasi-Hemi-Slant defined on
almost Hermitian manifolds.
We organize the work as follows; In Section 2, we recall some basic definitions and
important results of some Riemannian submersions. In Section 3 we recall the new
Riemannan submersion [22] and introduce orthogornal base for the class. Finally
in section 4 we relate the geometry of the fibre to the fundamental tensors.

2. PRELIMINERIES

Here we give definition of Almost Hermitian Manifolds, and recall the necessary
background and definition of Riemannian Submersions from an almost hermitian
manifold to a Riemannian manifold.

Let (M, g) be an n−dimensional Riemannian manifold that admits a tensor field
J of type (1, 1) on (M, g) such that, ∀X,Y ∈ Γ(TM)

J2 = −I g(JX, JY ) = g(X,Y )

Then (M, g) is called an almost hermitian manifold, J is called an almost complex
structure.
If the almost complex structure J satisfies (∇̄XJ)Y = 0, for every X,Y ∈
Γ(TM) where ∇̄ is the Levi-Civita connection on M , then M is said to be a
Kaehler manifold. The covariant derivative of the complex structure J is defined
as;

∇̄XJ)Y = ∇̄XJY − J∇̄XY.

Thus, if M is a Kaehler manifold then ∇̄XJY = J∇̄XY.See [4] for details.

Definition 2.1. [3]Let (M, g) be an m−dimensional Riemannian manifold and
(N, g) be an n−dimensional Riemannian manifolds, where dim(M) > dim(N).
A surjective map π : (M, g)→ (N, g) is called a Riemannian submersion if:

(1) π has maximal rank,
(2) π∗ restricted to (kerπ∗)

⊥ is a linear isometry.

Here we have for each y ∈ N, π−1(y) is a k−dimensional submanifold of M
called a fiber, where k = dim(M)−dim(N).A vector field onM is called vertical
if it is tangent to the fibers, and is horizontal if it is orthogonal to fibers.

Definition 2.2. [5, p. 84] Let π be a Riemannian submersion from an almost
Hermitian manifold (M, gM , JM ) onto a Riemannian manifold (N, gN ). Then we
say that π is an invariant Riemannian submersion if the vertical distribution is
invariant with respect to the complex structure JM , i.e,

JM kerπ∗ = kerπ∗.

From this, we have the following.

Theorem 2.3. [5] Let π be a Riemannian submersion from an almost Hermitian
manifold (M, gM , JM ) onto an almost Hermitian manifold (N, gN , JN ). Then the
horizontal distribution is invariant with respect to JM .
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Watson defined almost Hermitian submersions between almost Hermitian man-
ifolds and showed that in most cases, the base manifold and each fiber have the
same kind of structure as the total space [4].

Definition 2.4. [6] Let M be a complex finite-dimensional almost Hermitian man-
ifold with Hermitian metric gM and almost complex structure J and N be a Rie-
mannian manifold with Riemannian metric gN . Suppose that there exists a Rie-
mannian submersion π : M −→ N such that, J kerπ∗ ⊆ (kerπ∗)

⊥. Then we say
that π is an anti-invariant Riemannian submersion.

First of all, since the distribution kerπ∗ is integrable, the above definition im-
plies that the integral manifold π−1(q), q ∈ N of kerπ∗ is a totally submanifold
of M . From Definition 2.4, we have J(kerπ∗)

⊥ ∩ kerπ∗ 6= {0}. We denote the
complementary orthogonal subbundle to J kerπ∗ in (kerπ∗)

⊥ by ν. Then we have
that;

(kerπ∗)
⊥ = J kerπ∗ ⊕ ν.

We observe that ν is an invariant subbundle of (kerπ∗)
⊥ with respect to the com-

plex structure J . This implies for any Z ∈ Γ(kerπ∗)
⊥,

JZ = BZ + CZ, (2.1)

whereBZ ∈ Γ(kerπ∗) and CZ ∈ Γ(ν). If ν = {0}, then π is called a Langragian
submersion.

Definition 2.5. [7] Let π be a Riemannian map from an almost Hermitian manifold
(M, gM , J) to a Riemannian manifold (N, gN ). Then we say that π is a semi-
invariant Riemannian map if there is a distribution D1 ⊆ kerπ∗ such that

kerπ∗ = D1 ⊕D2, (2.2)

and
JD1 = D1, JD2 ⊆ (kerπ∗)

⊥, (2.3)
where D2 is orthogonal complementary to D1 in kerπ∗.

