Periodic, Transition and Escape Trajectories for
3D-Kepler 2-Body Problem of Classical
Electrodynamics

ABSTRACT

In a previous paper we studied the Kepler problem for the extended Synge’s 2-body problem
of classical electrodynamics. We have used the radiation terms introduced in our previous
papers and prove an existence—uniqueness of a periodic orbit in polar coordinates which
confirmed the Bohr's hypothesis of the existence of the stationary states in the frame of
classical electrodynamics. Our main aim here is to show the existence of trajectories of
transition of the particle orbiting the nucleus from one stationary state to another excited
state. We also prove the existence of escape trajectories. This is made by a choice of
suitable function space and applying fixed point method.
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1. INTRODUCTION

In [1] J.L. Synge proposed a model of the interaction of two charged particles within the
framework of classical electrodynamics. It is based on the results of V. Pauli [2], who derived
the relativistic form of the Lienard-Wiechert retarded potentials. The Synge's equations of
motion describe the interaction between two particles by accounting for the finite speed of
light propagation. This leads to the necessity of using retarded potentials.

The formulation of differential equations with delays was given by R. Driver [3]. The delays
are not of the previously known type but depend on the unknown trajectories. They are now
called state-dependent delays. Let us note that the Synge's approach describing the
interaction is different from the conventional one, where one considers free fields, then
includes the interaction (via the S-matrix), and then again has free fields (cf. for instance [4],
[5]). In [6], [7] we have considered the existence of solution for the Kepler (plane) orbits of
the 2-body problem. Since the most natural way to consider two particles in electrodynamics
is in a reference frame external to them, we have investigated this problem in [8] - [10]. We
have proved the existence-uniqueness of a periodic solution (orbit). Our research is based
on the extended Synge’s equations, which we introduced by using the generalized, but
relativistic invariant, the Dirac radiation term [11]. On the other hand, the Kepler problem
cannot be ignored, because it is the same problem, only formally mathematically in a
different formulation. That is why, in [12] we have considered the 3D-Kepler problem with
radiation terms and proved an existence of periodic solution. In the present paper we
improve the results from [12] simplifying radiation terms which look like their Lorentz form.
Here we also prove the existence-uniqueness of periodic solutions, including the hitherto
neglected group of equations whose arguments lie to the left of the initial one.




The existence of transition trajectories for the plane Kepler problem are obtained in [13].
Here we prove the existence of transition trajectories from the ground state to an excited
state and vice versa in the real 3D-case. We also present conditions for the existence of
escape trajectories. In this manner we obtain conditions for the existence of all possible
cases of behavior of both particles in 3D-Kepler formulation.

Qualitative characteristics of the solution are obtained by appropriate choice of the function
spaces and using the fixed-point method [14].

We recall the basic facts and denotations from [8] - [10]. The system of equations of motion
with radiation terms in the Minkowski space consists of eight equations:
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with Einstein summation convention. We recall the usually accepted denotations: <>4 is the
dot product in the Minkowski space, e;,e, are charges of the particles, m;,m, - their
masses, ¢ — the vacuum speed of the light, F{”(p=12) — the elements of the
electromagnetic tensors, F{?™(p=12) — the corresponding elements of the radiation

terms, A”(p=12) —the unit tangent vectors to the world lines.

In the previous papers we have proved that every fourth equation is a consequence of the
first three ones. In this way, after some transformation, we reach the system:

dul(l) ) A2 (Cz 3 ul(l)ul(l) XG 1(12) 4G l(l)rad )_ Ul(l)Uz(l) G élz) e él)rad) _ul(l)ug(l) (G 3(12) LG él)rad)

at  ¢? A ’
duz(l) ) Ai _uz(l)ul(l)(Gl(lz) +G1(l)rad) +(Cz—u2(1)u2(1)XG§lZ) +G£1)rad)_uz(l)US(l)(Gélz) +Gs(1)rad> .

dt ¢ A; ’
dus(l) ) A;i _ug(l)ul(l)(Gl(lZ) +G1(1)rad)_ ua(l)uz(l)(GgZ) +G§l)rad) . (02—u3(1)u3(1)XG3(12) +G§1)rad)

dt c? Ai '
dul(z) A (CZ_UI(Z)ul(Z)XGl(Zl) +Gl(z)rad)—ul(z)uz(z)(Géu) N Géz)rad)_u1(2)u3(2)(G3(21) N G3(2)rad)

dt CZ Azp ’
du,® ) R _UZ(Z)ul(Z)(Gl(Zl)+G1(2)rad)+(cz_UZ(Z)UZ(Z)XG§21)+G§2)rad)_uz(z)us(z)(G:ng)+G§2)rad) -

d  ¢? 7% '
du3(2) ) R _u3(2)u1(2)(61(21) +Gl(2)rad)_US(Z)UZ(Z)(G§21)+G§2)radb§21)_I_(CZ_US(Z)US(Z)XG?()M)+G?()2)rad)

d 2 £ ’

where a<1>(t):(u1<1)(t),u2(1>(t),u3(1’(t)) 6(2)(t):(ul(z)(t),uz(z)(t),u3(2)(t)) are the unknown
velocities of the moving charged particles. By angular brackets we denote
<§,6>:alb1+a2b2+a3b3 the dot product in 3-dimensional Eucleadian subspace of the

Minkowski space. The relativistic factors are:
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yield the functional equations for the delays 7,4 (pq) = (12), (21)
CTpy = <§(Pq) , é?(pfﬂ> - \/<)~((P) t) - %@ (t— qu)’ %P (t) - K@ (t— qu)> (18] - [10]).

So, the system (2) - (3) is a neutral type one with respect to the unknown velocities. The
delays z,,,(pq)=(12),(21) depend on the unknown trajectories.

This paper consists of two sections and an Appendix. The first section is Introduction, where
we give the basic formulation of the 2-body problem in Cartesian coordinates obtained in
previous paper [8]. Section 2 consists of 10 subsections and includes the main results. First,
we formulate the 3D-Kepler problem in Cartesian coordinates in subsection 2.1 and then in
subsection 2.2 we introduce spherical coordinates and derive the Initial equations in final
form (cf. (7)). This form will be considered on the interval [-T,0] because the arguments of

the unknown trajectories (velocities) take value at this interval. We note that T is the period
of the solution. That is why we call the first group (2) Initial equations, while the second one
(3) — Basic equations. In the second group of equations (3), the arguments of the unknown
velocities are t €[0,) . In fact, what they have in common is the initial point 0. We first solve

the Initial system on the initial interval [-T,0] and then solve the Basic system on the
interval [0,00), as the initial conditions of the Basic system should be the value of the

solution of the first system at t=0. In subsection 2.3 we derive the explicit form of the Basic
equation in spherical coordinates. Subsection 2.4 is devoted to the derivation of the radiation
terms in spherical coordinates. In subsection 2.5 an existence-uniqueness of solution of
periodic boundary value problem for the Initial system is proved. In subsection 2.6 we
formulate the periodic problem for the Basic system and in subsection 2.7 we obtain an
existence-unigueness theorem for this system. In subsection 2.8 we obtain transition
trajectories and in subsection 2.9 we obtain an existence-uniqueness theorem for the Basic
system. Finally, in subsection 2.10 we obtain existence-uniqueness of escape trajectories.

2. RESULTS AND DISCUSSION
2.1 The 3D-Kepler problem for 2-charged particles with radiation terms

In this section we consider the above problem but, in a 3D-Kepler formulation. This leads to
different type equations and the delays manifest themselves in another form. In accordance
with the 3D-Kepler formulation of the 2-body problem the first particle P, is fixed at the origin

0(0,0,0), that is, Py (x(t) = 0,x¥)(t) = 0, x{!(t) =0) t & (~e0,c) which implies
uy=0,udy =0, ud®y =0; uP)=0, uPt)=0, ulf(t) =0 . 4)

Then the space part of the isotropic vectors (&,&™) =0, (pg) =(12),(21) take the form:
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Since the coordinates of the first particle are 0, we omit the superscripts of the second
particle, namely X =3x®,0=0®. We recall the assumption (C): [(d®(t),d®(t)) <C <c. Then
the value of the Sommerfeld fine structure constant becomes p?>=t?/c¢*=1/137°~0 and
consequently (,d)/c?=1/137° ~0. We follow denotations from [8] - [10]:
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Principal remark 1. We notice that in the 3D Kepler formulation of the system (2) - (3) split
into two different groups. The first group (2) contains unknown functions with retarded
argument t-z,(t)e[-T,0], while the second one (3) contains unknown functions with
argument te[0,) . Both intervals have a common point, namely 0. The first group we call
Initial equations while the second group — Basic equations. In this way we obtain two groups



equations without delays, The delay caused by finite velocity of the propagation of
interaction manifest in the fact that the first group of equations should be considered on
interval [-T,0], and second group — on the next interval [0,) .

2.2 Derivation of the Initial Equations

The first group equations (2) take the form
61(12) T Wyrad =0, 62(12) +Gz(1)rad =0, G§12) +G3(l)rad 0.

But the particle P, is fixed (at the origin) which implies G®™ =0(a =1,2,3) and then (2)
become G =0, G{® =0, G =0.

We notice that assumption (C) implies
AL 2 —T* =c*(1-$°) >0 and ¢z, +(x?,0?) > 7, —c7,C = 7,6(c—C) >0 .

Therefore G =0 becomes
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We solve it with respect to u,,u,,u,. Indeed, since c’z, +(X,0)~c’r,, then
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Then we obtain Initial equations:
T —X o Tl =X L Tl — X
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We look for a solution on the initial set for t e[-T,0], where T is the period of the solution.
Indeed, we notice that all arguments of unknown function are retarded ones t—z,, that is,
U=0?(t-1z,). Therefore, we must look for a solution on the initial set, that is, for
t—17,(t) €[z,;0], where z;,=min{t—7,(t):t<[0,T]}. Since t—z,(t) is increasing function
because 1-drz,(t)/dt >0, we have proved that if the trajectories are T-periodic then z,,(t)
is  T-periodic, too. It follows T —7,(-T)<0-7,(0) = -T -7,(0) <—7,(0) <
7,(0) <T —17,(0) and then 0—7,(0) <t—7,(t)<T —7,,(T)=T —7,(0)=0.

Consequently —T <t—7,(t) <0 which means 7, =-T and put t—z,(t)=6¢<[-T,0]. So the
argument of the unknown functions U =0(6) belongs to 9 <[-T,0].

We pass to the spherical coordinates, that is, the second particle P, is located at the point:
%,(0) = p(6) cos p(6) cos A(0); x,(6) = p()sin p(6) cos A(0); x;(6) = p(F) sin A(6)
p(6)=0; p(6) > 0; ﬂ(@)e[f%+5,%fd},0<5<%
and then the velocities and accelerations are:
U, (6) = pcos@cos A — p@sin ¢ cos A — pA cosesin A
u,(8) = psin @ cos A + p@Ccos pcos A — pisingsin A,
U,(0) = psin A+ p Acos A
where p=dp/dé and
U, = P COS@COS A — p@pSin ¢ cos A — pAcosgsin A —
—2p¢SiN COS A — 24 COS SIN A + 2 ppA sin psin A — pg? cospcos A — pA? cos ¢ cos A
U, = /SiN@Cos A+ p¢cos g cos A — pAsin gsin A +
+2pCOS 9 COS A — 2 pAsin gsin A — 2 ppA cos psin A — p@? sin ¢ cos A — pA?sin pcos A
U, = psin A+ pAcosd+2picosd—pA®sin . (6)
X = (X, %, %), U=(U,U,,U); 7, = p/ ¢, (X,0) = pp,(U,U) = p* + p’¢’ cos’ 1+ p°A;
<u,*>=p,‘j+pp¢2 +p%0p , (U,0)/¢? ~0.



