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LOCAL ORTHONORMAL BASIS OF THE FIBRE OF
QUASI-HEMI-SLANT RIEMANNIAN SUBMERSION

ABSTRACT. We recall the notions of semi-invariant, semi-slant, hemi-slant and
quasi-hemi-slant Riemannian submersions from almost Hermitian manifolds to
a Riemannian manifolds. In this paper we find some local orthonormal Basaes
for the fibre of quasi-Hemi-Slant Riemannian submersion which is a generalizes
hemi-slant, semi-slant and semi-invariant Riemanian submersions from almost
Hermitian manifold to a Riemannian manifold.

1. INTRODUCTION

The importance of Immersions and Submersions in Riemannian geometry and
other aspects of the differential geometry cannot be over emphasized. Riemannian
Submersion was initiated by O’Neill [1] and Gray [2]. Later submersions have
been studied widely in differential geometry; for details, see [3]. Riemannian sub-
mersions between Riemannian manifolds equipped with an additional structure of
almost complex type was first studied by Watson [4]. He defined almost Hermitian
submersions between almost Hermitian manifolds and showed that in most cases
the base manifold and each fiber have the same kind of structure as the total space.
Some Geometers have come up with several other kinds of submersions according
to to certain conditions associated with the submersions. Examples are; invariant
submersion [5], anti-invariant submersion [6], semi-invariant submersion [7], Sub-
mersion of Semi-Invariant Submanifolds of Trans-Sasakian Manifold [8], Geome-
try of slant submaniflods [9], slant submersions from almost Hermitian manifolds
[10], semi-slant submersion [11], Riemannian submersions from almost contact
metric manifolds [12], quaternionic submersion [13], almost h-slant submersion
and h-slant submersion [14], Hemi-slant submersions [15] and and the one we in-
troduced; On quasi-hemi-slant Riemannian submersion [22].

Riemannian submersions are related with physics and have their applications in
the Yang-Mills theory ([16], [17]), Kaluza-Klein theory ([18], [19]), Supergravity
and superstring theories [20], [21]).

In [22] we introduced a new class of Riemannian submersion; quasi-Hemi-Slant
Riemannian Submersion, which is a generalization of Hemi-slant, semi-invariant
and semi-slant submersions defined on almost Hermitian manifolds. In this paper
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we introduce local Orthonormal Basis of the fibre for quasi-Hemi-Slant defined on
almost Hermitian manifolds.

We organize the work as follows; In Section 2, we recall some basic definitions and
important results of some Riemannian submersions. In Section 3 we recall the new
Riemannan submersion [22] and introduce orthogornal base for the class. Finally
in section 4 we relate the geometry of the fibre to the fundamental tensors.

2. PRELIMINERIES

Here we give definition of Almost Hermitian Manifolds, and recall the necessary
background and definition of Riemannian Submersions from an almost hermitian
manifold to a Riemannian manifold.

Let (M, g) be an n—dimensional Riemannian manifold that admits a tensor field
J of type (1,1) on (M, g) such that, VX, Y € I'(T'M)

J*=—-1 g(JX,JY)=g(X,)Y)
Then (M, g) is called an almost hermitian manifold, .J is called an almost complex
structure.
If the almost complex structure J satisfies (VyxJ)Y = 0, for every X,Y €
[(TM) where V is the Levi-Civita connection on M, then M is said to be a
Kaehler manifold. The covariant derivative of the complex structure J is defined
as;

VxJ)Y = VxJY — JVxY.

Thus, if M is a Kaehler manifold then VxJY = JV xY.See [4] for details.

Definition 2.1. [3]Let (M, g) be an m—dimensional Riemannian manifold and
(N, g) be an n—dimensional Riemannian manifolds, where dim(M) > dim(N).
A surjective map 7 : (M, g) — (N, g) is called a Riemannian submersion if:

(1) m has maximal rank,

(2) 7, restricted to (kerm,)*

is a linear isometry.
Here we have for each y € N, 7~ !(y) is a k—dimensional submanifold of M
called a fiber, where k = dim(M)—dim(N). A vector field on M is called vertical

if it is tangent to the fibers, and is horizontal if it is orthogonal to fibers.

Definition 2.2. [5, p. 84] Let m be a Riemannian submersion from an almost
Hermitian manifold (M, g, Jas) onto a Riemannian manifold (N, gn). Then we
say that 7 is an invariant Riemannian submersion if the vertical distribution is
invariant with respect to the complex structure Jyy, i.e,

Jr ker 1, = ker m,,.
From this, we have the following.