Let ν be the complementary orthogonal subbundle to J kerπ∗ in (kerπ∗)
⊥.

Then we have
(kerπ∗)

⊥ = JD2 ⊕ ν.
It is obvious that ν is an invariant subbundle of (kerπ∗)

⊥ with respect to the com-
plex structure J .

Definition 2.6. [10] Let π be a Riemannian submersion from an almost Hermitian
manifold (M, gM , J) onto a Riemannian manifold (N, gN ). If for any non-zero
vector X ∈ kerπ∗p, p ∈ M , the angle θ(X) between JX and the space kerπ∗p is
constant, that is θ is independent of the choice of the point p ∈ M and choice of
the tangent vector X in kerπ∗p. Then we say that π is a slant submersion.

In this case, the angle θ is called the slant angle of the slant submersion. It
follows from the above definition that the fibers of a slant submersion are slant
submanifold of M . If the slant angle is 0 < θ < π

2 then the the submersion is
called a proper slant submersion.
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If π is a slant submersion from a almost Hermitian manifold (M, gM , J) onto a
Riemannian manifold (N, gN ), then for any X ∈ Γ(kerπ∗), we write

JX = φX + ωX,

where φX and ωX are vertical and horizontal parts of JX , respectively.
Also for any Z ∈ Γ((kerπ∗)

⊥), we have

JZ = BZ + CZ,

where BZ, and CZ are vertical and horizontal components of JZ, respectively
(see [10] for more detail).

Definition 2.7. [11] Let (M, gM , J) be an almost Hermitian manifold and (N, gN )
be a Riemannian manifold. A Riemannian submersion π : (M, gM , J) −→ (N, gN )
is called a semi-slant submersion if there is a distribution D1 ⊂ kerπ∗ such that

kerπ∗ = D1 ⊕D2, J(D1) = D1,

and the angle θ = θ(X) between JX and the space (D2)p is constant for non-zero
X ∈ D2, where D2 is the orthogonal complement of D1 in kerπ∗.

Let π : (M, gM , J) −→ (N, gN ) be a semi-slant submersion. Then for any
X ∈ Γ(kerπ∗), we have

X = PX +QX,

where PX ∈ Γ(D1) and QX ∈ Γ(D2). Applying J to this equation yields

JX = φX + ωX,

where φX = JPX ∈ Γ(kerπ∗) and ωX = JQX ∈ Γ((kerπ∗)
⊥). For any

U ∈ Γ((kerπ∗)
⊥), we write

U = VU +HU,

where VU ∈ Γ(kerπ∗) andHU ∈ Γ((kerπ∗)
⊥). Then we have

(kerπ∗)
⊥ = ωD2 ⊕ µ,

where µ is the orthogonal complement of ωD2 in (kerπ∗)
⊥ and is invariant under

J . For more details on semi-slant submersion see [11] and references therein.

Definition 2.8. [15] Let M be a 2m−dimensional almost Hermitian manifold with
Hermitian metric g and almost complex structure J , and N be a Riemannian man-
ifold with Riemannian metric gN . A Riemannian submersion π : (M, g, J) →
(N, gN ) is called a hemi-slant submersion if the vertical distribution kerπ∗ of π
admits two orthogonal complementary distributions Dθ and D⊥ such that Dθ is
slant and D⊥ is anti-invariant, i.e, we have

kerπ∗) = Dθ ⊕D⊥,

where J

In this case, the angle θ is called the hemi-slant angle of the submersion.
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3. QUASI-HEMI-SLANT SUBMERSIONS

In this section we racall the modified submersion introduced in [22] which we
refered to as the generalization of hemi-slant, semi-slant and semi-invariant Rie-
manian submersions from almost Hermitian manifold to a Riemannian manifold.

Theorem 3.1. [22] Let M be a 2m-dimensional almost Hermitian manifold with
gM a Riemannian metric on M and almost complex structure J , and N be a Rie-
mannian manifold with Riemannian metric gN . Then there is a Riemannian sub-
mersion π : (M, gM , J) −→ (N, gN ) such that its vertical distribution kerπ∗
admits three orthogonal distributions D, Dθ and D⊥ which are invariant, slant
and anti-invariant respectively, i.e.

kerπ∗ = D ⊕Dθ ⊕D⊥, (3.1)

with JD = D, the angle θ between JDθ and Dθ being constant and JD⊥ ⊆
(kerπ∗)

⊥.

