SOME CHARACTERIZATIONS OF WHOLE EDGE
DOMINATION IN BIPOLAR FUZZY GRAPHS

ABSTRACT. In this paper, Some bounds, theorems and results on whole edge
domination number in bipolar fuzzy graph are established with support of
some examples. The concepts of perfect, complete perfect and semi-perfect
whole edge domination in bipolar fuzzy graph are discussed and investigated
with some of their properties and also results on perfect contributed via the
support of some examples.

1. INTRODUCTION

Graph theory is now a new language that covers all the disciplines, including the
literary sciences. Through its straightforward methods, it can provide an alternative
perspective on most scientific issues. Domination is one of the most significant
issues that graph theory addresses because it has numerous applications across
most disciplines. By Mitchell and Hedetniemi [6], the idea of edge domination
in graphs was first established. In 1965, Zadeh [9] developed the idea of a fuzzy
subset of a set as a means of expressing uncertainty. Some types of domination
in fuzzy graphs have been researched recently. Most of them are part of fuzzy
graphs’ vertex domination[8]. The researcher’s motivation for investigating edge
domination in fuzzy graphs.

In 1994, Zhang [10, 11] initiated the concept of bipolar fuzzy sets as a general-
ization of fuzzy sets. Kauffman in the year 1973, introduced the basic idea of fuzzy
graph. After two years, the concept of fuzzy graphs was established by Rosenfeld
[7]. Further, in [1] The extension of fuzzy graph into bipolar fuzzy graph was done
by Akram. Karunambigai et al. in [5], defined the domination, the domination
number in bipolar fuzzy graphs.

Fuzzy set extensions with a membership degree range of [-1,1] are known as
bipolar fuzzy sets. In a bipolar fuzzy set, an element’s membership degree of 0
indicates that it has no impact on the corresponding property, its membership
degree of [0,1] that it somewhat satisfies the property, and its membership degree of
[-1,0] that it somewhat satisfies the implicit counter-property. In [2], the domination
will be calculated by means of edge sets.

In this paper, Section 2 deals with basic definions related to this topic. Many
bounds and properties of whole edge domination in bipolar fuzzy graph have been
determined in section 3. Moreover, for certain graphs, this number has been in-
troduced. In section 4, the effect of addition,deletion and contraction of an edge
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on the perfect whole domination on BFG has been calculated. Finally, the section
gives the conclusion of the article.

2. PRELIMINARIES

Definition 2.1. [1] A fuzzy subset p on a set X is a map p: X — [0,1]. A map
v:X x X —[0,1] is called a fuzzy relation on X if v(z,y) < min(u(z), u(y)) for
all z,y € X.

Definition 2.2. [1] Let X be a non empty set. A bipolar fuzzy set M in X is
an object having the form B = {(z,u}f, u5)/z € X} where, puf; : X — [0,1] and
pp : X — [—1,0] are mappings.

Definition 2.3. [3] A Bipolar fuzzy graph (BFG) is of the form G = (V, ) where
1.: V = vy,v2,03, .....v, such that uf : X —[0,1] and pj : X — [-1,0].

2:eCVxVwherepud :VxV —[0,1and p; : V x V — [~1,0] such that
P55 = b3 (vi,05) < min(uy (ve), i (v5)) and
Haij = py (vi,v5) > max(py (vi), py (vy)) for all (v, v;) € E.
Definition 2.4. [3] Let u be a vertex in a BFG G = (V,€) then N(u) = {v:v € V}
and (u,v) is a strong edge in G is called neighbourhood of u in G.

Definition 2.5. [4] A set Dg C £ is said to be an edge dominating set if every
edge in £ — Dg is adjacent to some edge in Dg. The edge domination number of G
is the cardinality of a smallest edge dominating set of G and is denoted by 7.

Definition 2.6. [2] In a graph G = (V,€), a proper subset Dy C FE is called
whole edge dominating set (W EDS), if every edge in Dy is adjacent to all edges
in & — DW

Definition 2.7. [2] In a graph G = (V,€), Iff X is a WEDS, then Dy is called
minimal W EDS, if it has no proper WEDS.

