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Toolpath Smoothing Based on Controlled
NURBS Interpolation

ABSTRACT |

Based on cubic non-uniform B-spline curve constrained with tolerance band, a tool path smoothing
approach is proposed for the purpose to achieve high-speed and high-precision machining of consecutive
short line segments. According to a given tolerance band, the approach calculates the control polygon of
the non-uniform cubic B-spline curve to transition the corners of the short line segments and obtains a
GC? continuous smooth transition for the tool path near the corners. The paper also designs an algorithm
to realize the transition procedure. Compared with the reported similar approaches, this paper’s approach
has advantages in reducing the fluctuations of machining speed and acceleration, enhancing
machiningquality, and improving the processing efficiency and motion stability of machine tools. This
approach is helpful for CNC system development, as well as CAD and CAM.
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1. INTRODUCTION

Computer Numerical Control(CNC) systems utilize NC codes generated by Computer Aided Design/Computer Aided
Manufacturing (CAD/CAM) software to execute the machining process[1,2,3]. Since CNC systems are developed with
embedded systems, such as ARM and STM32, which have much smaller RAM, much lower computational capacity
compared to workstations running CAD/CAM systems, it is necessary to enhance computing speed, smoothness, and
other related aspects through algorithm for CNC treatment. Currently, most NC codes consist of short line segments and
arc segments, although there are CNC systems such as FANUC and Siemens that can deal with the Non-Uniform
Rational B-Splines (NURBS) segments. In 3-axis or multi-axis machining, the short line segments are the majority of the
machining paths. Due to the corners at the adjacent points of the short line segments, motion control of the machine tools
and quality control of the workpiece become thorny because the frequent acceleration and deceleration to meet the needs
of machining the parts around the corners increase the frequency of motion conversion and decrease the machining
quality. Therefore, smoothing the tool path that contains consecutive line segments has been a research topic in the field
of CAD/CAM/CNC.

Early in 2010, PATELOUP et al. [4] used a cubic B-spline with six control points to smooth the planar tool paths
composed of the short line segments and circular arcs. In 2011, ZHANG et al. [5] used parametric cubic spline curves to
smoothen the corner transitions. In 2012, Bl et al. [6] used cubic Bezier curves for transitions to achieve curvature
continuity of the corner path. In 2013, Zhao et al. [7] proposed using B-spline curves that satisfy curvature continuity to
achieve corner smoothing transitions and provided corresponding transition strategies. In 2017, TANG et al. [8] proposed
an optimization method that inserts cubic B-spline curves at adjacent linear positions to obtain an optimal tool position
point spline curve that satisfy the error limit condition and maintains third-order continuity at the connection points. In 2022,
CAI et al. [9] put forward a tool position adjustment and a C*® continuous quintic B-spline curve tool path transition
algorithm based on the tolerance band constraint. Huang et al. [10] proposed an algorithm for corner transition using B-
spline curves with seven control points. By adjusting the positions of the transition curve control vertices within a tolerance
range, the algorithm reduces the maximum curvature and improves machining efficiency.In 2023, Yan et al.[11] proposed



a kinematically coordinated corner smoothing method with double asymmetrical transition curves for corner smoothing in
five-axis short line segments. This approach enhances the feedrate at corner locations and achieves low acceleration and
jerk of the rotary axes.

We have made deep research on each of the methods mentioned above in our research work of developing CNC system
of high performance. Unfortunately, we found none of them could meet the needs of our practice. PATELOUP ‘s method
[4] can merely machine 2 dimensions contours, not available for 3-dimensional or more high dimensional cases. ZHANG’s
method [5] only ensures continuity between the transition curve and short line segments, still unable to avoid the
fluctuations of normal acceleration at the adjacent points of the short line segments. Bl ‘s [6] has to solve an optimal
problem to obtain appropriate start and end positions of the transition section, consuming a large amount of computation
time. Zhao's [7] requires a large computation cost and is difficult to obtain the optimal solution for smoothness error.
TANG's [8] is complicated in computing the control points of the transition curve and lacks global transition strategies.
Although CAIl's method[9] utilizes constraints of the tolerance band to adjust the tool position, to reduce the approximation
error of the short line segments, and to realize smooth transition of the tool path, it's using quintic B-spline curves results
in higher computational costs.