Then (5) take the form:
U —c HCOSECOSA — pgsin gocos/l—p/iCOS(psinﬂ —CCOSQCOSA _c2 cos¢cosA

1 EQ]_:
P P
0 - (plc)u,—x, Cpsin PCOSA + ppcospcos A — pisingsin A —csinpcosA  c’singpcosd _ 9
Looptle P p 3
(plc)u;—x;  psinA+picosi—csind  c’sind
= — =C ~— EQB,
plc p p

In view of (6) we introduce denotations:

P, = 2p¢sin ¢ Cos A + 294 C0S pSiN A — 2 ppA sin ¢sin 1 + pg® cos pcos A + pA® COSpCOS A ;
P, = —2,0(C0S €S A + 2 pASIN ¢Sin A + 2ppA c0s psin A + pg’ sinpcos A + pA?singcos A ;
P, =-2picos A+ pAsinA.

Then from (5) we obtain:
HCOS@COS A —@psinpcos A — Apcospsin L =P, +Q
PSiNPCOS A+ ppcospcos A — pisingsind =P, +Q,;
psinA+plcosi=P+Q,.
To solve the last system with respect to 5,¢, . we calculate:
cos@pcosA —psSingpcosA —pcos@sin
A=|sinpcosA pcospcosi —psingsinA|= p’>cosi;
sin A 0 pCOSA
R+Q -sing —cosgsini
A, =p°CcosA|P,+Q, cosp —singsini|=
P,+Q, 0 cosA
= p?cos A[ (R +Q,)cospcos A +(P, +Q,)sinpcos A +(P, +Q,)sin 1] ;
cospcosA B +Q —cosesini
A, = p|*singcosi P, +Q, —singsini|=p[(P,+Q,)cosp—(P+Q)sing];
sinA P +Q, cos A
cospcosAd —sing B +Q
A, = pcosd|singcosi cose P, +Q,|=
sind 0 P+Q,
= pcos A (P, +Q,)cos A~ (P, +Q,)singsin 1 - (R +Q,)cospsin .
But
P cospcos A + P, singcos A + P, sin A = pg? cos? A + pA® ;
P,cos@— P sing=2ppisin A —2ppcos A ;
P,cos A — P, singsin 1 — P, cos gsin A = —2p4 — pg’ sin Acos 4 ;
Q, cospcos A +Q,singpcos A +Q,sinA=—c"/p; Q,cosp—Q sinp=0;
Q,cosA—Q,singsinA—Q, cospsinA=0
and then
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cosA COS“ A+ pA-—— . s Lo
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Ib:

p’cos pPcos

Consequently, the Initial equations take the form:
2 290 /-i__zp/i+pgbzsinxlcos/1

5= p? COS? A+ pAZ —%, = 2pAtgA— p @)
We solve (7) on the initial interval [-T,0].
2.3 Derivation of Basic Equations in Spherical Coordinates
We add the denotations:
A =2p@sin pcos A +2pAcos psin A — 2 ppAsin psin A+ pg?® cospcos A + pA® oS pCos A ;
= —2(C0S PCOS A+ 2pASIN pSiN A + 2p@A cos psin A+ pg? sin pcos A+ pA? sinpcos A ;
PPLosp P 2 PP 2 oy 4 P %
A, =-2pAcos A+ pAi®sin A
and after substituting (6) in (3) we obtain
5C0S pCOS & — Gipsin pCos A — Apcos psin 4 = P, + 1252 ¢’ os@o0sA-uPp & i”.
pLose ppsing P COSQ 1 m2C3 P mzcz A, )
. ) w L e,A, c’singcos A —u,? g > i
psinpcos A+ @pcospcos A —Apsingsin A =P, + &% . i " > Y P _ ezzuL; (8)
m,c Yo} m,c® A,
. _c2gj ) - 2 :(2)
psinA+Apcosi="P, - eleZAj ¢ S|n/12+u3 p_ ezzu3v.
m,c p m,c® A,
To solve (8) with respect to p, (oﬂ we calculate
cospcosA —psingcosAd —pcos@sin A
A=[singcosA pcospcosd —psingsini|=p?cosi>0 for p>p,>0, ﬂ\s%—5<%.
sin A 0 pCcosAi
To simplify system (8) we denote by
B _ 8, ccospcos A-uPp e i B _ &84, c’sinpcosA-u,"p & i
Yol o’ mc® A, 2 mcP P’ mc® A,
B _ 884, c’sina-u"p & ﬁ
*mc? P’ m,c® A,
Then system (8) can be rewritten in a compact form:
PCOS@COSA—@psinpcosA—Apcospsin =P, +B;
HSingcos A+ @pcospcos A — Apsinpsin A =P, + B,; 9)

psin A+ Apcos =P, +B,.

Calculating the determinants
cospcosA B +B, —pcosgsini
A, =|sinpcosi P, +B, —psingsini|=p((P,+B,)cosp—(P,+B)sing);
sin A P, + B, pCosA



cospcosA —sing P +B
A, =pcosiisingcosiA cose P, +B,|=
sin 0 P, +B,
= pcos A[—(P, +B,)cosgsin A — (P, + B,)sin psin A + (P, + B;) cos 4]
we obtain:
p=ATA=(R,+B)cospcosA+ (P, +B,)sinpcos A+ (P, +B;)sin4,
¢p=A, 1 A=[(P,+B,)cosp— (R +B)sing]/ pcos A,
A=Ayl A=[-(R,+B,)cospsin A — (P, + B,)singsin 1+ (P, + B,)cos 1]/ p.
Consequently
p=PRcospcosA+P,sinpcosA+PRsinA+ B cospcos A+ B,singcosA+B,sinA;
P PZCOS(p—PISII’I’Z);SB;COS¢—818IH¢; (10)
/-I.:—PlCOSgosin/l—stingosin/HPscos/l—Blcoswsinﬂ—stin(psinl+ B, cos 4
Yol

To simplify the right-hand sides of the last equations we calculate
P, cos ¢ cos A + P, singcos A + P, sin A = pg® cos® A+ pA?,
P,cosg— PR sing=-2ppcos A+ 2ppisin A,
.2 -
—P, cospsin A — P, singsin 4 + P, cos A = —2/)2—%'”2/1.

Then (10) becomes:

p=p@’cos’ L+ pi® + B, cospcos 1+ B, sinpcos A+ B,sin 1 ;

s —2PPCoOsA 2ppAsin A  Bycosp-Bsing

pCOS A pCOSA P COS A ' (1)
. 2P 3 PG sin24 . —B, cospsin A —B, singsin A+ B, cos A -
p 2p p
But, since
¢’ —u?pcospcos A —u,? psinpcos A —u? psin A =c? — p°;
u® psing—u,? pcosp =—pp@cos 1 ;
u,® cosgsin A +u,? singsin A —u,® cos 1 =— pi

we obtain:

B, cosgcosA+B,singcosA+B,sind =

e, ¢ —u?peospcosd—u,? psinpcos A —u,? psin

m,c? 0
e; U? cospcos A+ sinpcosA+U sind
m,c? A,

_eeA, P —p° & U cospcosd+u? singcosA+U sin A
- 3 2 2 !
m,C Y% m,c A,




ee,A, u?psing—u,? pcose . e il?sinp—iil?) cosp
= -

m,c o’ m,c? A,

B,cosp—B;sing =

__&&A, pppeosi e i?sinp—ii? cosp
m,c’ o’ m,c? A,
—B, cospsin A —B, singsin A+ B, cosA =

ee,A, u? pcospsin A +u,? psingsin A —u,? pcos A .

m,c? PE
. 2 U cosgsin A +U? singsin A —U{ cosA
m,c? A,

_Eel, —p/i+ e U® cosgsin A+ singsin 1 - i cos A

m,c®  p?  myc’ A,

Then (11) become:
. “2pPeoSA 2¢Asin A L1 (_ &8, ppPeosi ¢ i sin @ —ii? cos<pJ

pCOS A cosA  pcosAl mct p° m,c’ A, '
(12)
P 2pA  pg’sin22 L1 een, p_/i+ e U? cosgsin A+ U sin gsin 1 — i cos A
p 2p plmc® p* me? A, '

2.4 Derivation of the Radiation Terms in Spherical Coordinates and Final Form
of the Basic Equations

To make the last step in the derivations of the equations of motion we derive the explicit form
of the radiation term in spherical coordinates. Indeed, since

pO+7) = p(6) , p(0+7) = p(0), p(O+7) = p(B) , (O +7) ~ (0) , AO+7) = A6) , A(O+7) ~ A(6)
and using Schwartz derivative we obtain

U (@+7)-t(0-1) _p@+7)-p@-7) AO+1)-A(0-1)

L $O+D-§0-17)

COSCOS singcosA — cospsin A =
2r 2z ? 2r b 2t pEDS®
~ [3COSCOS A — #HpSin ¢ cos A — Apcospsin A ;
U,(0+7)-u,(0-1) N p(9+r)—p(0—r)sin(pcosi+¢(9+r)—(p(€—f)pcos¢cosliﬂ(9+z’)—/1(9—r) psingsind ~

27 27 27 27
~ JFsinpCos A+ #pcospcos A — Apsinpsin A;
U (O +7)=Uy(@-7) ﬁ(0+r)—ﬁ(9—7)sinﬂ+2'(9+z')—/'1‘(9—r)

COSA~ FsinA+ ApcosA.
2t 2t 2t L L L

Therefore
i® ~ j5 cos pcos A — @psin cos A — Ap cosgsin A
U ~ jsin pcos A + #p cos p cos A — Apsin gsin A
U? ~ psin A+ Apcos i

and therefore <U, U> = PP+ PPpip cos® A+ pPAd .

Then the radiation terms of (12) take the form



i cospcos A+ 0P sinpcos A +UP sin A=,
U sin @ — i cos ¢ = —@pcos A,
i@ cos psin A +U? sin psin A —0? cos A = —Ap
and consequently (12) become:

2 .2 2
b= p Cos? A+ pi + €A, C—-p" & P

mec®  p? mec’ A,
—2p@COS A +2p@Asin A — €€, zP pPCOSA e  HpCcosi
5= mc®  pt met A,
’ pCoSA

.. . e A o« 2
:_2p¢+2¢ﬂgi_ & 2 2/540_ ezzg;
P m,c® p m,c” A,

i__2p2_¢)zsin2/l+£(_ ee,A, —p/i+ e —lp} _2pA (psm22 elezA A g A

P 2 el mc® PP mc® A, P 2 me® p2 mcl A,

Finally, considering A, ~c¢ we obtain

2 .2 2
&g, ¢ -p &

p=p@’cos’ A+ pAt+ L 25
m,c®  p m,c
. 2 e ..
p=—2LP 2pitga- S LY & 4 (13)
P m,c® p° My
27 ] H2 oj 50 2 eee
Ao 2pA ¢ S|n2/1+e_Lezzp_/21_ 623/1-
P 2 m,c~ p° m,C
Remark 2. For A =0 we obtain the two-dimensional case without radiation terms
88 Pl 2pp  eg, po
+—= ==
e m,c” p2 T T

derived in [6], [7].