Definition 2.8. [2] A minimal WEDS has smallest cardinality is called whole
edge domination number denoted by Yype(G)-

Definition 2.9. [4] The number of edges (the cardinality of E) is called the size of
a bipolar fuzzy graph (BFG) and is denoted by

1+ pg (vi, v 2 (Vi) U .

S(G) = vajeg ( G 7UJ;+M2 v UJ)), for all (v;,vj) € &.
Definition 2.10. [4] In BFG, G = (V,£), an edge (a,b) is said to be strong edge if
it (a,b) > (14)(a,b) and i3 (a,b) < (13 ) (a, b) where

(ud)>(a,b) = max{(ug)*(a,b)/k = 1,2,3,...n} and

(113)>®(a,b) = min{(uy )*(a,b)/k =1,2,3,...n}.

Definition 2.11. [4] Let G = (V,£) be an BFG. Let e; and e; be two edges of G.
We say that e; dominates e;, if e; is a strong arc in G and adjacent to e;.

Definition 2.12. [1] A BFG G = (V,€) is called strong if
uf () = min{ut (), 1 ()} and g (vy) = min{py (), 45 (y)} for all zy € £.
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=V, €)

Definition 2.13. [1] The complement of a strong BFG G = (4, B) of
(Wp,pp) are

is a strong BFG G = (A4,B) on G, where A = (uA,uA) and B =
defined by

V=V .

o ph=phand p, =y, forallz eV

gr
+
Kp,

Hey) =0 ifuf(ay) > 0
oty {WWMX(SC),MX(@/)) if g (zy) =0
pp(ry) = {0 ifup(ry) <0

"’ min(ix (@), 13 () ifuplay) =0

Definition 2.14. [1] A strong BFG G is called self complementary if Q: =G.

3. WHOLE EDGE DOMINATION IN BIPOLAR Fuzzy GRAPH

Some dimension of whole edge dominating set in BFG are mentioned.

Definition 3.1. In a BFG G = (V, &), a proper subset Dy, C & is called whole
edge dominating set (WEDS), if every edge in Dy is strong to all edges in £ —Dyy .

Definition 3.2. In a BFG G = (V,&), If Dy is a WEDS, then Dy is called
minimal W EDS, if it has no proper WEDS.

Definition 3.3. A minimal W EDS in BFG has smallest cardinality is called whole
edge domination number in BFG denoted by Yyne(G).

Definition 3.4. Let G = (V,€) be a BFG and e € £, when we delete an edge e
from G then the edges of G are partition into two sets

59 = {6 S E,the(g - 6) = V(Q)}v
EZ ={e €& yune(G —¢) <v(9)}

Definition 3.5. Let G = (V,€) be a BFG and e € G, when we add an edge e from
G then the edges of G are partition into two sets

EY ={e € &, vune(G +€) =7(9)},
Ex ={e €& une(G +e) <v(9)}

Example 3.6. Consider a BFG, (Figure 1:),
If we remove the edge es, then v,p.(G — €) < ¥(G).

Example 3.7. Consider a BFG, (Figure 2:),
If we add the edge e (Figure :2), then v,pe(G + €) < ¥(9).

Example 3.8. Consider a BFG, (Figure 3:),
If we add the edge e,(Figure :3), then v,ne(G + €) = v(G).

Theorem 3.9. If a BFG G = (V, &) has a whole edge domination number yype(G),
then 52,5_; and EI are not empty sets.
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FIGURE 2. Bipolar Fuzzy Graph[BFG] (2)
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FIGURE 3. Bipolar Fuzzy Graph[BFG] (3)

Proof. Two cases are appear as follows.

Case :(i)

If a graph G is a star and add an edge incident to the vertices then the BFG (G +e¢)
also has vype(G + €).

Case :(ii)

If there is no edge in Dy is adjacent to the addition an edge e, then two cases are
appear as follows.

i) If we take G = P, and add the edge that is incident to the two pendants vertices
of Py, so the BFG G + e = Cy, therefore, the BFG G + e also has y,ne(G + €).
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ii) If we take C(G) = C4 and add an edge incident to the vertices, so G + e contains
an edge adjacent to all edges. Then the BFG G + e also has vype(G + €). O

Theorem 3.10. If a BFG G = (V,&) has a whole edge domination number Yy e,
then E2,E~ and ET are not empty sets.

