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ABSTRACT 
 
In a previous paper we studied the Kepler problem for the extended Synge’s 2-body problem 
of classical electrodynamics. We have used the radiation terms introduced in our previous 
papers and prove an existence–uniqueness of a periodic orbit in polar coordinates which 
confirmed the Bohr's hypothesis of the existence of the stationary states in the frame of 
classical electrodynamics. Our main aim here is to show the existence of trajectories of 
transition оf the particle orbiting the nucleus from one stationary state to another excited 
state. We also prove the existence of escape trajectories. This is made by a choice of 
suitable function space and applying fixed point method. 
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1. INTRODUCTION  
 
In [1] J.L. Synge proposed a model of the interaction of two charged particles within the 
framework of classical electrodynamics. It is based on the results of V. Pauli [2], who derived 
the relativistic form of the Lienard-Wiechert retarded potentials. The Synge's equations of 
motion describe the interaction between two particles by accounting for the finite speed of 
light propagation. This leads to the necessity of using retarded potentials. 
 
The formulation of differential equations with delays was given by R. Driver [3]. The delays 
are not of the previously known type but depend on the unknown trajectories. They are now 
called state-dependent delays. Let us note that the Synge's approach describing the 
interaction is different from the conventional one, where one considers free fields, then 
includes the interaction (via the S-matrix), and then again has free fields (cf. for instance [4], 
[5]). In [6], [7] we have considered the existence of solution for the Kepler (plane) orbits of 
the 2-body problem. Since the most natural way to consider two particles in electrodynamics 
is in a reference frame external to them, we have investigated this problem in [8] - [10]. We 
have proved the existence-uniqueness of a periodic solution (orbit). Our research is based 
on the extended Synge’s equations, which we introduced by using the generalized, but 
relativistic invariant, the Dirac radiation term [11]. On the other hand, the Kepler problem 
cannot be ignored, because it is the same problem, only formally mathematically in a 
different formulation. That is why, in [12] we have considered the 3D-Kepler problem with 
radiation terms and proved an existence of periodic solution. In the present paper we 
improve the results from [12] simplifying radiation terms which look like their Lorentz form. 
Here we also prove the existence-uniqueness of periodic solutions, including the hitherto 
neglected group of equations whose arguments lie to the left of the initial one.  
 
The existence of transition trajectories for the plane Kepler problem are obtained in [13]. 
Here we prove the existence of transition trajectories from the ground state to an excited 



 

 

state and vice versa in the real 3D-case. We also present conditions for the existence of 
escape trajectories. In this manner we obtain conditions for the existence of all possible 
cases of behavior of both particles in 3D-Kepler formulation.  
 
Qualitative characteristics of the solution are obtained by appropriate choice of the function 
spaces and using the fixed-point method [14].  

 
We recall the basic facts and denotations from [8] - [10]. The system of equations of motion 
with radiation terms in the Minkowski space consists of eight equations: 
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with Einstein summation convention. We recall the usually accepted denotations: 
4

..,  is the 

dot product in the Minkowski space, 21,ee  are charges of the particles, 21,mm  - their masses, 

c  ‒ the vacuum speed of the light, ( ) ( 1,2)p

rsF p    ̶  the elements of the electromagnetic 

tensors, ( ), ( 1,2)p rad

rsF p    ̶  the corresponding elements of the radiation terms, ( ) ( 1,2)p

s p    ̶  

the unit tangent vectors to the world lines.  
 
In the previous papers we have proved that every fourth equation is a consequence of the 
first three ones. In this way, after some transformation, we reach the system: 
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velocities of the moving charged particles. By angular brackets we denote 
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 the dot product in 3-dimensional Eucleadian subspace of the 

Minkowski space. The relativistic factors are: 
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yield the functional equations for the delays pq )21(),12()( pq : 
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So, the system (2) - (3) is a neutral type one with respect to the unknown velocities. The 

delays 
pq , )21(),12()( pq  depend on the unknown trajectories.  

 
This paper consists of two sections and an Appendix. The first section is Introduction, where 
we give the basic formulation of the 2-body problem in Cartesian coordinates obtained in 
previous paper [8]. Section 2 consists of 10 subsections and includes the main results. First, 
we formulate the 3D-Kepler problem in Cartesian coordinates in subsection 2.1 and then in 
subsection 2.2 we introduce spherical coordinates and derive the Initial equations in final 
form (cf. (7)). This form will be considered on the interval [ ,0]T  because the arguments of 

the unknown trajectories (velocities) take value at this interval. We note that T is the period 
of the solution. That is why we call the first group (2) Initial equations, while the second one 
(3) – Basic equations. In the second group of equations (3), the arguments of the unknown 

velocities are [0, )t  . In fact, what they have in common is the initial point 0. We first solve 

the Initial system on the initial interval [ ,0]T  and then solve the Basic system on the interval 

[0, ) , as the initial conditions of the Basic system should be the value of the solution of the 

first system at 0t  . In subsection 2.3 we derive the explicit form of the Basic equation in 

spherical coordinates. Subsection 2.4 is devoted to the derivation of the radiation terms in 
spherical coordinates. In subsection 2.5 an existence-uniqueness of solution of periodic 
boundary value problem for the Initial system is proved. In subsection 2.6 we formulate the 
periodic problem for the Basic system and in subsection 2.7 we obtain an existence-
uniqueness theorem for this system. In subsection 2.8 we obtain transition trajectories and in 
subsection 2.9 we obtain an existence-uniqueness theorem for the Basic system. Finally, in 
subsection 2.10 we obtain existence-uniqueness of escape trajectories.  
 