If we denote the dimension of D, Dθ and D⊥ by m1, m2 and m3, respectively,
then we easily see the following particular cases:

(a) If m1 = 0, then M is a Hemi-slant submersion [].
(b) If m2 = 0, then M is a semi-invariant submersion [].
(c) If m3 = 0, then M is a semi-slant submersion [].

The submersion in Theorem 3.1 is called Quasi-Hemi-Slant (SHS) submersion and
the angle θ is called the quasi-hemi-slant angle of the submersion. This means that
a quasi-hemi-slant submersion is a generalization of hemi-slant, semi-invariant and
semi-slant submersions.

We say that the quasi-hemi-slant submersion π : (M, gM , J) −→ (N, gN ) is
proper if D 6= {0} , D⊥ 6= {0} and θ 6= 0, π2 . From the above items, hemi-
slant submersions, semi-invariant submersions, and semi-slant submersions are all
examples of quasi-hemi-slant submersions.

Let π be a quasi-hemi-slant submersion from an almost hermitian manifold
(M, gM , J) onto a Riemannian manifold (N, gN ). Then we have

TM = kerπ∗ ⊕ (kerπ∗)
⊥. (3.2)

Let us define the projections P and Q on the tangent vectors TM of M by P :
TM −→ kerπ∗ and Q : TM −→ (kerπ∗)

⊥, respectively. Now, for any X ∈
Γ(TM),

X = PX +QX, (3.3)

where PX ∈ Γ(kerπ∗) and QX ∈ Γ((kerπ∗)
⊥).

Now, for any X ∈ Γ(kerπ∗), the vector field X can be written as

X = PX +QX +RX, (3.4)

where P , Q,R are projections of kerπ∗ onto D, Dθ and D⊥ respectively. Put

JX = φX + ωX, (3.5)
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where φX ∈ Γ(kerπ∗) and ωX ∈ Γ((kerπ∗)
⊥). From (3.4) and (3.5), we have

JX = φPX + ωPX + φQX + ωQX + φRX + ωRX.
Since JD = D and JD⊥ ⊆ (kerπ∗)

⊥, we have ωPX = 0 and φRX = 0, and so

JX = φPX + φQX + ωQX + ωRX. (3.6)

This means that

J kerπ∗ = D ⊕ φDθ ⊕ ωDθ ⊕ JD⊥. (3.7)

Since ωDθ ⊆ (kerπ∗)
⊥ and JD⊥ ⊆ (kerπ∗)

⊥, we obtain

(kerπ∗)
⊥ = ωDθ ⊕ JD⊥ ⊕ ν, (3.8)

where ν is the orthogonal complement of ωDθ ⊕ JD⊥ in (kerπ∗)
⊥ and it is in-

variant with respect to J . Also, for any Z ∈ (kerπ∗)
⊥, we have

JZ = BZ + CZ, (3.9)

where BZ ∈ Γ(ωDθ ⊕ JD⊥) and CZ ∈ Γ(ν).
Therefore, using (3.4), (3.8) and (3.9), we get the following.

Lemma 3.2. Let π be a quasi-hemi-slant submersion from an almost hermitian
manifold (M, gM , J) onto a Riemannian manifold (N, gN ). Then, we have

φDθ = Dθ, φD⊥ = {0}, BωDθ = Dθ, BωD⊥ = D⊥.

On the other hand, comparing tangential and normal components in (3.4), (3.9)
and the fact that J2 = −I, we obtain the following.

Theorem 3.3. The endomorphisms φ and ω, B and C in the tangent bundle of
(M, gm, J) satisfy the following identities:

(i) φ2 + Bω = −I, (ii) ωφ+ Cω = 0,
(iii) ωB + C2 = −I, (iv) φB + BC = 0,

where I is the identity operator on the total space of π.

Proof. This is a straight forward calculations from Lemma 3.2 �

We also have the following.

Lemma 3.4. Let π be a quasi-hemi-slant submersion from an almost Hermitian
manifold (M, gM , J) onto a Riemannian manifold (N, gN ). Then

cos2 θX = −φ2X, (3.10)

for any X , Y ∈ Γ(Dθ).