Theorem 2.3. [5] Let m be a Riemannian submersion from an almost Hermitian
manifold (M, gnr, Jar) onto an almost Hermitian manifold (N, gn, Jn ). Then the
horizontal distribution is invariant with respect to Jy.
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Watson defined almost Hermitian submersions between almost Hermitian man-
ifolds and showed that in most cases, the base manifold and each fiber have the
same kind of structure as the total space [4].

Definition 2.4. [6] Let M be a complex finite-dimensional almost Hermitian man-
ifold with Hermitian metric gp; and almost complex structure JJ and IV be a Rie-
mannian manifold with Riemannian metric g). Suppose that there exists a Rie-
mannian submersion 7 : M — N such that, J ker 7, C (ker 7, )*. Then we say
that 7 is an anti-invariant Riemannian submersion.

First of all, since the distribution ker m, is integrable, the above definition im-
plies that the integral manifold 7=1(g), ¢ € N of ker 7, is a totally submanifold
of M. From Definition 2.4, we have J(ker m.)* N ker 7, # {0}. We denote the
complementary orthogonal subbundle to .J ker 7, in (ker 7, )* by v. Then we have
that;

(ker m,) "t = Jker 7, @ v.

We observe that v is an invariant subbundle of (ker 7, )+ with respect to the com-

plex structure J. This implies for any Z € I'(kerm,)*,

J7 =BZ+CZ, Q2.1

where BZ € I'(ker m,,) and CZ € I'(v). If v = {0}, then 7 is called a Langragian
submersion.

Definition 2.5. [7] Let 7 be a Riemannian map from an almost Hermitian manifold
(M, gn,J) to a Riemannian manifold (V, giy). Then we say that 7 is a semi-
invariant Riemannian map if there is a distribution D; C ker 7, such that

ker m, = D1 ® Do, 2.2)

and
JD, =Dy, JDs C (kerm,)t, (2.3)

where Dj is orthogonal complementary to D; in ker 7.

Let v be the complementary orthogonal subbundle to .J ker , in (ker ,)".
Then we have

(kerm,)" = JDy @ v.

It is obvious that v is an invariant subbundle of (ker )+ with respect to the com-
plex structure J.

Definition 2.6. [10] Let 7 be a Riemannian submersion from an almost Hermitian
manifold (M, gas, J) onto a Riemannian manifold (V, gi). If for any non-zero
vector X € kerm,,, p € M, the angle 0(X) between J X and the space ker Tap 18
constant, that is 6 is independent of the choice of the point p € M and choice of
the tangent vector X in ker m,,,. Then we say that 7 is a slant submersion.

In this case, the angle 6 is called the slant angle of the slant submersion. It
follows from the above definition that the fibers of a slant submersion are slant
submanifold of M. If the slant angle is 0 < ¢ < 7 then the the submersion is
called a proper slant submersion.
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If 7 is a slant submersion from a almost Hermitian manifold (M, g/, J) onto a
Riemannian manifold (N, gx ), then for any X € I'(ker7,), we write

JX = X +wX

where X and wX are vertical and horizontal parts of J X, respectively.
Also for any Z € T'((ker 7,)*), we have

JZ = BZ +CZ,

where BZ, and CZ are vertical and horizontal components of JZ, respectively
(see [10] for more detail).

Definition 2.7. [11] Let (M, gar, J) be an almost Hermitian manifold and (V, gn)
be a Riemannian manifold. A Riemannian submersion 7 : (M, gar, J) — (N, gn)
is called a semi-slant submersion if there is a distribution D; C ker 7, such that

kerm, =Dy ® Do, J(D1) =Dy,

and the angle § = 6(.X) between J X and the space (Dy),, is constant for non-zero
X € Dy, where Ds is the orthogonal complement of D; in ker .

Let m : (M,gn,J) — (IV,gn) be a semi-slant submersion. Then for any
X € I'(kerm,), we have

X = PX + QX,
where PX € I'(D;) and QX € I'(D3). Applying J to this equation yields
JX = 6X +wX

where X = JPX € DI'(kerm,) and wX = JQX € I'((kerm)’). For any
U € T'((kerm,)*), we write

U=VU+HU,
where VU € I'(ker ) and HU € T'((ker 7)*). Then we have
(ker W*)L = wDsy & p,

where 1 is the orthogonal complement of wDs in (ker 7, )" and is invariant under
J. For more details on semi-slant submersion see [11] and references therein.