In mechanical manufacturing processes, it is difficult to achieve a 100% approximation to the data, thus a certain amount
of machining error is usually allowed. Considering the wide application of cubic B-spline curves in industry, we accordingly
researched an approach using cubic B-spline curve constrained with the tolerance band to generate smooth tool path.
The approach can transition the corners of the short line segments, achieving GC? continuity smooth transition of the tool
path. This paper introduces the details.

The paper consists of five parts. Except for this introductory part, section 2 simply presents necessary knowledge of the
B-spline curves, section 3 introduces our core approach and algorithm, section 4 shows numerical experiments, and
section 5 is the conclusion part.

2. NON-UNIFORM B-SPLINE CURVES

In this whole paper, our mathematical tool is the non-uniform B-spline curve (NURBS) introduced in [12]. Let
P(i=01..,n) be n+1 control points,  which  form a control polygon <R,B,..P,> and

U ={Ug, Uy, Uy, Uy e Uy, Uy, Uy, 3 DE @ KNOL Vector; then a p th-degree B-spline curve is defined by
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where N,  (u) is the pth-degree B-spline basis function defined by (Eq.2).
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When U is taken to be
U={a,..,a,u,,,..u,b. b} (3)
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it is called a clamped knot vector resulting in
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Egs (4), (5), and (6) indicate the curve C(u) is C** continuous on interval (a,b) and tangent to the control polygon at the
first and the last control points, P, and P, . We will utilize this property to construct the transition curve in later sections.

During the machining process along parametric curves, it is essential to consider the variations in parameterizations.
Geometric continuity [13] is widely employed as a metric to assess the smoothness of the tool path. GC?continuity, a key

aspect of geometric continuity, ensures that two consecutive segments exhibit identical tangent units and curvature
vectors at their junction. This characteristic effectively mitigates discontinuities in normal acceleration. For this reason,

cubic B-spline curves are chosen due to their ability to achieve the lowest degree of GC?continuity, making them an
optimal choice for maintaining smooth tool paths in the machining process.

3.METHODOLOGY

In this section, we will present the details of our approach to smoothening tool paths and highlight its advantages. We will
begin by demonstrating how to construct a transition curve using a cubic B-spline curve, which is constrained within a
tolerance band near the corner of two line segments. Furthermore, we will showcase a method for accurately controlling
the approximation error of the transition curve by proportionally adjusting the length of its control polygon. Additionally, we
will propose a technique to avoid overlaps near two adjacent transition curves, ensuring a reasonable connection. Lastly,

we will introduce a strategy for constructing a complete GC*tool path from a series of short line segments. To provide
further insights, we will compare our approach with alternative methods to highlight its specific advantages.

3.1 Construction of Transition Curves

Assume three data points Q,,Q, ,and Q,constitute two adjacent short line segments, as shown in figure 1. The lengths of
the line segments m and (ﬁ are denoted by L, and L, respectively. Take five control points, F,,R,P,,P,,and P,, on
Cﬁ and @ to construct a cubic B-spline curve C(u) to be the transitional curve at the corner formed by@ and
QQ, . The control points P(i=0,1,234) are constrained with Q =P, and |P,R|=|PPR|=|RR|=|RP|=L, where L
indicates the lengths of the edges of the controlpolygon. Thus, points P,, P, , and P, form an isosceles triangle AR,R,P,.
The knot vector is set toU ={0,0,0,0,0.5,1,1,1,1} so that C(u) is symmetric.

L Q(R).

Fig. 1.Transition curve



Since points P,,R,P, and points P,,P,,P, are collinear with lines Q,Q, and QQ, , respectively, C(u)is C* continuous.
Meanwhile, it passes through B, and P,. Therefore, the required the smooth transition tool path is formed by the blended
curve Q,R, +C(u)+P,Q, , which is simply denoted by Q,R,C(u)R,Q, . Itis surely a GC? continuous.

3.2Selection of Control Points

It is seen that the two short line segments Q,Q, and Q,Q, directly affect the control polygon of the transition curve C(u).
Geometrically, there are three possible relationships, L, <L, L, >L,, and L, =L,. Then selection of thecontrol points
shall be in terms of each case as follows.

(1) |f|—o <L1' let ﬁ:E; then Setpo =Q01P1:Q0+%(Q1_Q0) ) Pz :Ql' P4 :Q1+ﬂ(Q2_Q1)! andP3 :P2+%(P4_P2) . Figure

2(a) illustrates this case. It should be noted that P, and P, are the midpoints of ﬁand PZ_P respectively, and that

both @and ﬁ have the same length as L.