Proof. As same manner in the previous theorem by deleting the edge. O

Corollary 3.11. e For the path BFG P,, with n > 3,
1. If 3 <n <4 then the BFG has Yyhe(Py)-
2. If n > 5 then the BFG has no Yyhe(Py)-

e For the cycle BFG C,, with n > 3,
1. If 3 < n < 4 then the BFG has Yyhe(Chr).
2. If n > 5 then the BFG has 10 Yyhe(Ch).

e For the complete BFG K,, with n > 3,
1. If 3 <n <4 then the BFG has Yyhe(Ky).
2. If n > 5 then the BFG has no Yyhe(Kp).

e For a Wheel BFG W,, with n > 3,
1. If n =3, then the BFG has vyhe(Wh).
2. If n > 4 then the BFG has no Yyne(Wh).

e [f BFG be a star S, with n > 3,
then the star has Yuwnhe(Sn)-

o If BFG be a double star Sy, n, then the double star has Yyhe(Sm,n)-

Theorem 3.12. A BFG G = (V,€) be a tree (T') and it has one whole edge domi-
nation number if the number of vertices not more than 3.

Proof. Let T be a tree and let Dy be a whole edge dominating set with minimum
cardinality.
Suppose that Dy, contains two edges say {ei, ea}, then there are two cases arises.

Case:(i)

If the number of the remained edges in G — Dy is one say {es}, then since the
graph is a tree so it must be a path of some order with an edge {es} which the
incident vertices on it of some degree.

Thus, {es} is a whole edge dominating set in BFG and this is a contradiction with
the set Dy is the minimum cardinality.

Case:(ii)

If the number of the remained edges in G — Dy more than one, then there is a cycle
contains the edges in Dy and the other edges.

Again, this is a contradiction with our assumption.

Therefore, Dy, has one edge, then the middle edge in this tree is whole edge dom-
inating set, which is strong to all edges.

So, that edge has minimum number of whole edge dominating graph.

Thus, the required is satisfied. O
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Theorem 3.13. Let G be BFG and G be the complement of BFG G with the nodes
and arcs as in G or not. If Dy is the whole edge dominating set of G then G also
has atleast one whole edge dominating set.

Proof. Let G and G be BFG . Let us assume that G contains less number of nodes
and arcs than G or equal number of nodes and arcs of G.

Suppose e; and e; are any two edges adjacent in G then they may be adjacent (or)
non adjacent in G.

This implies there exists distinct edge dominating sets in G but which does not
equals Dyy. O

Theorem 3.14. If Dy, be whole edge dominating set of a complete BFG G, then
the edges of whole edge dominating set Dy, incident with the nodes containing
mazimum degree.

Proof. Let Dy be a whole edge dominating set in G.

Assume that the edges of whole edge dominating set Dy is not incident with the
nodes having maximum degree. Then arcs of whole edge dominating set Dy, are
strong, which are incident with the node containing minimum degree.

By definition of edge dominating set, for each e; € £ — Dy there exists e; € Dw
such that e; is strong to e;. Hence whole edge dominating set Dy must contain
atleast one strong arc.

This implies Dy is not minimum, then it leads to contradiction.

Hence edges of whole edge dominating set Dy should incident with the nodes
containing maximum degree. (Il

Theorem 3.15. Consider a BFG G = (V, &), then G has Ywhe(G) if Ywne(G/e€).

Proof. Case:(i)

a) If G contains a spanning subgraph isomorphic to star. This graph becomes a
star too when we contract the edge e. So, the remains BFG G also has v,ne(G).
b) If BFG G be a double star, then we contract the edge e of the BFG G which is
belong to the yy,ne(G)-set and that edge e separate the BFG G into the two stars.
Then the BFG G is not connected.So it has no yune(G).

c¢) If the BFG G be a path, then we contract the edge e of the BFG G which is
belong to the Yyne(G)-set then the BFG G becomes not connected. So,the BFG G
has 10 Yyre(9).

d) If the BFG G be a cycle, For example Cy, Then when we contract the edge e
graph G turn to C3, which means it has the whole edge domination number.
Case :(ii)

If e does not belong to any v.,ne()G-set, then contracting an edge e do not influence
to whole domination number of G. O

Remark:

1. If BFG G — v has whole edge domination number, then BFG G is not necessary
has whole edge domination number.

2. If G — e has a whole edge domination number, then G is not necessary has whole
edge domination number (as an example see Figure 4).