2. RESULTS AND DISCUSSION  
 

2.1 The 3D-Kepler Problem for 2-charged particles with radiation terms  
 
In this section we consider the above problem but, in a 3D-Kepler formulation. This leads to 
different type equations and the delays manifest themselves in another form. In accordance 
with the 3D-Kepler formulation of the 2-body problem the first particle P1 is fixed at the origin 
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Since the coordinates of the first particle are 0, we omit the superscripts of the second 
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Principal remark 1. We notice that in the 3D Kepler formulation of the system (2) - (3) split 
into two different groups. The first group (2) contains unknown functions with retarded 
argument 

12 ( ) [ ,0]t t T   , while the second one (3) contains unknown functions with 

argument [0, )t  . Both intervals have a common point, namely 0. The first group we call 

Initial equations while the second group – Basic equations. In this way we obtain two groups 
equations without delays, The delay caused by finite velocity of the propagation of 



 

 

interaction manifest in the fact that the first group of equations should be considered on 

interval [ ,0]T , and second group – on the next interval [0, ) . 

 
2.2 Derivation of the Initial Equations  
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     

     

  

       

       

     

  

  

  2 2

12 3 3 12 3 3 12) ( ) / .u u c u x   

 

 

We solve it with respect to 
1 2 3, ,u u u   . Indeed, since 2 2

12 12,c x u c  
 

, then 

2 2

12 1 1 12 1 1 2 12 1 2 1 3 12 1 3

2 2

2 1 12 1 2 12 2 2 12 2 2 3 12 2 3

2 2

3 1 12 1 3 3 2 12 2 3 12 3 3 12 3

4 2 2 2 2 2

12 12 3 3 12 3 2 2 12 2 1 1 12 1

4 2 2

12 12 12

( )

( ,

c x u u x u u u x u u u

x u u u c x u u x u u u

x u u u x u u u c x u u

c c x u u x u u x u u

c c u u

   

    

   

    

  

   

     

   

       

  
 

 2 4 2 4 2 2 6 3

12 12 12 12 12 122 2

, ,
, ) , 0;

u u x u
x u c c c c x u c

c c
     

 
       

 

   
   

 



 

 

12 1 1 1 2 12 1 2 1 3 12 1 32
2 2

1 12 2 2 12 2 2 12 2 2 3 12 2 3

12 2 2

12 3 3 3 2 12 2 3 12 3 3 12 3

6 4 4

12 12 1 1 12 3 3 1 1 3 12 2 2 1 1 2

6 1 3
12 12 1 1 12 3

( ) 2 ( ) 2 ( )

( ) 2

u x x u u u x u u u
c

u x c x u u x u u u

u x x u u u c x u u

c u x c u x u x u c u x u x u

u u
c u x x

c

  

    


   

   

  

  

     

   

      

  
2 2

63 1 2 2
1 2 1 12 12 1 12 2 2 2

( );
u u u u

x x x c u x
c c c

 
  

      
  

 

2 2

12 1 1 12 1 12 1 1 1 3 12 1 32
6

2 2 1 12 1 2 12 2 2 2 3 12 2 3 12 12 2 2

12 2 2

3 1 12 1 3 12 3 3 12 3 3 12 3

( )

c x u u u x x u u u
c

x u u u u x x u u u c u x

x u u u u x c x u u

   

     


   

   

     

   

; 

2 2

12 1 1 12 1 1 2 12 1 2 12 1 12
2 2 6

3 2 1 12 1 2 12 2 2 12 2 12 2 2 12 12 3 3

12

3 1 12 1 3 3 2 12 2 3 12 3 3

( )

c x u u x u u u u x
c

x u u u c x u u u x c u x

x u u u x u u u u x

   

      


  

   

      

  

. 

Then we obtain Initial equations: 

12 3 312 1 1 12 2 2
1 2 32 2 2

12 12 12

, ,
u xu x u x

u u u
 

  

 
     .      (5) 

We look for a solution on the initial set for [ ,0]t T  , where T is the period of the solution. 

Indeed, we notice that all arguments of unknown function are retarded ones 
12t  , that is, 

(2)

12( )u u t  
 

. Therefore, we must look for a solution on the initial set, that is, for 

12 0( ) [ ;0],t t    where 
0 12min{ ( ) : [0, ]}t t t T    . Since 

12 ( )t t  is increasing function 

because 
121 ( ) / 0d t dt  , we have proved that if the trajectories are T-periodic then 

12 ( )t  

is T-periodic, too. It follows 
12 12 12 12( ) 0 (0) (0) (0)T T T              

12 12(0) (0)T    and then 
12 12 12 120 (0) ( ) ( ) (0) 0t t T T T           .  

Consequently 
12( ) 0T t t     which means 

0 T    and put 
12( ) [ ,0]t t T     . So the 

argument of the unknown functions ( )u u 
 

 belongs to [ ,0]T   . 

 

We pass to the spherical coordinates, that is, the second particle 2P  is located at the point: 

1 2 3( ) ( )cos ( )cos ( ); ( ) ( )sin ( )cos ( ); ( ) ( )sin ( )x x x                    

( ) 0; ( ) 0; ( ) , ,0
2 2 2

  
        

 
        

 
 

and then the velocities and accelerations are: 

1

2

3

( ) cos cos sin cos cos sin

( ) sin cos cos cos sin sin

( ) sin cos

u

u

u

         

         

     

  

  

 

 

 



, 

where /d d    and 

1

2 2

cos cos sin cos cos sin

2 sin cos 2 cos sin 2 sin sin cos cos cos cos

u         

              

   

    

 

      

2

2 2

sin cos cos cos sin sin

2 cos cos 2 sin sin 2 cos sin sin cos sin cos

u         

              

   

    

 

      
2

3 sin cos 2 cos sinu               .       (6) 

1 2 3 1 2 3( , , ), ( , , )x x x x u u u u 
 

;
12 / ,c  ,x u 

 
 , 2 2 2 2 2 2, cosu u        

    ;

2 2,u u      
       , 2, / 0u u c 

 
.  



