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1 Introduction
Banach contraction principle [1] was a foundation for a development of metric fixed point theory
which has been generalized by utilizing various contractive conditions in various contexts. Matthews
[10] exhibited the idea of partial metric space (PMS) in which the self distance need not be equal
to zero and proved the Banach fixed point theorem for such spaces. Geraghty [3] introduced a
new class of contraction mappings and obtained a generalization of the Banach contraction principle
in the setting of complete metric spaces by considering an auxiliary function. Further, Samet et
al. [12] introduced another class of mappings, called the α − ψ contractive type mappings and
obtained some fixed point results for this class of mappings. Karapinar and Samet [13] generalized
the α − ψ contractive type mappings and established various fixed point theorems. On the other
hand, Wardowski [4, 5, 6] introduced a new contraction called F -contraction and proved a fixed point
theorem as a generalization of the Banach contraction principle. Many authors have formed different
generalizations of Wardowski result (see [17, 18, 19, 20, 21] ).

Recently, Singh et al. [15] introduced the Boyd-Wong type generalized F -ψ-contraction mappings
in the setting of partial metric spaces and proved some fixed point results. On the other hand,

In this paper, we initiate Boyd-Wong type generalized (α,ψ, F )-Geraghty
contraction mappings in the setting of partial metric spaces and investigate the existence and
uniqueness of fixed points for the newly constructed contraction mappings. Our results are
supported by an example. As an application of these well-established findings, we show that a
class of nonlinear integral equations has a solution.



Qawaqneh et al. [16] introduced (α, β, F )-contraction mappings by integrating the ideas of Wardowski
[4] and Geraghty [3] and established some fixed point results.

Motivated by the results of Singh et al. [15] and Qawaqneh et al. [16] we established fixed point
results for Boyd-Wong type generalized (α,ψ, F )-Geraghty contraction mappings in the setting of
partial metric spaces.

In 1992, Matthews [10] presented generalization of metric space as follows:

Definition 1.1. ([10]) Let Φp be a non-empty set. A function ρ : Φp × Φp → [0,∞) is said to be a
partial metric on Φp if the following conditions hold:

(PMS1) ξp = ηp if and only if ρ(ξp, ξp) = ρ(ηp, ηp) = ρ(ξp, ηp) ;

(PMS2) ρ(ξp, ξp) ≤ ρ(ξp, ηp);

(PMS3) ρ(ξp, ηp) = ρ(ηp, ξp);

(PMS4) ρ(ξp, ηp) ≤ ρ(ξp, δp) + ρ(δp, ηp)− ρ(δp, δp). for all ξp, ηp, δp ∈ Φp.

The set Φp equipped with the metric ρ defined above is called a partial metric space and it is denoted
by (Φp, ρ) (in short PMS). Each partial metric ρ on Φp generates a T0 topology τρ on Φp, which has a
base of the family of open ρ-balls

{Bρ(ξp, ϵ) : ξp ∈ Φp, ϵ > 0}

Where
Bρ(ξp, ϵ) = {ηp ∈ Φp : ρ(ξp, ηp) < ρ(ξp, ξp) + ϵ}

for all ξp ∈ Φp and ϵ > 0

Example 1.1. ([23]) Let Φp = {[a, b] : a, b ∈ R, a ≤ b} and define ρ([a, b], [c, d]) = max{b, d} −
min{a, c}. Then (Φp, ρ) is a partial metric space.

Example 1.2. ([23]) Let Φp = [0,∞) and define ρ(ξp, ηp) = max{ξp, ηp}. Then Then (Φp, ρ) is a
partial metric space.

Lemma 1.3. ([10]) Let (Φp, ρ) be a partial metric space.

(a) A sequence {ξpn} in (Φp, ρ) converges to a point ξp ∈ Φp if and only if

ρ(ξp, ξp) = lim
n→∞

ρ(ξpn , ξp),

(b) A sequence {ξpn} in (Φp, ρ) is a Cauchy sequence if limm,n→∞ ρ(ξpn , ξpm) exists and finite ,

(c) (Φp, ρ) is complete if every Cauchy {ξpn} in Φp converges to a point ξp ∈ Φp, such that

ρ(ξp, ξp) = lim
m,n→∞

ρ(ξpn , ξpm) = lim
n→∞

ρ(ξpn , ξp) = ρ(ξp, ξp).