Proof. If θ is the slant angle between JX and φX . Then cos(θ) =
‖φX‖
‖JX‖

, cos(θ) =

g(JX, φX)

‖JX‖‖φX‖

and so cos2(θ) =
g(JX, φX)

‖JX‖2
from the properties of J we obtain the equation;
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cos2(θ) = − g(X,φ2X)

g(JX, JX)
, cos2(θ) = −φ2 g(X,X)

g(X,X)
,

this implies that

cos2(θ) = −φ2 (3.11)

�

Lemma 3.5. Let π be a quasi-hemi-slant submersion from an almost Hermitian
manifold (M, gm, Jm) onto a Riemannian manifold (M, gn). Let θ be the angle
between JX and φX, X ∈ Dθ ⊂ kerπ∗. Then the following holds

(1) g(φX, φX) = cos2(θ)g(X,X) for all X ∈ Dθ

(2) g(ωX,ωX) = sin2(θ)g(X,X) for all X ∈ Dθ

(3) g(ωX,ωX) = g(X,X) for all X ∈ D⊥

Proof. Let θ be the angle between JX and φX . Then,

(1) cos(θ) =
‖φX‖
‖JX‖

, cos2(θ) =
‖φX‖2

‖JX‖2
cos2(θ) =

g(φX, φX)

g(JX, JX)

so that g(X,X)cos2(θ) = g(φX, φX)
Similarly

(2) sin(θ) =
‖ωX‖
‖JX‖

, sin2(θ) =
‖ωX‖2

‖JX‖2
sin2(θ) =

g(ωX,ωX)

g(JX, JX)

and so g(X,X)sin2(θ) = g(ωX,ωX)

(3) If JX = ωX for all X ∈ D⊥, then

g(X,X) = g(JX, JX) = g(ωX,ωX). (3.12)
�

Theorem 3.6. Let π be a proper quasi-hemi-slant submersion from an almost Her-
mitian manifold (M, gm, Jm) onto a Riemannian manifold (M, gn). Let {e1, e2, ..., em−n}
be a local orthonormal basis of kerπ∗. Then

(1) {secθφe1, secθφe2, ..., secθφe(m−n)} is a local orthonormal basis of φDθ.
(2) {csc θφe1, csc θφe2, ..., csc θφe(m−n)} is a local orthonormal basis of ωDθ.

Proof. (1) It is enough to show that gm(secθφei, secθφej) = δDij , for any
i, j ∈ {1, 2, ...,m− n}. We have from Lemma 3.5

gm(sec(θ)φei, sec(θ)φej) = sec2(θ)φ2gm(ei, ej)

= sec2(θ)cos2(θ)gm(ei, ej) = gm(ei, ej) = δij (3.13)

(2) in a similarly way we show that gm(cscθωei, cscθωej) = δij . We have

gm(csc(θ)ωei, csc(θ)ωej) = csc2(θ)ω2g1(ei, ej)

= csc2(θ)sin2(θ)gm(ei, ej) = gm(ei, ej) = δij (3.14)

which proves the assertions. �
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We have a similar assertion;

Corollary 3.7. Let π be a quasi-hemi-slant submersion submersion from an al-
most Hermitian manifold (M, gm, Jm) onto a Riemannian manifold (M, gn). Let
{e1, e2, ..., em−n} be a local orthonormal basis of kerπ∗. Then

(1) {e1, sec θφe1, e2, sec θφe2, ..., em−n, sec θφem−n} is a local orthonormal
basis of φ(kerπ∗).

(2) {cscθωe1, ωe1, cscθωe2, ωe2, ..., cscθωe(m−n), ωe(m−n)} is a local orthonor-
mal basis of ω(kerπ∗).

Proof. (1) We are to show that gm(secθφei, secθφej) = δij . this is straight
forward from theorem 3.6 and already gm(ei, ej) = δij

(2) Similarly, we show that gm(cscθφei, cscθφej) = δij , and g(ωei, ωej) =
δij . This is already in theorem 3.6 and from Lemma 3.5 we have that

gm(ωei, ωej) = gm(ei, ej)

= δij

which proves the assertions. �

4. FUNDAMENTAL TENSOR FIELDS

Riemannan submersion π : (M, gM )→ (N, gN ) determines two (1, 2)−tensors
fields T [3] we can Define the tensors T and A by