 

 

 
Then (5) take the form: 

 

 

2

1 1

2
2 2

2 22 2

2
3 3

3 32 2

cos cos sin cos cos sin cos cos cos cos
,

/ sin cos cos cos sin sin sin cos sin cos
,

/

/ sin cos sin sin

/

c c
u c Q

c u x c c
u c Q

c

c u x c c
u c Q

c

            

 

             

  

       

  

  
   

   
    

  
    

 


 



 .

 
In view of (6) we introduce denotations:  

2 2

1 2 sin cos 2 cos sin 2 sin sin cos cos cos cosP                          ; 

2 2

2 2 cos cos 2 sin sin 2 cos sin sin cos sin cosP                           ; 

2

3 2 cos sinP         . 

 
Then from (5) we obtain: 

1 1cos cos sin cos cos sin P Q              

2 2sin cos cos cos sin sin ;P Q              

3 3sin cos P Q       . 

To solve the last system with respect to , ,     we calculate: 

2

cos cos sin cos cos sin

sin cos cos cos sin sin cos

sin 0 cos

       

         

  

 

    ; 

     

1 1

2

1 2 2

3 3

2

1 1 2 2 3 3

sin cos sin

cos cos sin sin

0 cos

cos cos cos sin cos sin ;

P Q

P Q

P Q

P Q P Q P Q

  

    



      

  

    



       

   
1 1

2

2 2 2 2 2 1 1

3 3

cos cos cos sin

sin cos sin sin cos sin

sin cos

P Q

P Q P Q P Q

P Q

   

       

 

 

         



; 

     

1 1

3 2 2

3 3

3 3 2 2 1 1

cos cos sin

cos sin cos cos

sin 0

cos cos sin sin cos sin .

P Q

P Q

P Q

P Q P Q P Q

  

    



      

 

   



       

 

But 
2 2 2

1 2 3cos cos sin cos sin cosP P P            ; 

2 1cos sin 2 sin 2 cosP P          ; 

2

3 2 1cos sin sin cos sin 2 sin cosP P P              ; 
2

1 2 3cos cos sin cos sin /Q Q Q c         ; 
2 1cos sin 0Q Q   ; 

3 2 1cos sin sin cos sin 0Q Q Q        

and then  



 

 

2
2 2 2 2

2

cos cos

;
cos

c
    




 

 
  

 




 

2

2 sin 2 cos
;

cos

    


 




  


 2

2

cos 2 sin cos
.

cos

     


 

 


 
  

 
Consequently, the Initial equations take the form: 

2 2
2 2 2 2 2 sin cos

cos , 2 , .
c

tg
    

       
  


      

           (7) 

We solve (7) on the initial interval [ ,0]T . 

 

2.3 Derivation of Basic Equations in Spherical Coordinates  
 
We add the denotations:  

2 2

1 2 sin cos 2 cos sin 2 sin sin cos cos cos cosA                          ; 

2 2

2 2 cos cos 2 sin sin 2 cos sin sin cos sin cosA                           ; 

2

3 2 cos sinA          

and after substituting (6) in (3) we obtain 
2 (2) 2 (2)

1 2 2 1 2 1
1 3 2 2

2 2 2

cos cos
cos cos sin cos cos sin ;

e e c u е u
P

m c m c

  
        



 
    



    

2 (2) 2 (2)

1 2 2 2 2 2
2 3 2 2

2 2 2

sin cos
sin cos cos cos sin sin ;

e e c u е u
P

m c m c

  
        



 
    



    (8) 

2 (2) (2)2

3 31 2 2 2
3 3 2 2

2 2 2

sin
sin cos

c u ue e е
P

m c m c

 
   



 
   



  . 

 

To solve (8) with respect to , ,     we calculate 

2

cos cos sin cos cos sin

sin cos cos cos sin sin cos 0

sin 0 cos

       

         

  

 

      for 0 0,
2 2

 
        . 

 
To simplify system (8) we denote by  

2 (2) 2 (2)

1 2 2 1 2 1
1 3 2 2

2 2 2

cos cose e c u е u
B

m c m c

  



 
 



 
; 

2 (2) 2 (2)

1 2 2 2 2 2
2 3 2 2

2 2 2

sin cose e c u е u
B

m c m c

  



 
 



 
; 

2 (2) (2)2

3 31 2 2 2
3 3 2 2

2 2 2

sinc u ue e е
B

m c m c

 




 



 
. 

 
Then system (8) can be rewritten in a compact form: 

1 1cos cos sin cos cos sin ;P B              

2 2sin cos cos cos sin sin ;P B                              (9) 

3 3sin cos P B      . 