Lemma 1.4. ([24],[10],[11]) Let ρ be a partial metric on Φp, then the function dρ : Φp × Φp → R+

such that

dρ(ξp, ηp) = 2ρ(ξp, ηp)− ρ(ξp, ξp)− ρ(ηp, ηp)

is metric on Φp. Let (Φp, ρ) be a partial metric space. Then

1. A sequence {ξpn} in (Φp, ρ) is a Cauchy sequence if and only if it is a Cauchy sequence in the
metric space (Φp, d

ρ),

2. (Φp, ρ) is complete if and only if the metric space (Φp, d
ρ) is complete. Moreover

limn→∞ dρ(ξpn , ξp) = 0 ⇔ ρ(ξp, ξp) = limn→∞ ρ(ξpn , ξp) = limn,m→∞ ρ(ξpn , ξpm).



Lemma 1.5. ([8]) Assume that ξpn → δp as n → ∞ in a partial metric space (Φp, ρ) such that
ρ(δp, δp) = 0 Then limn→∞ ρ(ξpn , ηp) = ρ(δp, ηp) for every ηp ∈ Φp.

Lemma 1.6. [8] If {ξpn} with limn→∞ ρ(ξpn , ξpn+1) = 0 is not a Cauchy sequence in (Φp, ρ), and
two sequences {r(j)} and {s(j)} of positive integers such that r(j) > s(j) > j, then following four
sequences

ρ(ξps(j) , ξpr(j)+1
), ρ(ξps(j) , ξpr(j)),

ρ(ξps(j)−1
, ξpr(j)+1

), ρ(ξps(j)−1
, ξpr(j))

tend to µp > 0 when j → ∞

Lemma 1.7. [9] Let (Φp, ρ) be a partial metric space.

1. if ρ(ξp, ηp) = 0 then ξp = ηp ,

2. If ξp ̸= ηp then ρ(ξp, ηp) > 0.

In 2012, Samet et al. [12] introduced α-admissible mapping as follows:

Definition 1.2. [12] Let T : Φp → Φp and α : Φp × Φp → [0,∞). T is said to α-admissible if

α(ξp, ηp) ≥ 1 ⇒ α(Tξp, Tηp) ≥ 1

for all ξp, ηp ∈ Φp.

Definition 1.3. [14] Let T : Φp → Φp and α : Φp × Φp → [0,∞) be functions. Then T is said to
triangular α-admissible if T is α-admissible and for ξp, ηp, δp ∈ Φp, α(ξp, δp) ≥ 1 and α(δp, ηp) ≥ 1 ⇒
α(ξp, ηp) ≥ 1.

Lemma 1.8. [14] Let T : Φp → Φp be triangular α-admissible mapping. Assume that there exists
ξp0 ∈ Φp such that α(ξp0 , T ξp0) ≥ 1. Define a sequence {ξpn} by ξpn+1 = Tξpn for each n ∈ N0.
Then we have α(ξpm , ξpn) ≥ 1 for all m,n ∈ N with m > n.

Boyd and Wong [2] introduced a class of mappings called the φ-contraction mapping and obtained
following result:

Definition 1.4. [2] Let (Φp, d) be a metric space and φ : [0,∞) → [0,∞) be a function such that
φ(t) < t for t > 0. A self map T : Φp → Φp is called φ-contraction if

d(Tξp, Tηp)) ≤ φ(d(ξp, ηp))

for all ξp, ηp ∈ Φp.

Theorem 1.9. [2] Let (Φp, d) be a complete metric space and T : Φp → Φp a φ-contraction such that
φ is upper semicontinuous from the right on [0,∞) and satisfies φ(t) < t for all t > 0, Then T has a
unique fixed point.

Definition 1.5. [3] Let S denotes the class of the functions β̃ : [0,∞) → [0, 1) which satisfy the
condition β̃(tn) → 1 implies tn → 0

Theorem 1.10. [3] Let (Φp, d) be a complete metric space and T : Φp → Φp be a self-mapping.
Assume that there exists β̃ ∈ S such that for all ξp, ηp ∈ Φp

d(Tξp, Tηp) ≤ β̃(d(ξp, ηp))d(ξp, ηp)

Then T has a unique fixed point in Φp.