(2) IfL, =L . then seth,=Q,,R =Q, +%(Q1—Qo) R=Q. R :Q1+%(Q2 -Q) . and P, =Q,. Figure 2(b) illustrates this

case.

3) If Ly>L, let ,b’=%;then set B,=Q,+4(Q,-Q), R =Q, P1=PO+%(P2—P0), P3:Q1+%(QZ—Q1),and P,=Q,. The

case can be seen in figure 2(c). P, and P, are the midpoints of @and ﬁ respectively, and that both @and

% have the same length as L, .

Q(R)

Fig. 2(a). L, <L

QR)

Q (R) Q(R)



Fig. 2(b). L, = L,
QP)

C(u)
QZ(PA)

Fig. 2(c). L, >

Fig.2.Transitional curves constructed under three conditions

3.3 Controlling of Approximation Errors

The transition curve is ensuredto fall within the tolerance band via controlling the approximation error, denoted with
symbol e .According to the idea of [6], e is usually estimated by calculating the distance between some sampling points

and the original linear tool path. Since the transition curve C(u) is symmetric with respect to the angularbisectorof P,P,

and ﬁ,e depends on the distance between Q,(x,, Y,.Z,) and the shoulder point C(0.5) = (x,, y,,z,) of the transition curve.
The calculation is given by

e:\/(xo—x1)2+(y0—y1)2+(zo—zl)2 (7)

Let 26 be thepermissive tolerance bandof the short line tool path, as shown in figure 3. Then the distance from the corner

of the tolerance band to Q,is g:%, where @ is half the angle at the corner of the short line tool path. Consider
sin

adjusting e based on an initial transition curve C,(u) constructed by means of subsection 3.1. By property of the similar

triangle, eis scaled by « times when the control polygon of C,(u) is enlarged or lessened by « thetimes. By this means

and with a routine described in figure 4, we can control e to satisfy e <& so that the constructed transition curve falls in

the tolerance band. In the routine, we need only adjust the value of L to construct a new transition curve until e<e¢ .

—— Linear path
— Initial transition curve
— Tolerance band

L=4.796

Q Q,



Fig.3.Construct a tolerance band in figure 1

To make the process clear, we here demonstrate an example of controlling e . Taking the data infigure 1 as an example.

Suppose the maximum value of 3 is set to be § =0.01mm; then 6:%4Q0Q1Q2 =35° yielding ¢ :_ie ~ 0.0173mm . Taking
sin

L = 0.0479mm results in the initial approximation error of the transition curve C,(u)is e, ~0.0195mm, saying C,(u) is out

of the tolerance band.

Input data points
Qonsz and ¢

v

Compute L

T
Compute control
points B, R, P, P, P,

Construct C,(u) L=calL
7 X
Compute C,(0.5)
by Eqg.1
v

Compute € by Eq.7

No

Yes

End

Fig.4.Computing routine to adjust the approximation error
Assume e’ :55:0.005mm is the ideal approximation error;letaze—z%zo.%& Then keep the control point P,
e, O.
unchanged and calculate on Q,Q and QQ, the new control points P,,P,P, , and P, such that
L :|PO*Pl* FfP2|:|P2 P;| =|P P, |=aL ~0.0123mm . Set the knot vector still byU” ={0,0,0,0,0.5,1,1,1,1} and construct a

new transition curve C"(u) as shown in figure 5.

— Linear path
— Initial transition curve
— Tolerance band

¢~ooosmm | & New control points
L ~0.0123mm -
Ry G

New transition curve

Q



Fig.5.The new transition curve

This time, a new transition curve Q,P,C"(u)P,Q, is constructed to satisfy e" ~0.005mm. It is surely within the tolerance
band and GC? continuous.

3.4Avoidance of Overlaps

When smoothing the tool path ofconsecutiveshort line segments, two neighboringtransition curves might be overlapped,
as illustrated infigure 6. Such overlap is forbidden in practical machining.