Applying Cramer’s formulas one obtains 
Calculating the determinants 



 

 

 
1 1

2 2 2 2 2 1 1

3 3

cos cos cos sin

sin cos sin sin ( ) cos ( )sin

sin cos

P B

P B P B P B

P B

    

       

  

 

       



; 

 

1 1

3 2 2

3 3

1 1 2 2 3 3

cos cos sin

cos sin cos cos

sin 0

cos ( )cos sin ( )sin sin ( )cos

P B

P B

P B

P B P B P B

  

    



      

 

   



      

 

we obtain: 

1 1 1 2 2 3 3/ ( )cos cos ( )sin cos ( )sinP B P B P B              , 

 2 2 2 1 1/ ( )cos ( )sin / cosP B P B           ,

 3 1 1 2 2 3 3/ ( )cos sin ( )sin sin ( )cos / .P B P B P B                 

Consequently 

1 2 3 1 2 3cos cos sin cos sin cos cos sin cos sinP P P B B B                ; 

2 1 2 1cos sin cos sin

cos

P P B B   


 

  
 ;                 (10) 

1 2 3 1 2 3cos sin sin sin cos cos sin sin sin cos
.

P P P B B B         




     
  

 
To simplify the right-hand sides of the last equations we calculate 

2 2 2

1 2 3cos cos sin cos sin cos ,P P P             

2 1cos sin 2 cos 2 sinP P            , 

2

1 2 3

sin 2
cos sin sin sin cos 2

2
P P P

 
          

 . 

Then (10) becomes: 
2 2 2

1 2 3cos cos cos sin cos sinB B B              ; 

2 1cos sin2 cos 2 sin

cos cos cos

B B    


     


  

  
 ;               (11) 

2

1 2 3cos sin sin sin cos2 sin 2
.

2

B B B      


  

  
   

   

But, since 
2 (2) (2) (2) 2 2

1 2 3cos cos sin cos sinc u u u c                ; 
(2) (2)

1 2sin cos cosu u           ; 

(2) (2) (2)

1 2 3cos sin sin sin cosu u u          

we obtain: 

1 2 3

2 (2) (2) (2)

1 2 31 2 2

3 2

2

(2) (2) (2)2

1 2 32

2

22

(2) (2)22 2

1 21 2 2 2

3 2 2

2 2

cos cos sin cos sin

cos cos sin cos sin

cos cos sin cos sin

cos cos sin cos

B B B

c u u ue e

m c

u u uе

m c

u ue e еc

m c m c

    

       



    

  



  

  
 

 
 



 
 

  

  

  (2)

3

2

sin
;

u 





 



 

 

(2) (2) 2 (2) (2)

1 2 2 1 2 2 1 2
2 1 3 2 2

2 2 2

2 (2) (2)

1 2 2 2 1 2

3 2 2

2 2 2
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cos sin
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 


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  
   



 
  
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1 2 3

(2) (2) (2)

1 2 31 2 2

3 2

2

(2) (2) (2)2

1 2 32

2
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(2) (2)2

1 21 2 2 2

3 2 2

2 2

cos sin sin sin cos

cos sin sin sin cos

cos sin sin sin cos

cos sin sin sin

B B B

u u ue e
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u u uе
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u ue e е

m c m c

    

       



    

   



   

 
  

 
 



  
  

  

  
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3

2
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.

u 


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Then (11) become: 

(2) (2) (2)22 2
2 2 2 1 2 31 2 2 2

3 2 2

2 2 2

cos cos sin cos sin
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u u ue e еc
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   
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  
   



      

2 (2) (2)

1 2 2 2 1 2

3 2 2

2 2 2

sin cos2 cos 2 sin 1 cos

cos cos cos

e e е u u

m c m c

      


     

  
     

 

      
 ,         (12) 

(2) (2) (2)22

1 2 31 2 2 2

3 2 2

22 2

cos sin sin sin cos2 sin 2 1
.

2

u u ue e е

m c m c

       


   

  
     

 

       

 

2.4 Derivation of the Radiation Terms in Spherical Coordinates and Final Form 
of the Basic Equations 

 
To make the last step in the derivations of the equations of motion we derive the explicit form 
of the radiation term in spherical coordinates. Indeed, since  

( ) ( )      , ( ) ( )       , ( ) ( )      , ( ) ( )       , ( ) ( )      , ( ) ( )        

and using Schwartz derivative we obtain 

1 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
cos cos sin cos cos sin

2 2 2 2

cos cos sin cos cos sin ;

u u                     
       

   

        

           
   

  

      

 

 

2 2

3 3

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
sin cos cos cos sin sin

2 2 2 2

sin cos cos cos sin sin ;

( ) ( ) ( ) ( ) ( )
sin

2 2

u u

u u

                     
       

   

        

            


 

           
   

  

      
 

      

 

    ( )
cos sin cos .

2

  
     



 
 




 
Therefore 

(2)

1

(2)

2

(2)

3

cos cos sin cos cos sin

sin cos cos cos sin sin

sin cos

u

u

u

        

        

   

  

  

 

 

 



 

and therefore 2 2 2, cosu u        
    .  



 

 

Then the radiation terms of (12) take the form  
(2) (2) (2)

1 2 3cos cos sin cos sinu u u           ,  
(2) (2)

1 2sin cos cosu u       , 

(2) (2) (2)

1 2 3cos sin sin sin cosu u u           . 

Considering 
2 c   (12) become: 
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 
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2
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e e е
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   




 

 
 

 


   


 


    



    



   

 

2 22 2

1 2 2 2 1 2 2 2

3 2 2 3 2 2

2 22 2 2 2

2 sin 2 1 2 sin 2

2 2

e e е e e е

m c m c m c m c

         


   

   
           

  

         . 

 
Finally, we obtain 

22 2
2 2 2 1 2 2

2 2 3

2 2

cos
e e еc

m c m c


    




   

   , 

2

1 2 2

2 2 3

2 2

2
2

e e е
tg

m c m c

 
   

 
    

      ,               (13) 

22

1 2 2

2 2 3

2 2

2 sin 2

2

e e е

m c m c

   
 

 


    

     . 