Example 3.16. Consider a BFG, (Figure 4:),
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FIGURE 4. Bipolar Fuzzy GraphsBFG]| (4)

In this example, If we remove the edge e, then v,ne(G — €) < ¥(G).

3. If G + e has whole edge domination number, then G not necessary has whole
edge domination number (as an example see Figure 5).

Example 3.17. Consider a BFG, (Figure 5:),

a(0.3,02) e,(0.2,-0.5) b(0.2,-0.3) al0.3,-02) £,(0.2-05) b(0.2,-0.3)
N N
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= k= S % B
i a QQ,
e
=
c(01,-03)  e{0.1,-05  d(0.3-04) cl0.1,0.3)  es0.1,-05) d{0.3,-04)
G G+e

FIGURE 5. Bipolar Fuzzy Graphs[BFG] (5)

In this example, If we add an edge es, then v,ne(G + €) < Y(G).

4. If G + e has a whole edge domination number, then G is not necessary has a
whole edge domination number.

Theorem 3.18. If a BFG G has Ywhe, then Yuyne(G — v) = Ywne(G),where v € V
(or) (G — v) has no whole edge domination set.

Proof. There are two cases as follows.

Case :(i)

If (G — v) is disconnected, then (G — v) has no whole dominating set.
Case :(ii)

If (G — v) is connected,there are two cases as follows

i) If vwne(G) =1, then BFG G includes a spanning subgraph either it is a star or
double star.



8 T.C. MUJEEBURAHMAN, R. JAHIR HUSSAIN, AND SAID BROUMI

Now, If a BFG G includes a spanning subgraph isometric to star, then there are
two cases as follows.

a) If a BFG G has maximum number of edges, which means there is an edge say
e = vu, such that v and v are adjacent to all other vertices.

Thus, if we delete any other vertex from this graph the whole edge dominating

is not influenced by this deletion, that means a BFG G has v,n.(G) (as an exam-
ple, see figure 6).

Example 3.19. Consider a BFG, (Figure 6:),

al0.2,-0.5)

FIGURE 6. Bipolar Fuzzy Graph[BFG] (6)

In this example, If we remove the edge es, then Yype(G —€) < ¥(G).

b) If a BFG G has no maximum number of strong edges, which means the vertex
u that is incident with the edge e is not adjacent to some other vertices in G, so if
we delete the vertex v, then we get an isolated vertex,

so (G — v) has no whole edge dominating set.

Otherwise, deleting any vertex from graph G do not influence the whole edge dom-
ination.

Now, if BFG G contains a spanning subgraph isometric to double star, then there
are two cases as follows.

¢) If e = vu is the edge that is strong from all the edges in G, and if we delete u
or v, then the graph (G — v) or (G — u) has an isolated vertices. Thus (G — v) or
(G — u) has no whole edge dominating set.

d) If the deleted vertex is not adjacent to the edge e which is dominating the graph
edges, then this deletion do not influence to whole edge domination edge.

If a BFG G, it has strong edges G = C4 or K4.

Thus, (G — v) is a path of order three, so it has (G — v).
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Therefore, Yyhe(G — V) = Ywhe(G).
For all cases above, one can see that Yyne(G —v) = Ywhe(G) or (G —v) has no whole
edge dominating set. O

4. PERFECT WHOLE EDGE DOMINATION IN BIPOLAR Fuzzy GRAPHS

Definition 4.1. A vertex v in a BFG G = (V,£) is called a perfect bipolar fuzzy
vertex if ' (v) = 1 and pu™¥ (v) = —1 (i.e.,) p(v) = (1,—1) for all v € V.

Definition 4.2. An edge e = v, w (simply vw) in a BFG G = (V,€) is called a
perfect bipolar fuzzy edge if p” (vw) = 1 and p" (vw) = —1 (i.e.,) p(vw) = (1, —1)
for all vw € E

Proposition 4.3. Every complete BFG is strong bipolar fuzzy graph.
Proposition 4.4. Every semi-complete bipolar fuzzy graph is semi-regular BFG.