2.5 Existence-Unigueness of Solution of Periodic Boundary Value Problem for
the Initial System

Here we again denote by t =6 and present the above system in an equivalent form setting

r(t) = o), 4t) = (), n(t) = A(t) :

t= pgt cost A+ pit - =G, g=2gntgr-22 =G, | o 2 _¢'sin2i_o (14)
p p

Assumption (C) in spherical coordinates has the form:

PP+ pPA% + pPg cos’ A<T? < =|r|<T,|pn|<CT,|pgl<TU C.
By C,”[-T,0] we denote the set of all infinitely differentiable functions, satisfying the condition
r(-=T)=r(0)=0. Introduce the following sets:

M, —{r eC[-T,01|r™ ()] < @"Rye*“; r(-T) =r(0) =0; T r(s)ds —o} :

(m) (m (¢
d(m)(r,r):sup{r(t)w;()e #UT) ot [T, 0]} (m=0,12,..);



= {qﬁ e C7[-T, 0™ ()] < " ®oe"“ ™, §(-T) = $(0) = i, [ #(s)ds —T%},

{¢<m (- ¢<m ®|

dy (4,4) =sup e ite [TO]} (Mm=0.1,2,...);

0 t
M, = {77 eC7[T,01:[n™ (0] < 0" Ae* s n(-T) =1(0) = 0; [ n(s)ds=0;
-T -T

(m) 7 (m)
_ 7O -7" )
i (17,77) =sUP L‘A‘A‘;‘A‘AJ
[0)

e i T) e[—T,O]} (m=0,12,..),

where 0<5<% , 1u>w>0 are strictly positive constants, r™ means the m-derivative of r
and rO@) =r().

The set M, xM,xM, turns out in a uniform space by introducing a countable family of
pseudo-metrics (cf. [14]): d, ((r.4.7).(T.4.7)) =d, (r.7) +d, (4.4) +d,, (7.77) . Here the index set

is A={0,12,..}.

We define an operator B=(B B,.B ) acting on the function space M, xM, xM, :

B (4D j 6,51 - 1] J 6,643 [ [ 6.0 m©isdp 17,0
B,(r. 4,10~ + j 6,1~ (T2 [ 61,802 | [ 6, 6a)Gyistp t<[-7.0
B, (1, 4. 1)(0):= j G, (1.4 m)()ds - [ﬂ—lj Je,cameis-1 [ [ 6,4 n(eisdp t<l-T,0]

Lemma 1. For some ne N the following inequalities are valid for t e[-T,0] :

|I’(t)| R () . |r(1) (t)| < —a)R RGN |r(2) (t)| Y » R HET)
# '
|77(t)| < —A e#(t+T) |,7(1> (t)| < —a)A eH(HT) |,7(2> (t)| 2w A ™)

|¢(t)| < ¢0 +_q) e/4(1+T) |¢(1) (t)| a)CD ey(HT) |¢(2) (t)| 2w (I) ey(HT)

n

do) (T, r)<Z A (1, T); d(s)(r(s),?(s’)Sws%d(m)( ), (s=12,..),

dey (. 8) < Z’ o (8:8): dy@®.89) <o’ “’—nd(m, (69,69 (s=1,2,..),

n

w n+ —n+
(0)(77 T7)<,U (n)(77 1), d(s>(77”,77“))<w _d(n+s)( ), 77t s)) (s=12..).

Proof: For the first Bohr orbit ¢ ~10° and then for sufficiently large x>0 and 4T =const.>0
we obtain



Ir®) =

Jro (tl)dtl‘ -

j{rﬁ I r“)(tz)dtzjdtl =

e;z(t+T)+ Y I‘n 3 e/t(t+T)+ Rey(m) <L C i
*u " ' P P

_ j(rl ; T...t]'lr(”)(tn)dtn...dtl] <

-T -T T

n n
[ w
a(t+T) u(t+T)
+ Y Roe X F Roe

t t Y t ot
lp®)| =gy + [ 4 (y)dtl‘ =lt+ [ [¢1+ | r“’(@)dgjd& =+ j (¢1+ [] r‘")(tn)dtn.--dtlJ <
T T T T
<¢ +¢1 u(t+T) T +zn ey(HT) + - q)oey(HT) £¢o+ﬁe/ﬁ +.+ ¢r::lzl e;tT +w_n(D0ey(t+T) ~
= ¢, +%CDoe“(“T).
In a similar way we obtain |77(t)| A etT) |77(1) (t)| a)A e“™™ __and so on for the

higher derivatives. The inequalines for pseudo- metrlcs are straightforward, which completes
the proof of Lemma 1.

Corollary 1.
do ((r.6.7). (T, 6.7)) <2 % (n)((r $).(T.8.77)), (15)
Qo (1,62, (F.5.77)) < z— oy (1. 8), (F.5.7)). -

Lemma 2. The distance between particles p(t) satisfies the inequalities 0< p,;,, < p(t) < p,. -

Proof: Let p, = p(-T) >0 be the distance between particles at t =—T . Then for sufficiently
large x>0 and 4T =const.>0 we have for t [-T,0]:

t t
o ey(t+T) _l eyT _1
pt)=p, - J‘|r(s)|dSZpO—ROJ‘eM T)dszpo_RoTZPO_Ro 4 = Prin > 0.
) T

t t ur
In a similar way we infer p(t) < p, + R, _[ [r(s)ds < p, + R, _[ e“Cds < p, + R, € Do -
L L H

HT HT 1

Finally, we must check that p,. < p,.. < g, —R, <py+R, < e -1>0(-T <0)

Lemma 2 is thus proved.

Lemma 3 (Main Lemma I) The system (14) has a solution iff the operator
B=(B.(r,¢.m),B,(r,¢,n),B,(r,¢,m): M, xM,xM, ->M, xM,xM,

has a fixed point.

Proof: After integration of (14) in view of r(-T)=0 and 7(-T) =0 we obtain

r(t) = j G, (1 4,7)(s), $(t) =, + J G, (r, 4, m)(s)ds, n(t) = j G, (r,4,m)(s)ds .

e

Letus put t=0. Then



0=r(0)= TG,(r,qﬁ,n)ds = }Gr(r,gzﬁ,n)ds =0,
#0)=¢+ [ G,(r.gm)ds = [ G,(r.g.mds =0,

0=(0)= [ G,(r.g.m)ds = [ G,(r.g.n)ds =0.

Therefore,
rt)= [ G, (r..mds & r(®) = [ G,(r, ¢, m)ds —[ﬂ——J [e.trsmE)s
; F t+T 1
§O =gy + [ G, m)s < 9O = 4y + [ G, (r. g m)ds —(———j [6,r..mE)ds |
6
n) = [ G,(r,g,n)ds < n(t) = [ G,(r,4,n)ds —[ﬂ——j [ G, (r..m)(s)ds .
Changing the order of integration and considering that r(0)=r(-T) =0 and jl r(s)ds=0 we
have N
JTJTG (r,é,m)(s)dsdp = j (0—-5)G, (r,4,7)(s)ds = ‘[s%ds:

= —j sdr(s)=-0.r(0)-T. r(-T)+ j r(s)ds = 0.
-T -T
Consequently (16) can be written in the form:

r(t) :_J;Gr(r,¢,77)ds —[ﬂ_lj J. G, (r, 4, n)(s)ds—_ll_:[:';G (r,¢,m)(s)dsdp ,
thatis, r=B,(r,¢,7) .
In a similar way one obtains:
$0 =+ [ 8,019,110 —[ﬂ—lj J 6,4 = [ Je,wpmEess
7= ] 6, (.m0 —[ﬂ—lj [ G, (r.gme)ds— %J [G,r.misyiscp

We have shown that the solution (r,¢,7) of (14) is a fixed point of the operator equation:
(r.¢.m) = (B.(r,4,17),B,(r.,¢,7),B,(r,¢,7)) .
Conversely, let (r,4,77) e M, xM,xM, be a fixed point of B. Then

') = [ G.(r.gm)ds —[ﬂ—lj J 6. gms)ds -2 [ ] 6. gns)dscp

—T -T
for t=-T gives

r(T)= [ G,(r.gm)ds —[

TT” 1)[6 (r.4, q)(s)ds—ij jG (r,¢,7)(0)dods =



jG (r. ¢, n)(s)ds-—j _[G (r,¢,7)(0)d6ds .

T3

We show that j G, (r,4,7)(s)ds =0 that implies j j G, (r,4,7)(0)dods =

T

Indeed, let us suppose that =6>0.Then

J

4

2 0 2 uT -1

S[E(DO+CAO+ ¢ jje”(s+T)dS={5®o+6A0+ ¢ Je .
pmin -T pmin H

The last term becomes smaller than ¢ for sufficiently large x>0 and 4T =const.

[ G (r. g (E)ds

<

jGa¢m@$

2
(p¢2 cos® A+ pn’ —C—Jdt <
P

Consequently r(t) = jGr(r,¢, mds= r(t) =G, (r,¢,n)(t) .

From the second component of B for t =-T we have

ﬂ47=%+jegn¢mm—[T+T 1jjeu¢nxam——JJG(r¢mww&m

-T-T

and in view of ¢(-T)=¢, we obtain 0== j G,(r.¢, n)(s)ds—— j j G, (r,4,1)(0)d6ds .

—T -T
In a similar way we show that

jG(rqsn)( )ds = o:»”c;(ran)(e)deds 0 and _[G (r, 4,7)(s)ds = o:»”e (r,4,7)(0)d6ds =0 .

-T-T -T-T
Therefore ¢(t) = F,(r.¢,m) and 7(t) = F, (r,¢,77) , that is, (14) has a periodic solution.
Lemma 3 is thus proved.

Lemma 4. The operator B=(B,,B,,B,) maps M, xM, xM, into itself provided,

ur 2 = ur = 2 uT ur
e—(éd)o +CA, +CTJS Ry, {ﬁ+(Aotg (2-5}%) 2e :|(D0 <0,, [205\0 +q)0_e]e_g,\0,
yz P D, 2 p) H p 2 )u

(ZCAA @, e"Tje_z___g

P 2 7, 2

Proof: For the first component B, (r,#,7) one obtains

0=r(-T)= Ba¢nxqv=—jea¢nxwm——jje(r¢mwmew. (17)
Then o

B, (r,¢,m)(0)= jea¢m@$ ﬂm{ﬁea¢nmmv_jjeu¢m@mm—
=—fGU¢nX$$—%£LGU¢nX$m® 0

and



T+T 1) 1008

Br(r,¢,n)(—T)=]TGr(r.qs,n)(s)ds ( G4 n)(S)dS—?j j G, (r, 4,m)(s)dsdlp =

0 p

-2 j G.(r, g (s~ [ [ 6.(r.gn)(s)dscp =0

-T-T

Since I[ﬂ—%jdt 0 we obtain

j B.(r, 4,7)(t) dt = j jG (r. 6,7)(s)ds dt — j(ﬂ-ijdtje (1, 6,1)(s)ds — j jG (1 4,m)(s)dsd@ 0.