Remark 2. For 0  we obtain the two-dimensional case without radiation terms 
2 2

2 1 2

2 2

2

e e c

m c


 




 


  , 1 2

2 2

2

2 e e

m c

 


 
  

   
  

derived in [6], [7].  
 

2.5 Existence-Uniqueness of Solution of Periodic Boundary Value Problem for 
the Initial System 

 
Here we again denote by t   and present the above system in an equivalent form setting 

( ) ( ) , ( ) ( ) , ( ) ( )r t t t t t t         : 

2
2 2 2cos ,r

c
r G  


     

2
2 ,

r
tg G


  


    

22 sin 2

2

r
G

  



    .            (14) 

Assumption (C) in spherical coordinates has the form:  
2 2 2 2 2 2 2 2cos , ,c c r c c c c                 . 

By [ ,0]TC T   we denote the set of all infinitely differentiable functions, satisfying the 

condition ( ) (0) 0r T r   . Introduce the following sets: 

0
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0
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T

T
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where 
2

0


  , 0    are strictly positive constants, )(mr  means the m -derivative of r  

and )()()0( trtr  . 

 
The set rM M M    turns out in a uniform space by introducing a countable family of 

pseudo-metrics (cf. [14]): 
( ) ( ) ( ) ( )(( , , ),( , , )) ( , ) ( , ) ( , )m m m md r r d r r d d          . Here the index set 

is  0,1,2,...A . 

 

We define an operator  , ,rB B B B   acting on the function space rM M M   : 
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Lemma 1. For some n N  the following inequalities are valid for [ ,0]t T  : 
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Lemma 2. The distance between particles )(t  satisfies the inequalities 
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Lemma 2 is thus proved. 
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Lemma 3 is thus proved. 
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For the third component of B we get 
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Lemma 4 is thus proved. 

 

Introduce on the Cartesian product 
rM M M    a family of pseudo-metrics:  
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Theorem 1. The system (14) possesses a unique solution belonging to 
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Proof: We show that the operator  (.), (.), (.) :r r rB B B B M M M M M M            
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rM M M    into itself. It remains to show that B is a ( , )j  contractive operator. 

Recall 2 2

12 c   and we obtain: 

2 2 2
2 2 2 2 2 2 2 2 2 ( ) 2 ( )

0 02 2
cos cos ;t T t Tc c c

e e      
   

    
            

    
  

2
2 2 2cos 0;

c

r
  



 
   

  

2
2 2 2 2cos 2 cos 2 ;

c
c    

 

 
    

  
 

2
2 2 2 ( )

0cos 2 ;t Tc
c e  

 

 
    

  

2
2 2 2cos 2 2 ;

c
c   

 

 
    

  
 



 

 

( )0

2

22
2 tan t Tcr

e
 

  

 
  

  
 ;  ( )022 2

2 tan ;t Tr
e

r

 
 

  

 
   

  
  

  ( )

0

2 2 2
2 tan 2 tan 2 tan / 2 t Tr r c

e
      

   

   
         

    
  ; 

 
2 ( )0 0

2

22
2 tan

cos / 2

t Tr
e 

 
   

  
  

  
;   ( )

0

2
2 tan 2 tan / 2 t Tr

e
   

 

 
    

  
; 

( )2

0

2

22 sin 2

2

t Tc er
  

  

  
   

  
 ; 

( )2

022 sin 2
;

2

t Ter

r

  

 

  
   

  


2
( )

0

2 sin 2

2

t Tr
e  

 

 
    

  
; 

2
2 2 ( )

0

2 sin 2

2

t Tr
e   

 

 
    

  
; 

22 sin 2 2

2

r c  

  

 
   

  
 . 
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and therefore 
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The above inequalities imply 
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For sufficiently large 0   and small 0   1rK K K    . If the last inequality is not 

satisfied we can apply Corollary 1 (cf. (15)) and obtain   1
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which shows that the following map arises: : , ( )j A A j m m n   . It is easy to verify that the 

space 
rM M M    is j-bounded and B is a ( , )j  contractive operator in the sense of 

[14]. The fixed point of B is a solution of (14). 
Theorem 1 is thus proved. 
 

2.6 Formulation of the Periodic Problem for the Basic System and some 
Auxiliary Propositions 
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Recall 2 0  , 
2 c   and reduce system (13) to the following one: 
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We look for a solution ( , , ) rr M M M       of (18) such that )(t  and )(t  to be T-

periodic ones and )(t  as t . To simplify the next calculations, we recall 

denotations ( 0,1,2,...)kT kT k  . Obviously 
1k kT T T   . 
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; ( 0,1,2,... ), ( 0,1,2,...)k m  . 

Here    are strictly positive constants. 

 
The set rM M M    turns out in a uniform space by introducing a countable family of 

pseudo-metrics (cf. [11]): 

),(),(),()),,(),,,(( ),(),(),(),(  mkmkmkmk ddrrdrrd  . 

Here the index set  ),( mkA   consists of the ordered pairs of numbers ( ,...2,1,0, mk ). 
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Lemma 5 is thus proved. 
 

Lemma 6. The distance between particles )(t  is a bounded function. 

Proof: min 0 0 0 0 0 max

0

1 1
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tT Te e
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Recall that   is sufficiently large. 

 

Lemma 7. The sets rM , M  and M  are closed. 

The proof is straightforward. 
 