Definition 2.8. [15] Let M be a 2m—dimensional almost Hermitian manifold with
Hermitian metric g and almost complex structure J, and N be a Riemannian man-
ifold with Riemannian metric gn. A Riemannian submersion 7 : (M,g,J) —
(N, gn) is called a hemi-slant submersion if the vertical distribution ker 7, of 7
admits two orthogonal complementary distributions D? and D+ such that D? is
slant and D+ is anti-invariant, i.e, we have

kerm,) = DY @ D*,
where J

In this case, the angle 6 is called the hemi-slant angle of the submersion.
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3. QUASI-HEMI-SLANT SUBMERSIONS

In this section we racall the modified submersion introduced in [22] which we
refered to as the generalization of hemi-slant, semi-slant and semi-invariant Rie-
manian submersions from almost Hermitian manifold to a Riemannian manifold.

Theorem 3.1. [22] Let M be a 2m-dimensional almost Hermitian manifold with
gy a Riemannian metric on M and almost complex structure J, and N be a Rie-
mannian manifold with Riemannian metric gn. Then there is a Riemannian sub-
mersion w = (M, g, J) — (N, gn) such that its vertical distribution ker m,
admits three orthogonal distributions D, DY and D+ which are invariant, slant
and anti-invariant respectively, i.e.

kerm, = D& D’ @ D, (3.1

with JD = D, the angle 0 between JD? and DY being constant and JD+ C
(ker 7, ) -

If we denote the dimension of D, D? and D+ by m;, my and ms, respectively,
then we easily see the following particular cases:

(a) If mq = 0, then M is a Hemi-slant submersion [].
(b) If mo = 0, then M is a semi-invariant submersion [].
(c) If mg = 0, then M is a semi-slant submersion [].

The submersion in Theorem 3.1 is called Quasi-Hemi-Slant (SHS) submersion and
the angle 0 is called the quasi-hemi-slant angle of the submersion. This means that
a quasi-hemi-slant submersion is a generalization of hemi-slant, semi-invariant and
semi-slant submersions.

We say that the quasi-hemi-slant submersion 7 : (M, gar,J) — (N, gn) is
proper it D # {0} , D # {0} and § # 0,%. From the above items, hemi-
slant submersions, semi-invariant submersions, and semi-slant submersions are all
examples of quasi-hemi-slant submersions.

Let 7 be a quasi-hemi-slant submersion from an almost hermitian manifold
(M, gpr, J) onto a Riemannian manifold (N, gn ). Then we have

TM =kerm, @ (kerm,)*. (3.2)

Let us define the projections P and () on the tangent vectors T'M of M by P :
TM — kerm, and Q : TM — (ker, )", respectively. Now, for any X €
N(TM),

X = PX +QX, (3.3)

where PX € I'(kerm,) and QX € I'((ker m,)").
Now, for any X € I'(ker 7, ), the vector field X can be written as

X =PX +0X +RX, (3.4)
where P, Q, R are projections of ker , onto D, D? and D respectively. Put
JX =X +wX, (3.5)
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where ¢.X € I'(ker 7,) and wX € I'((ker 7, )"). From (3.4) and (3.5), we have
JX = ¢PX + wPX + ¢QX + wOX + ¢RX + wRX.
Since JD = D and JD+ C (ker w*)L, we have wPX = 0 and ¢ RX = 0, and so

JX = ¢PX + ¢QX +wQX +wRX. (3.6)
This means that
Jkerm, =D @ ¢D’ @ wD’ @ JD . (3.7)
Since wD? C (ker )" and JD+ C (ker m,)*, we obtain
(kerm )t = wD? @ JDT @ v, (3.8)

where v is the orthogonal complement of wD? @ JD* in (ker m,)* and it is in-
variant with respect to .J. Also, for any Z € (ker m,)*, we have

JZ =BZ +CZ, (3.9)

where BZ € T'(wD? @ JD*) and CZ € T'(v).
Therefore, using (3.4), (3.8) and (3.9), we get the following.

Lemma 3.2. Let w be a quasi-hemi-slant submersion from an almost hermitian
manifold (M, g, J) onto a Riemannian manifold (N, gn ). Then, we have

¢D? =D ¢D*+ = {0}, BwD? =D’ BwD' =Dt
On the other hand, comparing tangential and normal components in (3.4), (3.9)

and the fact that J2 = —I, we obtain the following.