-T-T T-T

Besides
[B.(r, 6. m)|< [ |G, (r.4,7)(S) ds+ [ G, (r,4,7)(s)|ds <

t

<

-T

2
< (ECDO +CA,+ CT]( f e Mds + j e"(s”’dsj <
Y%

-7

0

]

-T

+ <

2
[p¢2 cos® A+ pn? —C—j ds
P

2
[p¢2 cos® A+ pn® —C—J ds
o)

o 2 2
<e!®D [£+ ¢ 1)(5% +CTA, + ¢ J gt & [cd) +TA, +C—j <R,e“D.
7" p 4 p

For the second component of B we have:

0 p
#O) = B, (1, 41)(0) <y =y + j 6, ha)es- 1- j J .3 | [6,0.4mo0sth =

-2 j G,(r,g)(S)ds— [ | G, m)(©)isdp

T

and

#(-T)=B,(r,¢,m)(-T) <
=6+ [ 8, hm)E)es - (

sEul ljje (r.gn)(s)ds - [ [o,remEdstpe

L

j G, (1, ¢ 1)(s)ds - j j G, (r,¢7)(s)dsdp.

Therefore
B,(r, 4 m)(-T) = ¢y += j G,(r, 4, n)(s)ds—— j j G, (r, 4,7)(s)dsdp = ¢ .
BeS|des T
j B,(r )= + j j G,(r g m(s)isc— | (ﬂ—ljdtjeuw)(s)ds j j G,(r. 4. 1)(s)dsd0 = 4T

and



B, (r. . m)®)|< ¢ + [ G, (r. 4,m)(s)|ds + [ G, (r, 4. m)(s)|ds <
<@+ .t[ ds<
St+ (ZGD A" tan[2 5) ZC;D j[]; e" s + j e”‘s”)dsj<

[ 2" (t+T) (t+T)
<|—+| A, tan Z_sl+ Dt <Pt
@, 2 p H

For the third component of B we get

0
2¢77tan/1—M ds+J'
P s

2¢ntan A _xé
yof

2r sin24 ¢ 2rp #Psin24
B, (r. ¢V < “G (r.¢, n)(s)|ds+j|c; (r.¢, n)(s)|ds<j =h ¢T‘d | —777—¢—‘ds£
-T
S[Zcf\o " q)o e j[jey(s+T)ds+ j e,u(s+T)dS]§e,u(t+T) (Zcf\o i q)Oze”T j£< A e;l(HT)
p 2 5 k! p 2 u
t s t 0
j B, (r.g.mds|dt< [ [|G,(r.¢.n)dspt+ j [[G, (r.g.mds|dt <
-T-T -T
t s t = Y toqu(s+T) _ Coaul
[ZCA ye” ][I J'e" p+T’dpds+j je”‘“”dsdtj [Zcfxo cDoe ][I ¢ 1ds+j ¢ ldsjg
P -T-T -T-T P 2 -T H T H
. 2CA, N cDOZeyT gH(t+T) _1+ (E”T _1)(eu(t+T) _1) p 2CTA, N CDoze”T ﬂ . 2_5.
Lo 2 u u P 2 w2

Lemma 4 is thus proved.

Introduce on the Cartesian product M, xM,xM, a family of pseudo-metrics:

iy ((127), (7, 6. 77)) = Ay (1, 7) + Ay (8, 4) + Ay (7,77), (M=0,1,2,..) .
Theorem 1. The system (14) possesses a unique solution belongingto M, xM,xM, .
Proof: We show that the operator B=(B,(),B,(),B,()):M,xM,xM, —>M xM,6xM,
possesses a unique fixed pointin M, xM,xM, . Indeed, in view of Lemma 3 the operator B
maps M, xM, xM, into itself. It remains to show that B is a (®, j)— contractive operator.
Recall A, ~c¢® and we obtain:

2

6 2 2 2 Cz 2 2 2 C
—| pP~COS" A+ pn" —— | =|g"COS" A +n" +—
op P P

2
Cc

S(qDOZ +A02e2/1(t+T) + AzjeZﬂ(HT);
P

2 2
9 pé? cos? A+ pn? —C—] =0; ‘i(p# cos? A+ pn’ —C—J =[2pgcos’ 2| < 2c;
r P o¢ P

2 2
%(p¢ cos’ A+ pn —C—] <2td e, ‘i (p¢2 cos’ A+ pn’ —C—] =[2pn|< 2t;
p on p
2cD
i(Zqﬁqta\n/l 2r¢ j < —CAZO e ) ‘ (2415 tan 1 — 2r¢ j‘ ‘ e .
op p or ol- p




2¢77tanﬂ——j‘ ‘2 tanﬂ——‘|(p| (ZA tan(z/2-8)+ 2c jey(tm,

( p
2¢ntan A — 2r¢ < 20y A, RICOE
Ccos

2rg
2¢ntan A— | < 200, tan (12— 5)e D
2(72'/2—5) 877( ¢ an P J 0 an(ﬂ- )e

2”7 ¢’ sin 2/1 L %A, et o[ _2m _#'sin24 ) 2A, et
7 or P 2

2l
i( 2ty f smz,zj

P

9
o¢
9
oA
9|_
op
0

<(D 2 2y(I+T)

<
P 2

[_Zﬂ_ ¢’ sin Zij

< (I) ey(tﬂ') .
0 oA

0 _m_qﬁ sin24
lon

x
p 2 p

The last estimates |mply

4.1)

I

[d) +Ay +p j[!ez”(s”’j|r(p)—r(p)|dpds+ jez”“”)j|r(p)—r(p)|dpdsj+

$.m)(5) =G, (T, 9, n)(s)|ds<

In(p) 7(p)dp|ds + je“(‘”’ dsJ+

t
+2(_;[ [ e mds + je3ﬂ(5+T)d3]d(¢, $) ++2C0, ( [ertm I 1(p)~7(p)dp
-T -T

T

t 0
+2@, tan (% - 5)[ j et n(s)—7(s)|ds+ I e“C D n(s)-7(s)| dsJ <
ey T

2 3u(t+T) 3T 3u(t+T) 3T _

s[®02+A02+E—2)(e ; 1+e led(r,r)+25[e 1+e 1jd(¢,¢)+
p 3u 3u 3u 3u

3u(t+T)

_ e _1 e3,uT _1 _ s e3,u(t+T) _1 e3,uT _1 _
+2C<1)0( 37 + 37 ]d(n,n)+2®0tan(5—é‘j£ 3 + 3 d(n,7) <

3ut
2(e 1 d

cD +A + +2c<D + 20, tan
|: p (2 ]:| 3u

o ((T.6.1),(T.4,77)) =

27 -1)

Ay (B, (r.4,77), B, (F,@,ﬁ))s{cpoz +A,2 +%+2eq>0 +2, tan (%—5)} o ((rgm).(T.8.7)) -

For the second component we obtain

[B,(r.¢.m)(®) = B, (T, &, M| < [ |G, (r,8.1)(8) — G, (T, 4, 7)(s)|ds + [ |G, (1, 4, 7)(5) — G, (T, ., 7)(5)|ds <

= 2u(t+T) 2uT 2u(t+T) 2uT
s20f12)0 [e 2 1 e zle(r,r)Jrch%(e 1 e ljd(r,?)+
p 2p 2 p 2p 2p
Z;t(HT) _ 2uT _
(21\ tg(z/2- 5)+ZLJ( 1.8 ljd(¢,¢)+
p 2p 2u
Zq) A 3u(t+T) _ 3ul 2u(t+T) _ 2uT
42Dl [e . 21jd(n,ﬁ)+2(botan(7r/2—5)(e 1.8 1}1(77,77)3
coS (7[/2—5) 3u 3u 2u 2u

_ A, T _q 2 T )T i QT _1 g
= Mﬁz cosz((ﬂ/Z)—a)] 1 +[5+A°tan(2 §)+/3+ta”[2 5D—ﬂ A ((r,6).(F.6.7)).

Therefore




d(m) (B¢ (rv ¢v 77)! B¢ (Fv 5! 77)) <

co, DA, e -1 (2d,+C 7 o2 _q
SK P’ +cosz((7z/2)—5)J e J{ 5 A+ )tan( 5}) P :l o ((r.6.1).(F.8.7)).

For the third component we obtain

B, (r.¢.m(®) — B, 8,7)®|< [ [G,(r.¢.n)(5) ~G, (T 8,7)(s)| ds+ [ |G, (r, ¢ n)(s) — G, (T, §,7)(s)] ds <

= 2u(t+T) _ 2uT 2;l(t+T) _ 2uT
schzo e : 1+e 21 d(r.r)+ 2A, 1+e 1 d(r.r)+
p 2p 2p 2p 2#
e2;1(l+T) _1 e2;1T _1 _ 3;1(t+T) 1 e _ 2C e;t(HT) _1 e/.tT _1 _
+@, + d(¢,¢) + Dy’ 2 7 d(ﬂ, )+— + d(n.7) <
2p 2p 3u 3u p u

2CA, T -1 2A,e* -1 e 1 e —1 4t e’ 1) . -
E ~2 7+ AO +Q)0 +CI)02 >t — B T)d(m) ((I’,¢, 77)’(r:¢:77))
P H P H H H P H

and therefore
diny (B, (r.1),B,(F.4,7)) <
KZCA e -1 2A e -1 e -1 e _1 4t e’

-1 =
—2 2 + — +(Do +q)02 2 +T jd(m) ((r’¢v 77)! (r,¢,77)) .
pu P H JZ U P K

The above inequalities imply
dimy ((B,.B;.B,). (B, B, B, ) < (K, + K, + K ), ((r.4.7).(F..7)).
For sufficiently large x>0 and small 6>0 K +K,+K <1. If the last inequality is not

n

satisfied we can apply Corollary 1 (cf. (15)) and obtain a)—n(Kr +K, +K,)<1. Therefore, the
U
contraction inequality becomes
= = =\ 0" -
(m) ((B B;y)'(Br’ B¢’ Bz;) < E(Kr + K¢ + Kq)d(mm) ((r’¢'77)1 (r,¢,77))

which shows that the following map arises: j:A— A j(m)=m-+n. It is easy to verify that the
space M, xM,xM, is j-bounded and B is a (@, j)—contractive operator in the sense of

[14]. The fixed point of B is a solution of (14).
Theorem 1 is thus proved.

2.6 Formulation of the Periodic Problem for the Basic System and some
Auxiliary Propositions
t t t
Letusset p=r, ¢p=¢, A=n.Then p(t):po+jr(s)ds; ¢(t)=¢O+I¢(s)ds, /1(t)=fn(s)ds.
0 0 0
Recall g*~0, A, ~c and reduce system (13) to the following one:
2
¥ = pg? cos® 1+ pn® + eleziz_e_ =F.(r.¢,n),
m, p° mc®



e

2 g=F,(r.4.m), (18)
m,C

-2r ’sin214  ee, r e .
=- 77_¢ + elzz_z_ 2377§F;7(r1¢777)'
P 2 m,c® p° m,C
We look for a solution (r,¢,7)eM, xM,xM,  of (18) such that p(t) and A(t) to be T-
periodic ones and ¢(t) —>o as t—»>o. To simplify the next calculations, we recall

denotations T, =kT(k=0,1,2,...). Obviously T,,, -T, =T .

As above denote by r™(t), (m=0,12..) the m-th derivative of the function r(t) and

rO) =r(t). By C;”[0,:0) denote the set of all infinitely many differentiable T-periodic

functions. Introduce the following sets of functions, where T, =kT (k=0,1,2,...) and 0<5<%:

Tist

M, :{r € C,7[0,5):[r™ (t)] < @"Rye*™; r(T,) = 0; j r(s)ds =0} telMo Tl

T

m) () _ ¢ (m
00, .

diem (1.T) :SUp{wm Vite[T, ,Tkﬂ]} ; (k=0,1,2,... ),(m=0,12,..);

M, = {qﬁ € C;”[0,0) Z‘¢(m) (t)‘ < wm®oe”(t7Tk)| $(T) =y, _r #(s)ds :T¢0}‘t el Tl

™ () -4™ (t)\e
a)m

Qi (65 =sup{ W errk.m} (k=012 )(m=0.12,.),

s”—&} ,
2
M) () _ 77 (M
d(k,m)(n,n)=sup{we““m :te[Tk’TkA]}; (k=012.. ) (m=012..).
[0}

T

M, ={77 eC[0,0) 7™ (B)] < @"Y (e () =0; - [ n(s)ds =0;

T

jn(s)ds

Here u> w are strictly positive constants.