Lemma 8. If  MMMr r ),,( , then ))(,,( trFr  , ))(,,( trF   and ))(,,( trF   are T-

periodic functions. 
The proof is straightforward. 
 

Lemma 9. ([16]) If ))(,,( trFr  , ))(,,( trF  , ))(,,( trF   are T -periodic function, then 
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We assign to the periodic problem (18) the operator 

 MMMMMMBBBB rrr  :),,(  defined by the formulas: 
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Remark 3. Assumption (C) implies 
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Lemma 10. The following estimates of the right-hand sides of (18) are valid: 
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Lemma 11. (Main Lemma B) The problem (18) has a solution  MMMr r ),,(  iff the 

operator B has a fixed point belonging to  MMM r  . 

The proof is similar to the one of Lemma 3. 
 

2.7 Existence-Uniqueness Theorem for the Basic System 

 
The main result is: 
Theorem 2. Let the following inequalities be fulfilled: 
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It follows infinite number inequalities for higher derivatives. 



 

 

Then there exists a unique solution of (18) belonging to  MMM r  .  

 

Proof: First we show that B maps the set  MMM r   into itself. Indeed, since 
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(cf. the proof of the Main Lemma I). In view of the first inequality from Theorem 2 we obtain 
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For the first derivatives we have respectively 
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We notice that in the right-hand sides of the above inequalities the power of the frequency 

increases which implies a satisfying of the inequalities for the higher derivatives.  
To prove that the operator B is contractive one we use the inequalities:  

( ,0) 0 ( , )(( , , ),( , , )) (( , , ),( , , ))
n

k k nn
d r r R d r r


       


  and 03   

and obtain  

( , , )( ) ( , , )( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

r r

r r r r r

F r s F r s

F F F F F
s s r s r s s s s s s s

r

   

       
   

 

    
          

    

( )
( )( )

( ,0) ( ,0) ( ,0)

( )
( )

( ,0) ( ,0)

( , ) ( , ) ( , )

( , ) ( , )

k

k

k

k

t T
t Tt Tr r r

k k k

t T
t Tr r

k k

F e F F
d r r e d r r e d

r

F e F
d e d







 
  

   
  







  
   

  

 
  
 

 

 ( )

( ,0) ( ,0) ( ,0)

1 1
( , ) ( , ) ( , )kt T r r r r r

k k k

F F F F F
e d r r d d

r

    
     


     

       
     

, 

where 


 rF
,…, 



 rF
 are supremums of the partial derivatives. 

Then in view of the definition of ( , , )rB r    we have  

1

( , , )( ) ( , , )( ) ( , , )( ) ( , , )( ) ( , , )( ) ( , , )( )
k

k k

Tt

r r r r r r

T T

B r t B r t F r s F r s ds F r s F r s ds           


        

 
( )

( ,0) ( ,0) ( ,0)

( )

( ,0)

1 1 1
( , ) ( , ) ( , )

1 1
(( , , ),( , , )).

t kT T

r r r r r
k k k

T
t kT r r r r r

k

e e F F F F F
d r r d d

r

e F F F F F
e d r r

r

 




   
       

   
      





       
                 

     
           

 

It follows 
( ,0) ( ,0)( ( , , ), ( , , )) (( , , ),( , , ))k r r r kd B r B r K d r r        , where  

1 1T

r r r r r
r

F F F F Fe
K

r



      

     
     

     
. 

In a similar way we obtain 
( ,0) ( ,0)( ( , , ), ( , , )) (( , , ),( , , ))k kd B r B r K d r r          , where  

1 1T F F F F Fe
K

r


    


      

     
     

      

 

and 
( ,0) ( ,0)( ( , , ), ( , , )) (( , , ),( , , ))k kd B r B r K d r r          , where  



 

 

1 1T F F F F Fe
K

r


    


      

     
     

      

. 

The above inequalities imply: 

    
   

( ,0)

( ,0)

( , , ), ( , , ), ( , , ) , ( , , ), ( , , ), ( , , )

( , , ),( , , ) .

k r r

r k

d B r B r B r B r B r B r

K K K d r r

   

 

           

   



  
  

If rK K K   is not smaller than 1, we choose 0m  in such a way that  
0

1

m

rK K K 





 
   

 
. 

Then we have 

    

   
0

0

( ,0)

( , )

( , , ), ( , , ), ( , , ) , ( , , ), ( , , ), ( , , )

( , , ),( , , ) .

k r r

m

r k m

d B r B r B r B r B r B r

K K K d r r

   

 

           


   





 
   
 

 

For the derivative 
1

1

, , )( ) 1
( , , )( ) ( , , )( ) , [ , ]

k

k

T

r
r r k k

T

dB r t
F r t F r s ds t T T

dt T

 
   



    we obtain 

1( , , )( ) ( , , )( ) 1
( , , )( ) ( , , )( ) ( , , )( ) ( , , )( )

k

k

T

r r
r r r r

T

dB r t dB r t
F r t F r t F r s F r s ds

dt dt T

   
       



       

1

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

k

k

r r r r r

T

r r r r r

T

F F F F F
t t r t r t t t t t t t

r

F F F F F
s s r s r s s s s s s s ds

T r

       
   

       
   



    
          

    

     
           

     


 

( )1

( ,0) (( , , ),( , , ))kt T

r kK e d r r
    

 . 