AEF = H∇HEVF + V∇HEHF,
TEF = H∇VEVF + V∇VEHF, (4.1)

for any vector fields E, F on M , where ∇ is the Levi-Civita connection of gM . It
is easy to see that TE and AE are skew-symmetric operators on the tangent bundle
of M reversing the vertical and the horizontal distributions. We summarize the
properties of the tensor fields T andA. Let U , V be vertical and ξ, η be horizontal
vector fields on M , then we have

∇UV = TUV + V∇UV, (4.2)
∇Uξ = TUξ +H∇Uξ, (4.3)
∇ξU = AξU + V∇ξU, (4.4)
∇ξη = H∇ξη +Aξη, (4.5)

where H∇V ξ = AξV , if ξ is basic. It is not difficult to observe that T acts on the
fibers as the second fundamental form, while A acts on the horizontal distribution
and measures of the obstruction to the integrability of this distribution. For details
on Riemannian submersions, we refer to O’Neill’s paper [1].

Let (N, gN ) be a Riemannian manifold. We now examine how the Kählerian
structure on M effects the tensor fields T and A of a quasi-hemi-slant submersion
π : (M, g, J) −→ (N, gN ).
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Proposition 4.1. [22] Let π be a quasi-hemi-slant submersion from a Kähler man-
ifold (M, gM , J) onto a Riemannian manifold (N, gN ). Then

V∇UφV + TUωV = φV∇UV + BTUV, (4.6)
TUφV +H∇UωV = ωV∇UV + CTUV, (4.7)
V∇ξη +AξCη = φAξη + BH∇ξη, (4.8)
AξBη +H∇ξCη = ωAξη + CH∇ξη, (4.9)
V∇UBξ + TUCξ = φTUξ + BH∇Uξ, (4.10)
TUBξ +H∇UCξ = ωTUξ + CH∇Uξ, (4.11)

where U , V ∈ Γ(kerπ∗) and ξ, η ∈ (kerπ∗)
⊥.

From the proposition 4.1 it follows that; if π is a quasi-hemi-slant submersion
from a manifold (M, gM , J) onto a Riemannian manifold (N, gN ), then

(∇Xφ)Y := V∇XφY − φV∇XY, (4.12)

(∇Xω)Y := H∇XωY − ωV∇XY, (4.13)

(∇ZC)W := H∇ZCW − CH∇ZW, (4.14)

(∇ZB)W := V∇ZBW − BH∇ZW, (4.15)

for anyX,Y ∈ Γ(kerπ∗) and Z,W ∈ Γ((kerπ∗)
⊥). Thus, we have the following.

Corollary 4.2. Let π be a quasi-hemi-slant submersion from a Kähler manifold
(M, gM , J) onto a Riemannian manifold (N, gN ). Then we have

(i) (∇Xφ)Y = BTXY − TXωY ,
(ii) (∇Xω)Y = CTXY − TXφY ,

(iii) (∇ZC)W = ωAZW −AZBW ,
(iv) (∇ZB)W = φAZW −AZCW ,

for any vectors X,Y ∈ Γ(kerπ∗) and Z,W ∈ Γ((kerπ∗)
⊥).

If the tensors φ and ω are parallel with respect to the linear connection∇ on M ,
respectively, then

BTXY = TXωY,
and

CTXY = TXφY,
for any X , Y ∈ Γ(TM).

For the integrability of distributions and decomposition theorem on the quasi-
hemi-slant submersion, we refer to [22] for the details.

5. CONCLUSIONS

Let M be a 2m-dimensional almost Hermitian manifold with gM a Riemann-
ian metric on M and almost complex structure J , and N be a Riemannian man-
ifold with Riemannian metric gN . Then there is a Riemannian submersion π :
(M, gM , J) −→ (N, gN ) such that its vertical distribution kerπ∗ admits three or-
thogonal distributions D, Dθ and D⊥ which are invariant, slant and anti-invariant
respectively.Let π be a quasi-hemi-slant submersion submersion from an almost
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Hermitian manifold (M, gm, Jm) onto a Riemannian manifold (M, gn). Let {e1, e2, ..., em−n}
be a local orthonormal basis of kerπ∗. Then

(1) {e1, sec θφe1, e2, sec θφe2, ..., em−n, sec θφem−n} is a local orthonormal
basis of φ(kerπ∗).

(2) {cscθωe1, ωe1, cscθωe2, ωe2, ..., cscθωe(m−n), ωe(m−n)} is a local orthonor-
mal basis of ω(kerπ∗).
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