The set M, xM,xM, turns out in a uniform space by introducing a countable family of
pseudo-metrics (cf. [11]):

dgem) (1, 8.7), (F, 6. 77)) = A my (1 F) + Uy (6,8) + A my (7,77) -
Here the index set A= {(k,m)} consists of the ordered pairs of numbers (k,m=0,2,...).

t t
Lemmas. If (r,p,7)eM, xM,xM, , then p(t) = p, +Ir(s)ds and A(t) :In(s)ds are T-periodic
0 0

functions and !im(% +J¢(S)dSJ=OO(pO 4 >0) .
0

t+T t t T
Proof: Letus set s=p+T . Since j r(s)ds:_[r(p+T)dp:_|'r(p)dp and Ir(s)ds=0 it follows
T 0 0 0

t+T t

pt+T)=p,+ _[ r(s)ds = p, +.|'r(s)ds+ffr(s)ds +]r(s)ds +T r(s)ds = p, +j'r(s)ds +Tr(s)ds +jr(9)d6' =p(t) .



In a similar way we prove that A(t+T)=A(t) . We notice that for every t>T there is me N
such that [0,t]=[0, T, JUIT,,;,t] . If t > then m—o which implies
o) =g, +J¢(s)ds —g+ Y. J $(s)ds+ J¢(s)ds > @, + T, - j [#(s)|ds >
k=0 T, Tt Tt
2@ +mTgy—T max{w(s)‘ selTe k+2]} o, O
Lemma 5 is thus proved.

Lemma 6. The distance between particles p(t) is a bounded function.

LT

e -1 b e —1
Proof: py,=p,—R, <pt)=py+ [r(s)s < py + R = P
0

Recall that 4 is sufficiently large.

Lemma?7. The sets M,,M, and M, are closed.
The proof is straightforward.

Lemma 8. If (r,¢,7)eM xM,xM,, then F.(r,4,n)t), F,;(r,d,n)t) and F, (r,¢,7)t) are T-

periodic functions.
The proof is straightforward.

Lemma 9. ([16]) If F.(r,4,7)(t), F,(r,¢,n)(t), F,(r,4,n)(t) are T -periodic function, then

[ [F.cmpydnds= [ [ F(rgm(pdods: | [Fgm(e)dpis= [ | F,(r.d.m(p)dpds;

Te Tk Tist T Te T Teat T

[ 17 (rgm(o)dods = [ [ F,(rg.m(p)cocs

Te T T Teaa

We assign to the periodic problem (18) the operator
B=(B,,B;,B,):M, xM,xM, ->M,xM,xM, defined by the formulas:

B.(r.4,m)(t):= j F.(r.¢.m)(s)ds~ [ j J F(r¢n)(s)ds—— [ [FrgmEds0  telT, T,

B, (r.4,n)(V):= ¢O+I F, (1, 6,m)(s)ds - [—Wj jF(r¢n)(s)ds~Tj F,(rgm)(e)dsdd ,  te[T, Tl
B, (r.¢,n)(t):= j F,(r,4,m)(s)ds - ( ] j (r¢77)(5)d5—* [ [F,(rg.m(o)dsdo, te[T, T.].
k=012,...

Remark 3. Assumption (C) implies
2+ pn? + p?¢? cos A < Ry2e? + p? (Y02 +®02)52“T <¢?<c? and
A +17 =0 =’ — p?p? COSA<T?, A +¢ p?cos’ A<T?, A +p°n? <C?.

Recall |e,e,|/m, =e,”/m, and 0< B =C/cl 1.

Lemma 10. The following estimates of the right-hand sides of (18) are valid:



ee, 1 2
|F.(r.4.1)| = |pg’ cos? A+ p? + -2 = 2| <
m2 p mzc
2 2 ((t-T)
Cq) e/‘o To) +CA ey(t Te) + e 1 +a) Roe/ <
Pin” c’
e, 2R
<eu(tTk)|:C(D +TA, +_ 1 +a)30 ;
pmln C
e, rp &
|F,(r.m)| = +2¢77tg/1——el LI
m,c® p m,C
_ (=T, _ o ) (T,
< MJFZ(DOAOezﬂ(W)tg (£_5j+e_§(c®0eu<t 0 Lo D, et )j
B 2 2 =
Prin 2 m2 C Prin C3

o6 2 — 2
<ttt [ +2A,e" tg [ 5) + ﬁ[ - ¢ ~+ w—sﬂ D, <D e,
pmm m2 c pmin c

|2r77 #*sin 2/1 ele2 r;; e . -
|F, (r.g.m)| = T2 e S| <
p° mgc
2CA e’ 1 TA. e T 2\ @Ht=T)
S 2GDZM_T“+6—2 2 <
Prin m, C” Prin c
= 24T 2 - 2
corn(Zho @77 & (T o))
Prin 2 m, C” Pumin C

Lemma 11. (Main Lemma B) The problem (18) has a solution (r,4,7) e M, xM,xM,, iff the
operator B has a fixed point belonging to M, xM,xM,
The proof is similar to the one of Lemma 3.

2.7 Existence-Uniqueness Theorem for the Basic System

The main result is:
Theorem 2. Let the following inequalities be fulfilled:

2 2 4T 2 = 2 s
IZC(D +CA, +L( ! +a)§oﬂe <R,; &+ L). +2Ae"Ttg(— ]+e2[ 2c 2+a)3ﬂe DO, <D ;

pmln c m2 c pmin c H
=~ 2, T 2 = 2 4T ~ 2 4T 2 — 2 24T
201\0_‘—(1)0—e+62[\0(2c2+a)3J e SAO; 20[\0+(D0e+62/\0[ ZC 2+C()3] e 5 Sz_g,
pmin 2 m2 c pmin c H pmin 2 mz c pmin c H 2
B 2 2 VI
TD, +CTA, + o ( 12 wf‘)J [1+e 1JSwRO;
L Pmin c ;UT

- 2 - 2 ur
2—(:+2A0e’”tg(£—5j+g - ¢ _+ 2|, 1. 871 <ad,;
_pmin 2 mz c Phrmin ¢ /LIT

_Z—A q)Z T 2 = 2 MT
c o+oe+eZA0( 2C z+a’ﬂ(1+e Tngonand So on.

L pmin 2 m2 c pmin C3 H
It follows infinite number inequalities for higher derivatives.

Then there exists a unique solution of (18) belonging to M, xM,xM,




Proof: First we show that B maps the set M, xM, xM, into itself. Indeed, since

Tk+l _
j[ﬂ—ljdtzo we obtain
JUT 2

Teonoa-T [eeonesa- T

Te Tk

jdt | Fr.é, U)(S)dS—I TF (r.$,m)(s)dsd6 =0

Te Tk

and
B, (r.4.n)(T,) j F.(r,4,n)(s)ds - [ ] j F.(r.gm)(s)ds—— LT[R 0 gmedsdo -
J F (g -1 [ [F.(r.g)(5)dsd0 =0

(cf. the proof of the Main Lemma ). In view of the first inequality from Theorem 2 we obtain

Tk

B, (r,4, n)(t)\<j\F (r.¢, n)(s)\ds+f j IF.(r.¢, n)\ds+— j j\F (r,¢,m)|dsd6 = j‘F (r,¢,)|ds+ j IF.(r,¢,7)|ds <

Tk T

2 2 VI 2 2 uT
<e" W Ed +TA, +—2 % ( ! +w|3?0] [1+e l]<e“‘t T EDy +TA +e_[ ! +w5°j g < Ry ™.
pmm c M H pmln c H

Therefore B (r,¢,7)eM, .
For the second component we have B, (r,4,7)(T,)=¢, and

j B,(r.4,m)dt = 4T + HF (r,¢,m)dsdt - j [———-jdt.f F,(r,¢,7)(s)ds— ij (r,4,n)(s)dsd@ =¢T

Te T Te T

= 2 - 2 LT
‘B¢(r,¢,n)(t)‘ < et 1 gt 2—CJrone“T tan( 5] (C +a)3] € @, <Dt
pmin 2 C pmln c 1u
Consequently B,(r,4,7) eM, .

Tk<1
For the third component we obtain j B,(r.¢,7)(t)dt=0, B, (r,¢7)(T,)=0 and
Te

HT 2 s 2 m
B, (r. g m(®) < [ZCA o e +62A0[C+a’3j]eeﬂ(tmg A

min 2 mz Czpminz c H
,uT 2 - 2 ur t
IB(r¢n)(s>ds<[ Eho , By A[”’B e as<
min 2 mZ c pmin H Te

= LT - 2 HT T
S Y B ot
pmin 2 m2 Cpmin H H 2

For the first derivatives we have respectively

s\F,(r,¢,;7)(t)\+f j IF.(r.¢, n)(s)ds<[c® +TA +2[ ! +”2§°H[1+ i _1J£wR0e““T“,

pITIIn c




dB, (r,¢.7)(t)
dt

<|F(r g+ = [ [Fy(r. (o) os <

I3 2 = 2 uT
< 2—C+2A0e“T tan[z—5J+ﬁ > < > +w—3 D, 1+< ! <D T,
pmin 2 m2 c pmin c :UT

dB, (r, ¢ m()

Fu¢mmhf

F,](r,qﬁ,n)(s)‘ ds <

T

| Ay B e Ayl =5 + 2|12 < o T,
Prin 2 mz C pmm 03 ﬂT

We notice that in the right-hand sides of the above inequalities the power of the frequency

increases which implies a satisfying of the inequalities for the higher derivatives.
To prove that the operator B is contractive one we use the inequalities:

Aoy ((r. 8,1, (T, é, 77))< Rod(kn)((r ¢.1).(F.¢,7)) and ,B ~0

and obtain
oF.
I3 |p(s) — p(s)| + \r(S)—r(S)\
0
oF, et ™) oF| oF| .
< 8pr Ao (1 T) + 6I’r et T)d(k o(r M)+ 6¢r e Tk)d(ko)(¢ $)+
oF, | e Tk’ F _
+ + Fo gt Wy o (7.77) <
01| u (k 0) (n,17) on (77 7)
. oF, 6!5r oF, aF oF,
<etl- Tk)(ap 6r+ 6/1 +l677’]( (kO)(r r)+d(k0)(¢ ¢)+d(k0)(77 77))
oF, oF, . I
where s IR v are supremums of the partial derivatives.
P n

Then in view of the definition of B, (r,4,7) we have

F (r.gm)(s)-F.(F.¢

e“ 1 e _1\(|oF, 1, oF. aFr oF. 1, oF, ~ — _
S[ P +Tj[' ap ar +M 677 J(d(k,o)(r'r)+d(k,o)(¢'¢)+d(k,0)(n’ﬂ))S
oF, oF.| |oF.| |oF.|1 |oF
< etk Rl Rl )l G i Rl 4 r r
[ opl|u lor EY) on ] (ko)(( .1, (T ¢ 7))