It follows 

  1

( ,1) ( ,1)( , , ), ( , , ) (( , , ),( , , ))k r r r kd B r B r K d r r


       


 , 

  1

( ,1) ( ,1)( , , ), ( , , ) (( , , ),( , , ))k kd B r B r K d r r  


       


 , 

  1

( ,1) ( ,1)( , , ), ( , , ) (( , , ),( , , ))k kd B r B r K d r r  


       


  

and hence  

    ( ,1) ( , , ), ( , , ), ( , , ) , ( , , ), ( , , ), ( , , )k r rd B r B r B r B r B r B r                 

   
1

1 1 1

( , )1
( , , ),( , , )

m

r k mm
K K K d r r 


   






   . 

For the second derivative 
2

12

( , , )( ) ( , , )( )
, [ , ]r r

k k

d B r t dF r t
t T T

dtdt

   
 

  

we obtain 

     ( ,2) ( , , ), ( , , ), ( , , ) , ( , , ), ( , , ), ( , , )k r rd B r B r B r B r B r B r                 

   
2

2 2 2

( , )2
( , , ),( , , )

m

r k mm
K K K d r r 


   






    and so on. 

It is easy to see that 
dt

rdF

dt

rdF

dt

rdFr
),,(

,
),,(

,
),,(  

 contain the third derivatives of the 

unknown functions ,,r  and therefore their estimates contain 3 . But the estimates for the 

second derivatives contains 
2 . Consequently, the power of   does not increase. 

 

Define the map AAj :  in the following way:  
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Therefore, operator B possesses unique fixed point which is a solution of the problem. 
Theorem 2 is thus proved.  
 

2.8 Continuous “Jump” from the Ground State to an Excited State and Vice 
Versa 

 
To describe the transitions of the moving (second) particle from the ground state to a higher 

energy excited state we apply a radial force ( )t  to (18). From the mathematical point of 

view, we add this force to the first equation and assume that ( )t  possesses some suitable 

properties: 
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We would like to point out, however, that this transition is performed along a certain 
continuous trajectory. We show the existence of such trajectories.  
 
We recall that we have already solved the Initial system on [ ,0]T : 

2
2 2 2cos

c
r   


   ;

2
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r
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22 sin 2

2

r  
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
    

and we take the values of the solution at the right end 0t   to be initial conditions for (19). 

 

We modify the function spaces. Denote again by ),0[ 


TC  the set of all infinitely 

differentiable T-periodic functions such that ( ) 0, ( 0,1,...)kr T k  . Let 1010 0,, kkNkk  . We 

redefine every function ),0[(.) 


TCr  (denoting again by (.)r ) in the following way: 
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where (.) [0, )r C   and ( ) 0r t  , where ( ) ( )r t t  . 

The function ( )r t  is defined on 
0 1

[ , ]k kT T . It is T-periodic and 
0 1

( ) ... ( ) 0k kr T r T     and 

1

0 0 1 0( ) ,( ,..., 1), . 0
k

k

T

T

r s ds T r k k k r const


        . 

Then we rewrite the above system for [0, )t  : 
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22
1 2 2

2 2 3

2 2

2 ( ) ( ) ( )sin 2 ( ) ( ) ( )
( ) ( ) ( , , )

( ) 2 ( )

e e еr t t t t r t t
t t F r

t m c t m c


   
   

 


      , [0, )t   

and because of 2 2 2, cosu u        
     we obtain for the energy of the second particle 
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For t T  one obtains: 
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We notice 
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But 2 2 2 2 2 2 2 2 2 2 2 2, cos cosu u r               
    . Since T is small number, we 

assume ., .const const    and then 
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   (21) 

To obtain transition (“forbidden” in Quantum mechanics) trajectories we introduce the 
following function spaces: 
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( , 0,1,2,...)k m  . 

 

Lemma 12. The solution ( , , )r    of (20) belonging to 
rM M M    generates transition 

trajectories. 

Proof: Indeed, in the interval 
0

[0, ]kT  the distance between particles ( )t  is T-periodic 

function and    min 0 0 0 0 max1 / ( ) 1 /T TR e t R e               . 

Let us calculate  
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Lemma 12 is thus proved. 
 

Principal Remark. Substituting ( )r t  by ( ) ( )r t r t   we notice an increasing of the energy. 

Indeed, 
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2
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In such a way we proved an existence of transition (jump) trajectories of the second particle 
(electron) from the ground state to a higher energy excited state after absorbing energy 

caused by the radial periodic force ( )r t . 

 

In what follows we prove an existence of functions ( , , ) rr M M M       which guarantee 

an existence of such trajectories. We endow rM M M    with a saturated family of 

pseudo-metrics 
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),...2,1,0,( mk . 

 

The set rM M M    turns out in a uniform space with countable family of pseudo-metrics 

(cf. [14]). Here the index set consists of the ordered pairs  ),( mkA   of numbers ,...2,1,0, mk

. 
 

Lemma 13. The sets 
rM , M , M  and rM M M    are closed. 

The proof is given in the Appendix. 
 

Lemma 14. ([16]) If  MMMr r ),,( , then ))(,,( trFr  , ))(,,( trF   and ))(,,( trF   

are T-periodic functions. 
 

We assign to the problem (20) the operator ( , , )rB B B B   defined on 
rM M M    for 

1[ , ]k kt T T   by the formulas: 
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Recall that Assumption (C) implies  2 2 2 2 2 2 2 2

0 0 0
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Lemma 15. The following inequalities are valid: 
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The proof is straightforward. 
 

Lemma 16 (Main Lemma) The problem (20) has a solution ( , , ) rr M M M       iff the 

operator B has a fixed point belonging to rM M M   . 



 

 

Proof: We consider only the case 
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repeats the one from the previous subsection. Let ( , , ) rr M M M       be a T -periodic 
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Consequently 
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The last equality means ),,( rBr r .  