Q,

Q

Qo QZ

Fig.6.The overlapping phenomenon between transition curves

To avoidthe overlap, the end-point Py of C,(u) and the start-point P° of C,(u) shall be treated to keep a directional
distance d =B’ —P; such that
d=2(Q,-F) ,0<1<1 (8)

The value of A is first determined based on the actual machining, and whenever a transition curve C,(u) is constructed,
P, =P°*+A(Q,,—P°) is calculated to construct the next transition curve C.,(u). Then, if the approximation error of
C,.,(u) does not meet the tolerance band constraint, it is made to fall within the tolerance band using the method in

subsection 3.3. And if P*=Q,,, a corner point will be formed at Q.,, due to insufficient processing space for the next

i+27

smooth transition, as shown in figure 7. In this case, set a :E to adjust the value of the control polygon of C,(u) to avoid

appearing the corner point.

Qi+3

I Qi+2 (Pie)

Fig.7.Corner point at Q

i+2



3.5A Whole GC2 Tool Path

Assuming a set of n short line segments with data points Q,i=0,1,...,n, which require n-1 transition curves, say

C.(u),i=0,12,..,n-2 . Suppose the tolerance band is 2§ dand ¢, =%,i =0,12,..,n-2, where ¢ and 6 are as stated
sin 6,

before. Denote € to be the ideal approximation error and e,i=0,1..,n—2, to be respectively the initial approximation

*

errors for C,(u), and L,,i=0,12,..,n—2 to be the edge length of C,(u)’s control polygon; letg, =e—, i=012,..,n-2 be

the ratio to control the approximation error and A be the value set to avoid the overlap of transition curves.

For convenience, we use symbol A = B to mean calculating B from A. The whole GC’ tool path within the tolerance 2 §
is constructed by following three routines.

Routine 1: Process the first three points.
Step 1:

1)
Oy &g =—— ] oo
QOlexQz = Sin 00 with |_0 :|F)0 F)1

< POO,PIO,PZO,PSO,PAO >

P10P20|:|P20P30|:|P30Fio .

Co(u)

Step 2:<P’,RP°, P, P}, P} >= -
p 0171720390 e0:|P2°CO(O.5)|

Step 3: If g, > ¢, ,then

P P"| = =

1 2

< POO’FiO’PZO’FzOlPAD S F?)O*’Plo*‘FZO"lPSO*’Fio* . C;(u) ’With I_; b

R7R"

Pzw P;OW Pam FZW = ao Lo -

P P”

1 2

Otherwise(namely, e, <, ), for case P’ =Q, set L =|P"P"| = =[P"P"|=[P"P”

1
=—L,, and for the case P} #Q,
2

designate P/ to be P, of the next transition curve if needed.

Figure 8 is to describe the whole routine.
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¥
Compute control
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Construct C,(u) L=l
and compute €, X

Fig.8.Flowchart of Routine 1

Routine 2: Processing the intermediate points.
Step 1: P =P +A(Q,-P).

Step 2:
6. =_L .

RLQ.Q = sing, with L, =[R'R!|= |R'l| =[P/R| = |PIPI].
<P, PP, PP >

C,(u)

Step 3: <R,R, PP, P >=
P 2T T e R, (05)

Step 4: If e > g ,then

1 1

P

P

<P,P
0

[

PP >=< BT R RYLRT P 55 Cl () with L =[RiRY

_ 1*p1*
=|R"P;

_ 1*p1*
=|R"P;

_ | p*pl*
=[P

=al, .

Otherwise(namely, e <&, ), for case P =Q, set L =|p"P"|=

PP =

PR’

Pal' P41*

1
=EL1, and for the case P;=Q,

designate P; to be P, of the next transition curve if needed.
Step 5: Repeat Stepl~4 from Q,until Q, , is reached.

Figure 9 is to describe the whole routine.



Routine3: Processing the endpoint.
Step 1: B/* =P" "+ 4(Q,, —P" ™).
Step 2:

o
en—z'gn—z =
n-2 sing
PU 1Qn_1lQn = n-2
n-2 n-2 [n-2 n-2 n-2
<K R RRTLRT >

Step 3 < Ponle Plnle Pzn—z, F?"’an7 P4n—2 S—= {

Step 4:1If e,_, > ¢, ,,then

Input i=3

F

Compute
R =R7+AQ.-R7)

v

Compute L, ,,&_,
by B%,Q1,Q

I

Compute control points
F)ifz F)ifz F)ifz F)ifz F)ifz
0o f1 2 o3 1y

v

Construct C,,(u)
and compute €_,

L,=a.,L,

Fig.9.Flowchart of Routine 2

with L, =|R"*R"?| =

Cn—z (U)
€2 = |P2n72Cn72 (0-5)|

1

Pn— Pn—z

2

n-2 n-2 n-2 n-2 n-2 n-2* n-2* n-2* n-2* n-2* *
<R L RTLRTLRTL R >=< R R R BT R >=<C L, (U) >,