Definition 4.5. A vertex v in a whole edge domination BFG G = (V,€) is called
a perfect whole edge domination bipolar fuzzy vertex if uf(v) = 1 and p¥(v) = —1
(ie.,) pv) =(1,-1) for allv e V.

Example 4.6. Consider a graph G = (V,€) is a BFG, (Figure 1:),
In this example, G = (V, £) be a whole edge domination BFG, where V = {d, e, f, g}

di0.7,-0.5) &(04,-0.3) ei{0.5,-0.4)

3]

A

e (10.6,-0.
(£0-F Q) T2

g(1,-1) e (0.2,-04) {0.4,-0.5)

FIGURE 7. Bipolar Fuzzy Graph[BFG] (7)

and £{ey, e, e3,e4}. Here G is the only perfect whole edge domination bipolar fuzzy
vertex; here there is no perfect whole edge domination bipolar fuzzy vertex.

Definition 4.7. An edge e = {v,w} (simply vw) in a whole edge domination
BFG G = (V,€) is called a perfect whole edge domination bipolar fuzzy edge if
pf (vw) =1 and pV (vw) = —1 (i.e.,) p(vw) = (1, —1) for all vw € &

Example 4.8. Consider a graph G = (V,€) is a BFG, (Figure 2:),

In this example, G = (V, £) be a whole edge domination BFG, where V = {a, b, ¢}
and & = {e1, e2,e3}. Here e is the only perfect whole edge domination bipolar fuzzy
edge; but here there is no perfect whole edge domination bipolar fuzzy edge.

Definition 4.9. A whole edge domination BFG G = (V,€) is called an p-perfect
whole edge domination BFG if all vertices in G are perfect whole edge domination
bipolar fuzzy vertices.
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a(l,-1) eil,-1)  bi{L-1)

¢(0.5,0.7)

FIGURE 8. Bipolar Fuzzy Graph[BFG] (8)

all-1)  ef0.3,0.4) b(l-1}

FIGURE 9. Bipolar Fuzzy Graph[BFG] (9)
Example 4.10. Consider a graph G = (V,€) is a BFG, (Figure 3:),

Definition 4.11. A whole edge domination BFG G = (V, £) is called an p-perfect
whole edge domination BFG if all the edges in G are perfect whole edge domination
bipolar fuzzy edges.

Example 4.12. Consider a graph G = (V,€) is a BFG, (Figure 4:),
Consider a graph G = (V, €) is a whole edge domination BFG, (Figure 5:),

a(l,-1) e)l,-1)  bil.-1)

FIGURE 10. Bipolar Fuzzy Graph[BFG] (10)

Here all the vertices are perfect whole edge domination bipolar fuzzy vertices and
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all the edges are perfect whole edge domination bipolar fuzzy edges. Therefore, this
is an p-perfect and p-perfect whole edge domination BFG.

Proposition 4.13. Every complete whole edge domination in bipolar fuzzy graph
is strong whole edge domination BFG.

Proposition 4.14. Every p-perfect whole edge domination bipolar fuzzy graph is
an p-perfect whole edge domination BFG.

Proof. Let G = (V,€) be a p-perfect BEG. Then all edges in G have the bipolar
fuzzy values (1,-1),
(i.e.,) plow) = (1,-1) for all vw € £.
By the definition of BFG, we have p(vw) =
min(p” (v), u” (w)) and pN (vw) < min(p™ {

(pF (vw), p™ (vw)) where pP (vw) <
M(w)).

=

)

v
This implies that 1 < min(uf (v), uf (w)) and —1 > maz (N (v), u? (w)).
Further, this implies that pf(v) = 1, u”(w) = 1, because greater than 1

is not possible; similarly u™¥(v) = —1, " (w) = —1, because less than —1 is not

possible.

Therefore (uf (v), u™¥ (v)) =
u(v) = (1,—1) and p(w) = (1,-1).
In general, p(v;) = (1,—1) for all v; € V.
Hence, every p-perfect whole edge domination BFG is an u-perfect whole
edge domination BFG.
Note that the converse of this need not be true. (]

(1,-1) and (P (w), u™ (w)) = (1, —1), that is,

Definition 4.15. A whole edge domination BFG G = (V,€) is called a perfect
bipolar fuzzy graph if it is an p-perfect whole edge domination BFG.