Repeating the above reasoning we conclude that ),,(   rB , ),,(   rB . In other 

words 

 ),,(),,,(),,,(),,(   rBrBrBr r , ),,(   rB , 

that is, the operator B has a fixed point. 
 

Conversely, let ( , , ) rr M M M       be a fixed point of B. Then 
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We show that 
1

( , , )( ) 0
k

k

T

r

T

F r s ds 

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in view of Lemma 15: 
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and the last term becomes less than   for sufficiently large 0  and .constT   

Consequently, 
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k

t
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T

r t F r s ds r t F r t        . 

In a similar way for the second and third components of B we obtain ( ) ( , , )( )t F r t    and 

( ) ( , , )( )t F r t    which completes the proof.  

 

2.9 Existence-Uniqueness Theorem for the Basic System 

 
The main result is the following theorem: 

Theorem 3. Let the following inequalities be fulfilled: 
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(For higher derivatives see Appendix) 

Then there exists a unique solution of (20) belonging to rM M M   .  

Proof: First we show that B maps the set 
rM M M    into itself. Indeed, since 
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and 
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(cf. the proof of the Main Lemma).  
 

We must show the inequalities for 
1 0 0 1[ , ], , 1,.., 1k kt T T k k k k    , where 

0 1k k  are natural 

numbers. For the first component we have  
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For the second component we have  
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and finally for the third component we obtain: 
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Therefore ( , , )r rB r M    , ( , , )B r M    , ( , , )B r M    . 

 
For the first derivatives we have respectively 
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For the higher order derivatives see Appendix.  
 

We show that the operator B is ( , )j  contractive one in the sense of [14], [15].  

In view of Appendix 
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For the first derivative we get 

( ,1)

( , , ) ( , , ) ( , , ) ( , , )( , , ) ( , , )
, , , , ,r r

k

dB r dB r dB r dB rdB r dB r
d

dt dt dt dt dt dt

                
          

 

   
1

11

1 1 1

( , ) ( , , ), ( , , )

m

r k mm
K K K d r r 


   


   . 

For the second derivative 
2

12

( )( , , )( ) ( , , )( )
, [ , ]r r

k k

d B k r t dF r t
t T T

dtdt

   
 

  

we obtain 

 2 2 2 22 2

( ,2) 2 2 2 2 2 2

( , , ) ( , , ) ( , , ) ( , , )( , , ) ( , , )
, , , , ,r r

k

d B r d B r d B r d B rd B r d B r
d

dt dt dt dt dt dt

                 
     
    
    

 

   
2

22

2 2 2

( , )3 ( , , ), ( , , )

m

r k mm
K K K d r r 


   


   .

 

It is easy to see that 
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unknown functions ,,r  and therefore their estimates contain the multiplier 3 . But the 

estimates for the second derivatives contain 
2 . Consequently, the power of   does not 

increase. 
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Theorem 3 is thus proved. 
 
To show an existence of transition trajectories from exited to the ground state we consider 
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We introduce the following function spaces: 
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The proof repeats the above reasoning. 
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transition trajectories from excited state to the ground state. 
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Lemma 17 is thus proved. 
 
Numerical verification of the results obtained 

 
The inequalities from Theorem 3 can be checked using the results from [17], [18]. I 

For the first Bohr orbit we have m11
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1 2 .5,4.10 21,6.10m m     (cf. [11]). In order to describe the transition, we use 
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Passing to the next stationary state can be achieved in a similar way.  
 

2.10 Existence-Uniqueness of Escape Trajectories 

 
To obtain escape trajectories we again must change the function spaces. Namely, we apply 

the radial force on the interval 
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One can prove as in Lemma 17 that ( )t   as t   for 
0kt T . For the angle function 

( )t there are various cases. If we choose the last space we obtain escape trajectories with 

( )t  . But another possible case is the function ( )t  to be bounded one and yet ( )t  . 

This case is realized provided:  
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3. CONCLUSION 
 
In the present paper we have formulated conditions for the existence of periodic orbit of 
particle moving around a nuclei, transition from on energy level to another one and escape 



 

 

motion. This is performed in the 3D-Kepler formulation of the 2-body problem. In this manner 
we confirm N. Bohr hypothesis from 1923. We propose the main goals of Bohr’s hypothesis 
from [18]. The starting point for Bohr’s theory of the atom is the recognition of the fact that 
Rutherford’s model of the atom cannot, within the framework of classical physics, explain 
that stability which one knows from everyday life experience to be a property of the atom. 
According to classical electrodynamics (at the time - author's note), a system composed of a 
positive nucleus with electron orbiting about it would inevitably radiate light, so that the orbits 
of the electrons would shrink and finally collapse into the nucleus.” 
 
In fact, we confirm the famous Bohr’s hypothesis in the framework of the present classical 
electrodynamics on the base of our generalized Synge’s model. 
 
We note some papers studying similar problems with different approaches [20] - [25]. 
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APPENDIX 
 
A1. Solution Sets Are Closed 
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A2. Lipschitz Estimates for the Right-Hand Sides 
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In a similar way we obtain estimates for  
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It is easy to verify that the upper bounds of all partial derivatives contain a multiplier 2

because the radiation terms possess second derivatives of the unknown functions. 
    

A3. Estimates of Time-Derivatives of the Right-Hand Sides of Basic System 
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one can make similar estimates. 
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(cf. the definition of  MMM r  ).  

 
It is obvious that in the brackets remains   and the same is valid for the Lipschitz estimate 

in view of the definition of metric between the second derivatives. 

 