It follows d, ,, (B, (r.¢.7),B.(F,4.,7)) <K, d o, ((r.¢.7).(F,4.7)) , where
e [8F 1 |oF ], |oF], |oF|2 . 6FJ

' oplu |or| |og| o4|u |on

In a similar way we obtain d, , (B,(r,4,7),B,(F,4,7)) <K,d,,, ((r.4,7).(T.4.7)) , where

 (|oF, oF,| |oF,| |oF, oF
K¢ e 1 — 4+ ¢ + ¢ + _ 4 14_ 4
plu |or| (o] |oa|u |on

and d(k,O)(B,,(rn¢x 1), B"(T,qg, 7)< K17d(k,0) ((r.¢.1),(F,4.77)) , Where



oF |1 |oF)| |oF)| |oF |1 |oF
K, =— i) NS, (R R/ (Y R — 1.
' oplu |or| |og| |oAalu |on

The above inequalities imply:
Ao ((B.(r.8.m),B,(r,6.1),B,(r.6,7)).(B,(T.4.7), B,(T.4.77).B,(T.4,7))) <
<(K, + K, + K, )dg o (1), (F..70))-
If K +K,+K,is not smaller than 1, we choose m, in such a way that [a)) 0 (Kr +K, +K,])<1.
7]
Then we have

Aoy (B, (r.6,7), B,(r,6.1), B, (r.6.1)),(B, (T 4.,7), B,(F.4.,7), B, (T, 4.,7))) <

s(zjO(K,+K¢+K»dwmﬂ«n¢nlﬂﬂ¢ﬂn-

For the derivative w F(r,g,nt)-= TF (r,¢,m)(s)ds, te[T,,T,,] we obtain

|dB, (r.¢. () _dB,(F.8. M)
‘ dt dt B

<|F.(r.g.m)(0) - F«¢mmh—j

- p(t)\

I]n(t) )|+

1% (|2
+T'I"[( \ /1(5)‘

<K' ((r,g,m).(F.0.77) -

jds<

p(s)—p(s)+

It follows
dmABJhﬁmBAf%ﬁDSKf%QWKR%WKi%ﬁ»,
Aoy (B, (r..7), B, (T, 8,77)) <K ﬂdu¢nnr¢n»
waa¢n)Ba¢n»<Kl dyy (r.6.7). (T, 4,7))
and hence

doey (B, (r,8.m). B, (r.¢.1).B,(r.4,m)).(B, (T 4.77), B,(T.4.7).B,(T.4,7))) <
(K1+K1+K)ﬂmlkm«r¢m(r¢n»

d’B,(r,4,m)(t) _ dF.(r,¢,7)()
dt? dt

wJ@u¢mBa¢msa¢mﬂswamsm%m@¢%m»s

<(KP+K2+K,? ) — g ((r.8.),(F.4.77)) and so on.
Y74

For the second derivative

,te[T,.T,,] we obtain

dF.(r,¢,n) dFs(r.¢,n) dF,(r.é,m)
dt dt ' dt
unknown functions I',@¢,77 and therefore their estimates contain ®°. But the estimates for the

It is easy to see that contain the third derivatives of the

second derivatives contains @’ . Consequently, the power of @ does not increase.

Define the map j:A— A in the following way:



k0 =(km), j2(k0)=(k.2m),...; jk) =(k,my), (kD)= (k,2m).... .
It is easy to verify that the space M, xM,xM, is j-bounded in the sense of [16]. Indeed,
SUPd ¢ pomg) (T, #,7), (F.6,77) ¢ pf=

:suP{d(k,mms)(rT) :mS}Jrsup{d(kvmms)((p, ?) :ms} +sup{d(k’p+ms)(77,77) :ms} SR, + @y +Ag)eT <o (s=123,...).
Therefore, operator B possesses unique fixed point which is a solution of the problem.
Theorem 2 is thus proved.

2.8 Continuous “Jump” from the Ground State to an Excited State and Vice
Versa

To describe the transitions of the moving (second) particle from the ground state to a higher
energy excited state we apply a radial force p(t) to (18). From the mathematical point of

view, we add this force to the first equation and assume that p(t) possesses some suitable
properties:
|8162| i e

p=pp*cos’ L+ pi® — +—2_p+p(t);

pP=pg J2 mot pf mzcgp p(t)
Y . ee .. 2

=200 opingar B2 & (19)
o m,c’> p° myc

_=2pA_ ¢*sin22 . el pi e

P 2 m,c® p>  m.cC
We would like to point out, however, that this transition is performed along a certain
continuous trajectory. We show the existence of such trajectories.

3

We recall that we have already solved the Initial system on [-T,0]:

2 2 .
r'=p¢zcosz/1+p772—c—;¢':2¢77tg,1_ﬂ; . __2mp_¢7sin24
P P p 2

and we take the values of the solution at the right end t =0 to be initial conditions for (19).

We modify the function spaces. Denote again by C;”[0,0) the set of all infinitely
differentiable T-periodic functions such that r(T,)=0,(k=0,1,...). Let ky,k e N,0<ky <k, . We
redefine every function r(.) e C;*[0,) (denoting again by r()) in the following way:

r(t), te[0,T, ),

r()=r@®+r@t),telr, . T1,

rt),  te(T,,«)
where () eC”[0,0) and F(t) >0, where F(t)=A(t).
The function 7(t) is defined on [T, ,T, ]. Itis T-periodic and F(T, )=...=F(T, )=0 and

Taa
[ #(s)ds =T 7 (k =ky,.... k, 1), F, = const. > 0.

T

Then we rewrite the above system for t [0, ) :



- pOF (Ocos” 20+ p O (O - 'ff' TR LCALCREIURA
() =F,(rgm) -
lee,| 1 &

pOF B0 A(O)+ PO (1) — 2 e+ — 2 F(D), t [0, ) V[T, T, ]
m, p m,c
0= 20K om0y t9200 + L 0K €5 Gy g, tepon) (20)
p(t) pit)  mge
()= ~2rOn®) ¢ Osin22() | Ielezzl "n) < 0 =F, (10.1) . t<[0.%)
p(t) 2 mc® pi(t)  myc

and because of <UU> = pp + p*pipcos® A+ p* i we obtain for the energy of the second particle

dW‘z)__ez L+r'r'+p2¢q'50052&+p277i7' N
a2 p? c?

1 1 1

W) = | ——=+——+—

© 2{ PO p0) ¢’
For t=T one obtains:

WT:—ez(—% % C—lzl'(r'r#pij&cosz/1+p2m'7')ds]—

We notice jr(s)'r‘(s)ds = jr(s)dr‘(s) =r(T)r(T)-r(0)r(0) —j[r'(s)dr(s) = —]rz(s)ds;

t
J' rr + p2pdcos® A +p2777'7')ds].
0

_e2
C 0

(rr+p ¢ cos” A+ pnif)ds .

[ ¢ cos” ads = p* (&) cos® (&) [ 4(s)p(s)ds = p* (&) cos® (&) { | ¢<s)d¢(s)} =
= p*(&)cos’ A(&) {«»m«;&m ~4(0)4(0)- | ¢2(s)ds} =—p*(&)cos” (&) [ #(s)ds;

[ PPniids = p (¢:) [ n(s)dri(s) = p* (gT)[n(T)ﬁ(r) -7(0)i(0) - | ﬂs)ds} =—p*(5) [ (s)ds .

But (U,0) = p* + p?A* + p’¢° cos’> A=’ + p°¢? cos” A+ p’n’ . Since T is small number, we
assume p =~ const., A ~ const. and then

T _n?2 T T . T
W, =—e,? (Cizj‘(rr + pPpdcos? A+ pznij)dsj = e; [J' rids + jp2¢¢ cos? Ads + Ipznﬁds] =
0 0 0

0

- T T (21)
=i_( [¥(s)ds+ p* (&) cos” (&) [ #*(s)ds + 2 (s, | ﬁz(s)dsj-

To obtain transition (“forbidden” in Quantum mechanics) trajectories we introduce the
following function spaces:

Tha1
{r()ec “[0,00) - |9 tr(t) < 0"REe ™ [ 1(s)ds =0, (k = 0Lk ~1, by 41

T

I r(s)ds=Tr,;

T

Tigt 1d™(rt) + (1))
dt™ a

):| 2O < or,en 0 [ pts)ds T, (k=01 )} (22)

={¢ecﬁ°



.
" AT j n(t)dt =0,

T

dm

{ne(} [0, 0): g%-a(k:o,l,...)}

(k,m=0,12,.).

jn(s)ds

Lemma 12. The solution (r,¢,77) of (20) belonging to M, xM,xM, generates transition

trajectories.
Proof: Indeed, in the interval [O,Tko] the distance between particles p(t) is T-periodic

function and p,;, = p, =R, (e =1)/ 1< p(t) < p, + Ry (€7 =1)/ 11 = p, -

Let us calculate
Ty

p(T)=py+ j r(s)ds =

Tg1 Ty

_p0+Ir(s)ds+Jr(s)ds+ + J r(s)ds+ j r(s)ds + _[ r(s)ds +...+ J r(s)ds+J r(s)ds=

Tip gt T2 Tl
Tigs1 Tig+2 Ty T
=p,+ j r(s)ds + j r(s)ds +...+ j r(s)ds+j r(s)ds=p, +(k, —k,)T ..
Tio Tigst T2 Tt

Tk41
Then since '[ r(s)ds=0, (k =k, k, +1,...) we infer that the distance function p(t) increases in
Ty

the interval: [T, ,T, ] from p0+jr(p)dp te[0T, ] to py+T, 4, +Jr(p)dp te[T, ) and

Ty

further on it remains periodic one p(t) = p, + I r(p)dp, where p =p, T T
Ty

Lemma 12 is thus proved.

Principal Remark. Substituting r(t) by r(t)+f(t) we notice an increasing of the energy.
Indeed,

& 2 T &
i, =5 [ | rz(s)ds+[po IG (p)+r(p»dp] cos* z(&){cﬁ’(s)dw[ﬂo gl (V(P)”(p”dp}

0 0

21

j ﬁz(s)ds] SW, .

In such a way we proved an existence of transition (jump) trajectories of the second particle
(electron) from the ground state to a higher energy excited state after absorbing energy
caused by the radial periodic force f(t) .

In what follows we prove an existence of functions (r,4,77) e M, xM,xM, which guarantee

an existence of such trajectories. We endow |\7|,><M¢><M,7 with a saturated family of
pseudo-metrics

d(m,k)((r’¢’ m, (anaﬁ)) = d(m,k) (r,T) +d(m,k) (¢, (Z) +d(m,k)(771 n),
where
d"r(t) d"r(t)
dt™ dt™

(mk)(r I’) _Sup{ m
w

-
e DtelT k+1]}



d(m,k)(¢!5) =Ssup {% dd,?ft) d dfm(t) e W telT, ;Tk+1]} '

- 11d™"®) d"7®)| -ue. .
d(m,k)(’?,ﬂ)ZSUp{F " ar e”(tT).te[Tk,TM]

(k,m=012,...).

The set l\7|r xM,xM, turns out in a uniform space with countable family of pseudo-metrics
(cf. [14]). Here the index set consists of the ordered pairs A= {(k,m)} of numbers k,m=012,...

Lemma 13. The sets M,,M,, M, and M, xM,xM, are closed.
The proof is given in the Appendix.

Lemma 14. ([16]) If (r,¢,7)eM, xM,xM, , then F.(r,¢,n)t), F,(r,¢,m)(t) and F,(r,é,n7)(t)
are T-periodic functions.