Theorem 3.3. The endomorphisms ¢ and w, B and C in the tangent bundle of
(M, g, J) satisfy the following identities:
() ¢ +Bw= -1, (ii) wp+Cw=0,
(i) wB+C?=-I, (iv) ¢B+BC =0,

where 1 is the identity operator on the total space of 7.
Proof. This is a straight forward calculations from Lemma 3.2 ([
We also have the following.

Lemma 3.4. Let m be a quasi-hemi-slant submersion from an almost Hermitian
manifold (M, gnr, J) onto a Riemannian manifold (N, gn). Then

cos? X = —¢*X, (3.10)
forany X, Y € (D).
: _ lleXl _
Proof. 1f 0 is the slant angle between J X and ¢.X . Then cos(0) = x| cos(0) =
9(J X, ¢X)
ITX[[[X]]
9(J X, ¢X)

and so cos?() = from the properties of .J we obtain the equation;

17X
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29y = _ 9 8°X)
cos*(0) = J(JX, TX)
this implies that

(X, X)
9(X, X)’

cos?(0) = —¢?

cos?() = —¢? (3.11)
O

Lemma 3.5. Ler m be a quasi-hemi-slant submersion from an almost Hermitian
manifold (M, gm, Jp,) onto a Riemannian manifold (M, gy,). Let 0 be the angle
between JX and X, X € DY C ker 7. Then the following holds

(1) g(6X,X) = cos?(0)g(X, X) forall X € DY

Q) g(wX,wX) = sin?(0)g(X, X) forall X € D?

3) g(wX,wX) = g(X,X) forall X € D+

Proof. Let 6 be the angle between J X and ¢ X. Then,

[¢X]| 2 loX|* 9(¢X, $X)
(1) cos(0) = +——:, cos*(0) = cos“(0) = =—F~—~
D=z O uxE 0= yux )
so that g(X, X)cos?(0) = g(¢ X, pX)
Similarly
. 2.8 —— lwX|* . gJ(wX, wX)
2) sin(f) = , sin®(0) = sin“(0) = ————=
O =qaxp O = axE T X T
and so g(X, X)sin?(0) = g(wX,wX)
(3) If JX = wX forall X € D™, then
9(X, X)=9(JX,JX) =g(wX,wX). (3.12)

O

Theorem 3.6. Let 7 be a proper quasi-hemi-slant submersion from an almost Her-
mitian manifold (M, gy, Jm ) onto a Riemannian manifold (M, g,,). Let {e1, €2, ..., em_n}
be a local orthonormal basis of kerm,. Then

(1) {sectper, sechpes, ..., secOpe n, )} is alocal orthonormal basis of ¢DY.
(2) {cscOopey,cschpes, ..., csc 9¢e(m_n)} is a local orthonormal basis of wD?.

Proof. (1) It is enough to show that g,,(secfde;, seclpe;) = 55 , for any
i,7 € {1,2,...,m —n}. We have from Lemma 3.5

gm(sec(O)des, sec(B)pe;) = sec2(8)¢gm(eir ;)
= 8602(9)0082<9)gm(6i, ej) = gm(es, ej) = 0ij (3.13)
(2) in a similarly way we show that g, (cscOwe;, cscOwe;) = d;;. We have
gm(csc(0)we;, csc(f)we;) = csc(0)w? g1 (ei, ;)
= csc?(0)sin*(0)gm(ei, €) = gm (e ej) = 0y (3.14)

which proves the assertions. (|
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We have a similar assertion;

Corollary 3.7. Let m be a quasi-hemi-slant submersion submersion from an al-
most Hermitian manifold (M, gy, Jp,) onto a Riemannian manifold (M, gy,). Let
{e1, €2, ..., em—_n} be a local orthonormal basis of kerm,. Then

(1) {e1,seclpeq, e, sechpes, ..., em—n,secOdey,_n} is a local orthonormal
basis of ¢(kerm,).

(2) {cscbwer,weq, cschwes, wea, ..., CSCOWE (), WE(1m—n) } is @ local orthonor-
mal basis of w(kerm,).