Wlth L:FZ — |P0n—2* Pln—Z*

- n-2* pn-2*
=|R"*R,

Figure 10 is to describe the whole routine.
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Fig.10.Flowchart of Routine 3

By such means, a group of short line segment tool paths can be transformed into a GC?continuous path constraint with
the tolerance band. Figure 11 shows an example of 4short line segments.In the figure, the newly-generated tool path is a
mixed path consisting ofreasonably connected short line segments and B-spline curves C,(u),C,(u) and C,(u).

Q
Q /\
Co(u)
C,(u)
Q
Q, Q,

Fig.11.Application of the algorithm in 4 short line segments
3.6Advantages of the Algorithm

Compared with the methods reported in [5-9], our approach exhibits several advantages:

1. Better smoothness. The method in [5] guarantees only C' continuity between the transition curve and the short line
segment, ours can generate a globally GC? continuous smooth tool path.

2. Less computation. The method in [6] has to solve an optimal problem to obtain appropriate start and end positions of
the transition section, consuming a large amount of computation time. The method in [9] uses quintic B-spline curves
and that in [8] requires calculation of the first and the second derivatives of the cubic B-spline curve to constrain the
boundary conditions.They surely need more computation than ours.


javascript:;

3. Easier control of the approximation error. The method in [7] uses adaptive binary to adjust the transition curve to meet
the given approximation error and curvature. Except for a large computational cost, it is not easy to implement in
programming. Our method achieves precise control of approximation error by adjusting proportionally the control
polygon of the transition curve,easier to implement.

4 NUMERICAL SIMULATION

This section exhibits the effectiveness of our approach by using 2-D tool paths and 3-D tool paths.

4.12-D Cases

We use the butterfly-shaped profile comprising 80 short line segments, illustrated in figure 12(a). With a tolerance band

0 =0.05mm, we achieve the smooth transitions. figure 12(b) is the effectiveness at the corners marked with the square in
Figure 12(a). It is seen that the smooth transitions are within the tolerance band.
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501 7
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Fig.12(a).butterfly-shaped profile
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Fig.12.2-D tool path for experimental validation
4.23-D Cases

We use a closed 3-dimensional hexagon with connection points Q,,i=0,1...,6, as shown in figure 13(a) (depicted bythe
blue solid line). By setting a tolerance band 6 = 0.05mm, we obtain five transition curves, C, (u),i =0,1,2,3,4 . We also obtain
the curvature profiles of the five transition curves and show them in figure 13(b).

Linear path
Transition curves|

Q122

2 Qo /Qe (212
1.5
3
.‘% 1 Q2(01211) C ( )
3 AC
N &l Q.(2,0,)
0.5 5\% Yy
0

Y-axis(mm) 0 o

X-axis(mm)

Fig.13(a).3-D linear path and transition curves
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Fig.13(b).The curvature profiles of the five transition curves
Fig.13.3-D tool path for experimental validation

Seen in figure 13, the cubic B-spline transition curves are consistently smooth and exhibit uniform curvature.These results
indicate that our approach successfully achieves GC? continuity for smooth transitionsinshort line segment tool paths.
Being smooth and GC? continuity, the transition curves surelyhave better motion performance than the line segments.

5. CONCLUSION

In order to avoid the feedrate fluctuations and acceleration oscillations caused by the discontinuities of tangency and
curvature existing in the short line tool path, CNC developers have tried to obtain smooth tool path. Facing the problems
existed in the many reported literatures, we made our own researches to meet the needs of our development and gained
the approach introduced in this paper. Experiments show our approach demonstrates expected performance. We hope it
helpful for the CAD/CAM/CNC developers in the world.

However, this algorithm still unavoidably possesses the drawbacks associated with local corner smoothing, such as high
computational complexity, large resulting data size that cannot be effectively compressed, and the inability to achieve
curvature continuity along the entire toolpath. Exploring optimization strategies for the algorithm to overcome these
limitations is a key direction for future research in local corner smoothing methods.
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