We assign to the problem (20) the operator B=(B,,B,,B,) defined on M, xM,xM, for
te[T,,T,.,] by the formulas:

B, (1 4. 7)(t):= j E (1.4, m)(s)ds - (t‘TTk —%) j F (. gn)(s)ds—— j j E (r.4,7)(s)dsd6,
B, (1, )= dy + [ F, (1, 4m)(s)s— (t‘TTk —%] [ R gm@ds—— [ [F(r.gmEdsdo,
B (r.d,1)(t):= j F (1. 4.7)()ds - (t‘TTk —%] j F, (4o -2 j j F (r.4,7)(s)dsd0

te[T, T.] (k=0123..).
Recall that Assumption (C) implies R,’e”" + o (A’ +®;*)e*" <c” <c?, and 0< f=C/c<L.

Lemma 15. The following inequalities are valid:

~ e 2
F.(r )| <| T(@y+ Ag)+ Ier; 2|{ 1 e fo]+ fmax}eyam :
L 2 Prin c
_ZR Hr e R ut 2
|F,(r..m)| < 124, tan(z—5j+m[ 2°e > +a’—3J P e
L Prin 2 m2 C Priin C
i HT 2 4T ee T 2
|':rz(l’,¢,77)|S 2RALT | Doe” | e Zl{ Ij"e - +w—3jA0 et(tT0
L Prin 2 m2 c Prin C

The proof is straightforward.

Lemma 16 (Main Lemma) The problem (20) has a solution (r,¢,7)eM, xM, xM, iff the

operator B has a fixed point belonging to M, xM,xM, .



Proof: We consider only the case te[T,,T,] because for te[0,T, ) (T, ) the proof

repeats the one from the previous subsection. Let (r,¢,77)e|\7|er¢xM,, be a T -periodic
solution of the system:
P(t) =F (r.g,m)), ) =F,(r.4.n)), 7t)=F,(r.¢.n)) .

Then after integration (in view of f(T,) =0=r(T,)=0) we obtain:

()= [F.(rd,m(s)ds, §t)=d+ [ F,(r.d,m(s)ds , n(t) = [ F,(r dn)(s)s

and put t=T,,, which implies 0=r(T,,) = j F.(r,,7)(S)ds = j F.(r,4,7)(s)ds =0
Therefore r(t) = IF (r,g,m)ds = r(t) = IF (r,¢,n)ds— [ j TlF (r,¢,m)(s)ds .

Changing the order of integration and considering that f(t) = F.(r,4,7)(t) and f F(s)ds =TT,
T
we have
Tt P Test T Tea
[ [F.(r.g.m)s)dsdp = j (e —S)F, (1, m)(s)ds = j (Te —S)F(8)ds =T, j F(s)ds— [ si(s)ds =
Te T 7 7
T Tt
:Tk+l (r(Tk+1) - r(Tk))_ _[ Sdr(S) :Tk+1 (r(Tk+l) - r(Tk))_(Tk+lr(Tk+1) _Tkr(Tk))+ J. r(S)dS =0.
T T,
t_Tk 1 Tk+1 - ] .
T I F.(r,¢,m7)ds can be rewritten in the form:

T

t
Consequently r(t) = I F(r.¢, n)ds—(
Ty

Tklp

r(t) :jﬁr(r,¢,n)ds —(t‘TT ;j j F (r,¢,n)ds— = j [F.(r.g.m)dsdp .

Tk Tk

The last equality means r =B, (r, 4, 77) >
Repeating the above reasoning we conclude that ¢=B,(r,4,7), n=B, (r,¢,7). In other
words

(r.¢.m) =B, (r.$.7),B,(r.$.),. B, (r.¢.17)), 7=B,(r.$,1),

that is, the operator B has a fixed point.

Conversely, let (r,¢,77)e|\7|r><M xM, be a fixed point of B. Then

t _ Tia Tklp
r(t) = [ F.(r,4,m)ds —[t TT ;j j F.(r,g,m)ds— = j [ F.r,8,m)dsdp

which for t =T, implies

0=r(T,)= jF(rM)ds (TTT ;JIF(r¢n)ds——tr.s[l:(r¢n)d9ds:
—0= 1Tj F(ré n)ds——T]ljF (r.4,m)d6ds |

Te T



Tea

We show that f F.(r.¢.,7)(s)ds =0. Indeed, let us suppose that

T

in view of Lemma 15:

Tis1

T

[ Fr.gm(s)ds

< [6(@0 +A,) +

le.e,

Ry’

Tk»l

T

2

[
m pmin2

C3

u

e

[ F.(r.g,mds

el —1

=£>0. Then

and the last term becomes less than & for sufficiently large x>0 and 4T =const.
Consequently,

rt) = f F(r gn)(s)ds= r(t) = F.(r,g.m)() -

In a similar way for the second and third components of B we obtain ¢(t) = F,(r.¢,m)(t) and

n(t) =F,(r,¢,n)(t) which completes the proof.

2.9 Existence-Uniqueness Theorem for the Basic System

The main result is the following theorem:
Theorem 3. Let the following inequalities be fulfilled:

{c(cb +A)+|e12|( wR"j } <R, +R;;
m2 pmln C
2R ut ee ut 2 )
¢+ Oe+Q%m{5—ﬂ+|“W§ﬁ7+%J—is%;
pmin 2 mZ c pmin c H
utr ut e ur 2
2RALT | Dye hJ ?ez+%-Ao£SAm
pmm 2 m2 c pmin c H
,uT Ut ur 2 Y VL
2R A€ e leel( Ree R N e PO S DS
pmln m2 C pmlﬂ C ILI T 2 2
M B e 2 ~
1+ 2 c(®, +A)+Iel d 12+a)50 +7 (e <w(R,+R,);
/JT L 2 pmin ¢
ur 2 e,uT e e;lT 2
148 S 2R oA tan( j Jee| R° 2 w—3 @, <D, ;
ﬂ cI)0 Phrin 2 mz C Prin c
ur ut 2 uT e utr 2
1.8t R L 2ot |e1 of Ree 5 w—3 A, | < @A,and so on.
:UT L pmin 2 mz C pmln c

(For higher derivatives see Appendix)
Then there exists a unique solution of (20) belonging to M, xM,xM, .

Proof: First we show that B maps the set M, xM,xM,

TK +1

]

Tk

t-T,

Bt

f&mﬁmmm=TiEm¢m@mm—J

Te Tk

;jdt =0 we obtain

T t_Tk _
T

Tk

.q%%ﬁﬁa¢ﬁmmwefTﬂam=Tg

T Tk

Tk

%}fTﬁm¢m@$—

into itself. Indeed, since



and

aaﬁmxm=fﬁm¢m@m+ﬁnr(“

= j jF (r. 4, n)(s)ds—— ”F (r, ¢,7)(s)dsd @ =

2 Tl F (¢, ’7)(5)0'3—— i” F,(r,¢,17)(s)dsd& =0

(cf. the proof of the Main Lemma).

We must show the inequalities for t €[T,,T,.,].k =k;.k, +1,...k, =1, where k, <k, are natural
numbers. For the first component we have

2 t
1B, (r, 6, 7)(0)| < < {6((130+ A+ |er;e2|[ 1 2R J+ rmax} e ™ds <
pmin

2 c Ty

[[F.(r.g.)(s) + F(s)] s

T

ee 2R H(t=T) -
< 6((DO+A0)+|“|{ 12+a)3°]+ﬁnax £ - 1£(RO+R0)e“("Tk).
m Priin H

c
2
For the second component we have

j B, (r, 4. )(t)dt = 4T + TjTjF (. )dsclt - j (% Jdt_[ F, (. d7)ds - TjTjF (r.g.m)dsd0 = 4T
and
t 2R e,uT e eyT 2 t .
|B¢(r,¢,r7)(t)|£¢o+T{F¢(r,¢,f7)(s)ds s¢04{ Pimn +2A, tan[;[ ) |e;]22|(c = +i’—3H®OTfke‘( Tds <

ur e ur 2
< {gbo +{2R°e +2Atg (Z ) lee| { o° =+ w—aﬂ %}e*‘“‘“ <Pt
pmin 2 mz C pmln c H

and finally for the third component we obtain:
Tk<l

[ B,(r.g.m®)dt=0, B, (r,4,7)(T,) =0,

2R,A T D % &|( R 2 (T,
|Bq(r’¢777)(t)|s|: S % |e1 o[ R +2 A, eTSe”(”“AO

2 3

pmin H m2 C pmln c
and
1 Tk 160
jB (r.4,7)(s)ds|< “F,](r ¢,7)dpds|+ ( Zjds j F.(r.¢,n)ds|+ j [ F,(r.4,m)dsdo jds<
Tie Tw Tk T
< 2R A" L% e \elez\ R, +g A gt 1 L, e’ -1 <
Prin 2 m2 c pmln2 C3 ’ ﬂ T 2
ut 21T ut 2 VI VI
o RALT | e lee,|( Re +a% A, |8 21 R P
pmin 2 mz C pmln c H T 2 2

Therefore B, (r,¢,m)eM,, B,(r.gn)eM,,B (r,g,n)eM,.

For the first derivatives we have respectively

dB, (r, 4, m)() 1=
F—T#L—s ,ﬁmmh;nr

ds<




HT 2 ~
<181 T(D,+ Ay) + | _+Z 3R° +7, e <R, +R,)e“ ™ ;
IUT m2 pmln ¢

1 Tk+l
+T [ IF,(r.g.n)s)|ds <
Tw

uT ZR s e R uT 2
<[1+8 2 b+ 81 2n, tan(£—5]+ o] —209 L D, e T < et T
/u pmin 2 m2 c pmin c

sau&mm+$j

1) 2R AT @l |ee|( Re” 2
s(1+em_ 1}{ 0" 0¥ 4 0 | o/ R +w—3 A, €T < A T

2
pmin 2 m2 C pmm c

For the higher order derivatives see Appendix.

w

F,(r.g.m)(s)|ds <

We show that the operator B is (@, j) — contractive one in the sense of [14], [15].
In view of Appendix

Ao (Fr(r!¢! n), F.(T, é, ’7)) <K, dyo ((I’,¢, n).(T.é,, 77)) )

where
LT 2 2 uT 2
K, =|| @2+ A, +—2 2lee — 4 20, @ £ e —% R, 62 + & |+ Dy + 2, A €7
meln /l mz C pmin c
and
Aoy (Fy (r,.7), F, (T, 6,77)) < K, Aoy o) ((r ), (T, 8., 7)) »
where

R,®,e*" 2|e1e2| R,®,e%" 2q>0A0e2~T 1. (Doe"T le, e2| e’

Ky = 2 m,c? r m c?
Phrmin pmm COSZ (_é‘j H Prin pmm
2
2R ur ee R ur 2 2
428 +2A, 7 tan[z—dj lees| 2| ¢ 420 tan( 5j+eza}3
pmin 2 m C pmm 2 mzc
and
Aoy (F, (r,6,m), F, (7. 8,77)) < K, dy o) ((r. 4,2, (F. 6,.77) )
where
K [2R0A 2|e1e2| RyA, L Zjﬂ"‘ 2A0eﬂT |e1ez| A, et LD 4 e/zT |e1e | Roe,uT e &
7 0 2 0
pmln m C pmln /”I pmin m C pmln pmln m C pmln m C

The above inequalities imply
dio ((F (T ), F, (1. 60).F, (r,6,m)),(F. (T, 6.7), F, (T, 6, 7)F, (7. 4,7))) <
<(K, +K, +K, )dyo ((r. ), (F.6.77))-
If K, +K,+K, is not smaller than 1 we take m sufficiently large such that
wm
(K, +K, + K],)F<1.