Proof. (1) We are to show that g,,,(secf¢e;, secOpe;) = ;5. this is straight
forward from theorem 3.6 and already g, (e;, €j) = 6;5
(2) Similarly, we show that g,,(cscOge;, cscpe;) = 0,5, and g(we;, wej) =
0i;. This is already in theorem 3.6 and from Lemma 3.5 we have that

gm(wei,wej) = gm(ei,ej)

which proves the assertions. (]

4. FUNDAMENTAL TENSOR FIELDS

Riemannan submersion 7 : (M, g™) — (N, g") determines two (1, 2) —tensors
fields 7 [3] we can Define the tensors 7 and A by

ApF = HVygVF + VVypHEF,
TeF = HVypVF + VVypHE, “4.1)

for any vector fields E, F' on M, where V is the Levi-Civita connection of gp;. It
is easy to see that T and A are skew-symmetric operators on the tangent bundle
of M reversing the vertical and the horizontal distributions. We summarize the
properties of the tensor fields 7 and A. Let U, V be vertical and £, 7 be horizontal
vector fields on M, then we have

VoV =TygV +VVyV, “4.2)
Vuvé =Tvé +HVUE, 4.3)
VeU = AU 4+ VVU, “4.4)
Ven = HVen + Aen, 4.5)

where HVy & = AV, if £ is basic. It is not difficult to observe that 7 acts on the
fibers as the second fundamental form, while A acts on the horizontal distribution
and measures of the obstruction to the integrability of this distribution. For details
on Riemannian submersions, we refer to O’Neill’s paper [1].

Let (N, gn) be a Riemannian manifold. We now examine how the Kihlerian
structure on M effects the tensor fields 7 and A of a quasi-hemi-slant submersion
m:(M,g,J) — (N, gn).
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Proposition 4.1. [22] Let 7 be a quasi-hemi-slant submersion from a Kdhler man-
ifold (M, gpr, J) onto a Riemannian manifold (N, gn). Then

VoV + TpwV = oVVyV + BTyV, 4.6)
ToopV + HVywV = wVVyV +CTyV, “4.7)
VVen + Aln = ¢ Aen + BHV ¢n, 4.8)
AeBn +HVeCn = wAen + CHVen, 4.9)
VVuBE + TuCE = ¢Tué + BHVYE, (4.10)
ToBE+ HVyCE = wTyé + CHVYE, 4.11)

where U, V € I'(ker7,) and &, n € (ker m,)*.

From the proposition 4.1 it follows that; if 7 is a quasi-hemi-slant submersion
from a manifold (M, gps, J) onto a Riemannian manifold (N, gn ), then

(Vx@)Y = VVxoY — pVVxY, (4.12)
(Vxw)Y :=HVxwY —wVVxY, (4.13)
(VzCOW := HV z2CW — CHV 7 W, (4.14)
(VzB)YW :=VV zBW — BHV zW, (4.15)

forany X, Y € I'(ker7,) and Z, W € I'((ker 7, )"). Thus, we have the following.

Corollary 4.2. Let m be a quasi-hemi-slant submersion from a Kihler manifold
(M, gnr, J) onto a Riemannian manifold (N, gn). Then we have
i) (Vxo)Y = BTxY — TxwY,
() (Vxw)Y =CTxY — Tx¢Y,
(ii1) (Vzc)W =wAzW — AzBW,
(iv) (VzB)W = ¢ AzW — AzCW,
for any vectors X,Y € T'(kerm,.) and Z, W € T'((ker 7,)%).

If the tensors ¢ and w are parallel with respect to the linear connection V on M,
respectively, then
BTxY = TxwyY,
and
CTxY =Tx¢Y,
forany X, Y e I'(TM).
For the integrability of distributions and decomposition theorem on the quasi-
hemi-slant submersion, we refer to [22] for the details.

5. CONCLUSIONS

Let M be a 2m-dimensional almost Hermitian manifold with g;; a Riemann-
ian metric on M and almost complex structure .J, and N be a Riemannian man-
ifold with Riemannian metric gy. Then there is a Riemannian submersion 7 :
(M, gnm,J) — (N, gn) such that its vertical distribution ker 7, admits three or-
thogonal distributions D, D? and D+ which are invariant, slant and anti-invariant
respectively.Let m be a quasi-hemi-slant submersion submersion from an almost
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Hermitian manifold (M, g, J,,) onto a Riemannian manifold (M, g,). Let{e1, €2, ..., em—n}
be a local orthonormal basis of kerm,. Then

(1) {e1,seclper, ea,sechpes, ..., em—n,sec e, } is a local orthonormal
basis of ¢(kerm,).

(2) {cscbweq,weq, cschwesy, wey, ..., csc@we(m,n), we(m,n)} is a local orthonor-
mal basis of w(kerm,).
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