Wardowski [4] introduced new class of contraction mappings as follows

Definition 1.6. Let F be family of all functions F : R+ → R satisfying:

(F1) F is strictly increasing, i.e. for all a, b ∈ R+ if a < b then F (a) < F (b);

(F2) for each sequence {an} of positive numbers, limn→∞ an = 0 if and ony if limn→∞ F (an) = −∞;

(F3) there exists k ∈ (0, 1) such that lima→0+ a
kF (a) = 0

Wardowski [4] defined F -contraction as follows:

Let (Φp, d) be a metric space, then the mapping T : Φp → Φp is said to be an F -contraction, if
there exist F ∈ F and τ > 0 such that for all ξp, ηp ∈ Φp with d(Tξp.Tηp) > 0 we have

τ + F (d(Tξp, Tηp)) ≤ F (d(ξp, ηp))

Recently, Piri and Kumam [7] extended the result of Wardowski [4] by changing the condition (F3) in
Definition 1.6 as follows:

Definition 1.7. [7] Let ∆F be family of all functions F : R+ → R satisfying:

(i) F is strictly increasing, i.e. for all a, b ∈ R+ if a < b then F (a) < F (b);

(ii) for each sequence {an} of positive numbers,
limn→∞ an = 0 if and ony if limn→∞ F (an) = −∞;

(iii) F is continuous on (0,∞).

Definition 1.8. [22] Let Φ be family of all functions φ : [0,∞) → [0,∞) satisfying:

(i) φ(t) < t for t > 0;

(ii) φ is continuous function.

2 Main Results
Definition 2.1. Let Ψ be the family of all functions ψ : [0,∞) → (0,∞) satisfying following conditions:

1. ψ is a decreasing function ;

2. ψ is a continuous function.

Definition 2.2. Let (Φp, ρ) be partial metric space, α : Φp × Φp → [0,∞) be a function. A self
map T : Φp → Φp is said to be Boyd-Wong type generalized (α,ψ, F )-Geraghty contraction if for all
ξp, ηp ∈ Φp, φ ∈ Φ, ψ ∈ Ψ, F ∈ ∆F, β ∈ S with α(ξp, ηp) ≥ 1 and ρ(Tξp, Tηp) > 0, we have

α(ξp, ηp)(ψ(ρ(ξp, T ξp)) + F (ρ(Tξp, Tηp))) ≤ β(M(ξp, ηp))F (φ(M(ξp, ηp))) (2.1)

where

M(ξp, ηp) = max

{
ρ(ξp, ηp),

(1 + ρ(ξp, T ξp))ρ(ξp, T ξp)

1 + ρ(ξp, ηp)
,
(1 + ρ(ξp, T ξp))ρ(ηp, Tηp)

1 + ρ(ξp, ηp)
,

ρ(ξp, Tηp) + ρ(ηp, T ξp)

2

}
Remark 2.1. Since the functions belonging to S are strictly less than 1, the expression β(M(ξp, ηp))
in (2.1) can be estimated as follows

β(M(ξp, ηp)) < 1

for all ξp, ηp ∈ Φp with ρ(Tξp, Tηp) > 0



Theorem 2.1. Let (Φp, ρ) be a complete partial metric space and T : Φp → Φp be self mapping.
Suppose α : Φp × Φp → [0,∞) be the mapping satisfying the conditions:

(i) T is triangular α-admissible mapping;

(ii) T is Boyd-Wong type generalized (α,ψ, F )-Geraghty contraction mapping;

(iii) There exists ξp0 ∈ Φp such that α(ξp0 , T ξp0) ≥ 1;

(iv) T is continuous;

Then T has a fixed point in Φp.

Proof. Let ξp0 be an arbitrary point such that α(ξp0 , T ξp0) ≥ 1. Suppose we have a sequence {ξpn}
in X such that ξpn+1 = Tξpn for all n ∈ N0.
If ξpn = ξpn+1 for some n ∈ N0, then ξpn is a fixed point of T and the existence part of the proof
is finished. Suppose ξpn ̸= ξpn+1 for every n ∈ N0, Then ρ(ξpn , ξpn+1) = ρ(Tξpn−1 , T ξpn) > 0 by
lemma 1.7. Now, since T is α-admissible, so

α(Tξp0 , T ξp1) = α(ξp1 , ξp2) ≥ 1

α(Tξp1 , T ξp2) = α(ξp2 , ξp3) ≥ 1

and using induction we have α(ξpn , ξpn+1) ≥ 1 for all n ∈ N.