Definition 4.16. A whole edge domination BFG G = (V,€) is called a com-
plete perfect whole edge domination BFG if p¥’ (vw) = 1 and pV (vw) = —1, (i.e.,)
plvw) = (1,-1) for all v,w € V

Definition 4.17. A whole edge domination BFG G = (V, £) is called semi-perfect
whole edge domination BFG if all vertices in G are p-perfect whole edge domination
bipolar fuzzy vertices.

Theorem 4.18. FEvery complete perfect whole edge domination BFG is a perfect
whole edge domination BFG.

Proof. Let G = (V, &) be a complete perfect whole edge domination BFG. Since G
is complete, all vertices are connected together. Since G is perfect, all edges are
p-perfect. That is, p(rw) = (1,—1), for all vw € €.

Therefore, obviously G is a perfect whole edge domination BFG.

Note that every perfect whole edge domination BFG is not necessarily a
complete perfect whole edge domination BFG (]

Theorem 4.19. Every complete perfect whole edge domination bipolar fuzzy graph
is a semi-perfect whole edge domination BFG.

Proof. Since G = (V, ) is complete perfect whole edge domination BFG, all edges
are p-perfect and all vertices are joined by an edge. Clearly, G is u-perfect. There-
fore, G is a semi-perfect. Hence, every complete perfect whole edge domination
bipolar fuzzy graph is a semi-perfect whole edge domination BFG. (]



12 T.C. MUJEEBURAHMAN, R. JAHIR HUSSAIN, AND SAID BROUMI

Proposition 4.20. If G = (V, ) is a perfect whole edge domination BFG, then (i)
d(v;) = de(vi) = dy(vi), for all v; € V5 (ii) >, d(vi) = >, de(vi) = >, dn(vi)
for all v; € V;

Proof. Since G = (V, &) is perfect whole edge domination BFG, it has p-perfect
and p-perfect, by definitions of degree, effective degree and neighbourhood degree,
the results are immediate. ]

Let us verify the Proposition by the following example.

Example 4.21. Let G = (V,£) be a perfect whole edge domination BFG, where,
V = {v1,v2,v3} and € = {e1, ez, e3} with p(a) = p(b) = pu(c) = (1,-1); pler) =
plea) = ples) = (1,-1).

This is an u-perfect and p-perfect whole edge domination BFG.
By usual calculations, we get,
d(v1) = dg(v1) = dn(v1) = (2, —2);
d(v2) = dg(v2) = dn(v2) = (2, -2);
d(vs) = deg(v3) = dn(v3) = (2, -2);

In general, d(v;) = dg(v;) = dn(v;) for all v; € V

Further, the sum of the degrees, sum of the effective degrees and sum of the
neighbourhood degrees are same, that is,

Do, Qi) =3 de(vi) =3, dn(vi) = (6,—6) for all v; €V

Vi)  ey(1,-1) va (1,4

vail,-1}

FIGURE 11. Bipolar Fuzzy Graph[BFG] (10)

Theorem 4.22. FEvery complete whole edge domination bipolar fuzzy graph is a
totally regular whole edge domination BFG.

Theorem 4.23. FEvery complete perfect whole edge dominating bipolar fuzzy graph
is reqular whole edge dominating BFG.

Proof. Since G is complete perfect whole edge dominating BFG with n vertices;
the (open) neighbourhood degree of any vertex is (n — 1, —(n — 1)), i.e., dy(vi) =
(n—1,—(n—1))x(1,-1), for all v; € V. This is an (n—1)-regular BFG. Thus, every
complete perfect whole edge dominating BFG is regular whole edge dominating
BFG O

Proposition 4.24. Every semi-perfect whole edge dominating bipolar fuzzy graph
is not necessarily regular whole edge dominating BFG.

Proposition 4.25. In any complete perfect whole edge dominating BFG, d(v;) =
dg (vi) = dn(vi), for all v; € V;
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5. CONCLUSION

In this work, we introduced whole edge domination in bipolar fuzzy graphs with
some results. Some bounds and theorems were established as well. Further perfect
whole edge domination in BFGs also introduced, related results and examples were
also discussed.
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