Then



dicoy ((F (T ), Fy (1. 60). F, (r,6,m)),(F. (T, 6,7), F, (T.6,7)F, (7.6,7))) <
<(K, +K, +K )ﬂ gy ((r,8.7), (T, 8.77)).

For the first derivative we get

d HdBr(r,(/ﬁ,n) dB, (. ¢.7) dB,,(r,¢.r7)j [dB,(r,a,ﬁ) dB, (7. 4.7) dB,,(F,¢7,f7)B<
(k1) ) =

dt ’ dt ’ dt dt ’ dt ’ dt
< (KA KK )ﬂ Ao,y (T $7), (7. 6,7)) -

d’B, (k)(r, ¢, m)(t) _ dF(r,4,m)(1)
dt? dt

q Hd B,(r.g.;7) d°B,(r.é.7) dB(fM)Md B.(F,4,7) d°B,(F.4,7) dB(r¢n)D
(k,2) )

For the second derivative ,te[T,,T,,] we obtain

dt? ’ dt? dt? dt? ’ dt? dt?

<3(K24 K2+ K)o dy (b, (F.6.7)).
y
dF,(r.¢,7) dF,(r.é.) dF (r.¢.77)
dt dt ’ dt
unknown functions I',@4,77 and therefore their estimates contain the multiplier »°. But the

contain the third derivatives of the

It is easy to see that

estimates for the second derivatives contain 2. Consequently, the power of @ does not
increase.

Define the map j:A— A in the following way: j(kK,0) =(k,m), j*(k,0)=(k,2m),...;

ik =(m), j2(kD=(k2m),....

Itis easy to verify that the space M, xM, =M, is j-bounded in the sense of [14]. Indeed,
SUP{ iy pumy (1, 6,7), (T, 6,77)) : P} =

=SUP {dy oy (1 7) iM,+5UD {0 (8 8) M| +SUD{Cly .y (7,77) s, < 2(R, + Ry + D + Y )™ <o
(s=123,...). Consequently, B has a fixed point which is a solution of the problem

formulated- an existence of transition trajectories.
Theorem 3 is thus proved.

To show an existence of transition trajectories from exited to the ground state we consider
the system

R NN
f:lfr(r,¢,77): 2 22 ’
€
pﬁcogu*”"“%iﬁ 2t te[0,0)\[T,,T,]
, p° mcC
2
¢= i¢+2¢ tan/1+r|§102|;¢ & ¢ F,(r.¢,n), te[0,) 23)
2

-2r ?sin24 el r e2 .
— 77_¢ |el 2| 77 23T]EF”(r,¢,77),t€[0,OO).
P 2 mzc P mc

We introduce the following function spaces:



Tisa
@ R [ r(s)ds =0,(k =0,L..k; =L K, k. +1,..);

T

dr r(t)

{r()

.[ r(s)ds=Tf,;

{Uecr [0,0):

(k,m=0,12,.).

Then the energy decreases from W, to V\:/T :

d™ (r(t)-F(t))
dt™

<" (R, —R))e"“ ™ R, >R, >0,(k =Ky, Kk, +1,.... k —1)}

"D ; j¢(s)ds =T, (k=0,1,.. )}

dm??(t)

@"A e T ; j n(t)dt =

T

jry(s)ds

z
35—5, (k =O,l,...)},

&

- 2(T & N 2 T . A g T
W, =%[jr’2(s)ds+[po +| (r(p)—r(p»dp] cos® A&,)| ¢2(s)ds+[po +| (r(p)—r(p»dp] [ rf(s)ds}va :
The proof repeats the above reasoning.

Lemma 17. The solution (r,¢,77) of system (23) belonging to l\7|r><M¢><M,7 generates

transition trajectories from excited state to the ground state.
Proof: Indeed, in the interval [O,Tko] the distance between particles p(t) is T-periodic

function and g, = p, =Ry (€™ =1)/ 1< p(t) < p; + Ry (e =1)/ 1= pyy, -

Let us calculate
Ty,

pT)=p+ j r(s)ds =

Tio Tios1 Tig+2 Ty Ty
_p1+jr(s)ds+jr(s)ds+ + j r(s)ds+ j r(s)ds + [ r(s)ds +..+ [ r(s)ds+ [ r(s)ds=
T Tgs1 T2 Tig1
TM+1 Tk0+2 Tklf Tk1
=p, + j r(s)ds — j F(s)ds +...+ j F(s)ds+_[ F(s)ds=p, — (k, —k,)T F;.
Tko Tk0+1 Tkrz Tkrl

Tt

Then since j r(s)ds=0, (k =k, k +1...) we infer that the distance function p(t) decreases
Ti

in the interval [T, , T, ] from p1+J'r(p)dp te[0,T Jto p-T I +'[r(p)dp te[l,,») and it

Ty,

is again periodic one p(t) = p, —(k, — k)T F+ I r(p)dp.

T

Lemma 17 is thus proved.
Numerical verification of the results obtained

The inequalities from Theorem 3 can be checked using the results from [17], [18].
For the first Bohr orbit we have p,=53101m, p. =510" p_ ~54.10" while for the
second one p, =2°5,410"m=216.10"m (cf. [11]). In order to descnbe the transition, we use



Po+ (ki —ko)T =p, and obtain 53.10™" +(k, —k,)T =21,6.10™" =k, —k, =21,6.10™" /T . The last

estimate shows that the particle (electron) must perform 16.10'/T rounds to pass from the
first stationary state to the second one. Since 1-4°~1, v=6,55.10", =27V ~4,1.10", then

T =1/v=1/(6,55.10"%) ~153.10 ¢, k, —k, =21,6.10"/1,53.10 " ~14.10° .
Considering the values (cf. [12]-[14]) <e§/m2 ~1078, c~3.10%, and choosing x =10 =

e'" = e ~ 4,62 and ;io <1 sufficiently small we verify the inequalities from the above

0
Theorem 3:

} y 1 (4,1.10%)2)] 1 <
5410 (®,2 +Y,2)4,62+10°° +2 — <R +R,;
{ ( o0 ) [(5.1011)2 137.9.10" | |10 Ro+Ry

1612
% 462 2R211+2A0tg(5—5 +10° . 1_11 . +(4'1'1024) 116 <1;
@, 5.10 2 3.10°(5.10™)2.137 =~ 27.10 10

-11 12 16\ 2
462{ 2R, 5410 q>0.4,ez+108( R, , (4110°)° 4,62 ﬂ 1

510" 2 9.10%(5.101)? 27.10% 10°
Passing to the next stationary state can be achieved in a similar way.

2.10 Existence-Uniqueness of Escape Trajectories

To obtain escape trajectories we again must change the function spaces. Namely, we apply
the radial force on the interval [Tko,oo) and introduce the spaces:

m T
={ ,00) : ddtrm(t) <o"Re“"; j r(s)ds=0,(k =0,1,..

T

<@"Re“,

[ r(s)os =Tr; W <" (Ry +Ry)e“ ™ (k =Ky, k, +1,...)},
{ | ¢(t) DD e, j #(s)ds T4y, (k =0,1,.. )}
{UECT [O ) ‘ mA eH(t=T) - TJ- n(t)dt_ j‘f](S)dS S%—5,(k=0,l,...)},
(k,m=012,.).

One can prove as in Lemma 17 that p(t) > as t—o for t>T, . For the angle function

o(t) there are various cases. If we choose the last space we obtain escape trajectories with

o(t) > 0. But another possible case is the function ¢(t) to be bounded one and yet p(t) >«
This case is realized provided:

:{

3. CONCLUSION

|d” ¢(t)

" quﬁ(s)ds =0,(k=0,1,.. )}

In the present paper we have formulated conditions for the existence of periodic orbit of
particle moving around a nuclei, transition from on energy level to another one and escape



motion. This is performed in the 3D-Kepler formulation of the 2-body problem. In this manner
we confirm N. Bohr hypothesis from 1923. We propose the main goals of Bohr's hypothesis
from [18]. The starting point for Bohr’s theory of the atom is the recognition of the fact that
Rutherford’s model of the atom cannot, within the framework of classical physics, explain
that stability which one knows from everyday life experience to be a property of the atom.
According to classical electrodynamics (at the time - author's note), a system composed of a
positive nucleus with electron orbiting about it would inevitably radiate light, so that the orbits
of the electrons would shrink and finally collapse into the nucleus.”

In fact, we confirm the famous Bohr’s hypothesis in the framework of the present classical
electrodynamics on the base of our generalized Synge’s model.
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APPENDIX

Al. Solution Sets Are Closed
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(k=012,...)(m=012..).
Indeed, let {r,}2, e M, {4 )2, €M, inJ2, €M, be convergent sequences. We show that
their limits belong to corresponding sets, thatis, 1, e M, ¢, e M, 77, € M,,. We have

(m) ‘ (m) ‘ (M) 4y (M) ‘
r, t r, t r, t)—r, t
‘ 0 ( ) e—,u(tfkT) B S ( ) e—,u(tfkT) < S ( ) 0 ( ) o
a)m w w

m m
It follows
‘ro(m) (t)‘ < ‘rs(m) (t)‘ +e0"e <o™Rye ) g pMe T :>‘r0(”‘) (t)‘ < w™Rye# )

~H(KT) < d(kym)(rs y ro) <¢&.

and then
(k+D)T (k+1)T QAT (k)T
[ md< [r™@dt+zom = [r™@mdt=o0;
KT kT kT
(k+D)T (k)T ()T

et —1

[am @< [o. D @dt+ 0™ = o™ dt=gT;
KT KT KT

“T 1
=

e
< +ea™

t
[7™ (p)p
KT

t
Im“Npmp s%—a.
kT

t
[ ™ (pyp
KT

A2. Lipschitz Estimates for the Right-Hand Sides
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Then in view of |ee,|/m, =e5 /m, we get
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In a similar way we obtain estimates for
oF oF oF, oF oF, oF, oF, oF, oF, oF, oF, oF, oF, oF,
or'op'or"on op ar o oaan op or "op’oaan
It is easy to verify that the upper bounds of all partial derivatives contain a multiplier @
because the radiation terms possess second derivatives of the unknown functions.
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A3. Estimates of Time-Derivatives of the Right-Hand Sides of Basic System

In view of the Assumption (C), r? + p?n? + p?¢? cos A < Ry%e®T + p?Y,%e® T + p?®,e?T <52,
and
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It is easy to see that the inequality is always satisfied:
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2
£2 210°®, ¢ ~3.10°(cf.

My
[12]-[14]) we conclude that the last inequality might be satisfied for suitable values of the rest
constants.

But in view of the values p~53.10"!, w~ 27.6,55.10"° ~ 4,1.10C,

3 2
For the third derivative |d By (k)(r3,¢,77)(t) |=|d Fr(r,gﬁ,n)(t)| and then the term % Ff—s
|| e 7
becomes 2 F2 L R o450 0n,

For the derivatives of
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P m,
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one can make similar estimates.

dF (r.¢,7)(t)
dt

We notice that the estimate of contains @° and therefore we obtain

3B, (U b0 | _|dF .80 _ 2 g ok
dt? R

(cf. the definition of M xM;=xM,).

It is obvious that in the brackets remains ® and the same is valid for the Lipschitz estimate
in view of the definition of metric between the second derivatives.