By (2.1) we get

ψ(ρ(ξpn−1 , ξpn)) + F (ρ(ξpn , ξpn+1)) = ψ(ρ(ξpn−1 , T ξpn−1)) + F (ρ(Tξpn−1 , T ξpn))

≤ α(ξpn−1 , ξpn)(ψ(ρ(ξpn−1 , T ξpn−1)) + F (ρ(Tξpn−1 , T ξpn)))

≤ β(M(ξpn−1 , ξpn))F (φ(M(ξpn−1 , ξpn))) (2.2)

where

M(ξpn−1 , ξpn) =max

{
ρ(ξpn−1 , ξpn),

(1 + ρ(ξpn−1 , T ξpn−1))ρ(ξpn−1 , T ξpn−1)

1 + ρ(ξpn−1 , ξpn)
,

(1 + ρ(ξpn−1 , T ξpn−1))ρ(ξpn , T ξpn)

1 + ρ(ξpn−1 , ξpn)
,
ρ(ξpn−1 , T ξpn) + ρ(ξpn , T ξpn−1)

2

}
=max

{
ρ(ξpn−1 , ξpn),

(1 + ρ(ξpn−1 , ξpn))ρ(ξpn−1 , ξpn)

1 + ρ(ξpn−1 , ξpn)
,

(1 + ρ(ξpn−1 , ξpn))ρ(ξpn , ξpn+1)

1 + ρ(ξpn−1 , ξpn)
,
ρ(ξpn−1 , ξpn+1) + ρ(ξpn , ξpn)

2

}
(2.3)

On the other side by (PMS4)

ρ(ξpn−1 , ξpn+1) ≤ ρ(ξpn−1 , ξpn) + ρ(ξpn , ξpn+1)− ρ(ξpn , ξpn) (2.4)

replacing (2.4) in (2.3) we get that

M(ξpn−1 , ξpn) ≤ max{ρ(ξpn−1 , ξpn), ρ(ξpn , ξpn+1)} (2.5)

Now, using (2.5) in (2.2) we get that

ψ(ρ(ξpn−1 , ξpn)) + F (ρ(ξpn , ξpn+1))) ≤ β(max{ρ(ξpn−1 , ξpn), ρ(ξpn , ξpn+1)})F (φ(max{ρ(ξpn−1 , ξpn),

ρ(ξpn , ξpn+1)}) (2.6)



Now, if ρ(ξpn , ξpn+1) > ρ(ξpn−1 , ξpn), then we get

ψ(ρ(ξpn−1 , ξpn)) + F (ρ(ξpn , ξpn+1))) ≤ β(ρ(ξpn , ξpn+1))F (φ( ρ(ξpn , ξpn+1))

≤ F (φ( ρ(ξpn , ξpn+1))

< F (ρ(ξpn , ξpn+1))

which is a contradiction since ρ(ξpn , ξpn+1) > 0 . Therefore

M(ξpn−1 , ξpn) = ρ(ξpn−1 , ξpn) (2.7)

Again, Using (2.7) in (2.6) and by definitions of β, F and φ we get

F (ρ(ξpn , ξpn+1)) ≤ F (φ(ρ(ξpn−1 , ξpn))− ψ(ρ(ξpn−1 , ξpn))

< F (ρ(ξpn−1 , ξpn)− ψ(ρ(ξpn−1 , ξpn)) (2.8)

< F (ρ(ξpn−1 , ξpn))

As F is strictly increasing, we get that

ρ(ξpn , ξpn+1) < ρ(ξpn−1 , ξpn)

Thus, p(ξpn , ξpn+1) is a decreasing sequence of positive real numbers. Consequently from (2.8), we
have

F (ρ(ξpn , ξpn+1))) < F (ρ(ξpn−1 , ξpn))− ψ(ρ(ξpn−1 , ξpn))

< F (ρ(ξpn−2 , ξpn−1))− ψ(ρ(ξpn−2 , ξpn−1))− ψ(ρ(ξpn−1 , ξpn))

As ψ is decreasing function, we get

F (ρ(ξpn , ξpn+1))) < F (ρ(ξpn−2 , ξpn−1))− 2ψ(ρ(ξpn−2 , ξpn−1))

On generalizing

F (ρ(ξpn , ξpn+1))) < F (ρ(ξp0 , ξp1))− nψ(ρ(ξp0 , ξp1)) (2.9)

Letting the limit n→ ∞ in (2.9) we get

lim
n→∞

F (ρ(ξpn , ξpn+1)) = −∞ ⇔ lim
n→∞

ρ(ξpn , ξpn+1) = 0 (2.10)

consequently, we get

lim
n→∞

ρ(ξpn , ξpn+1) = 0 (2.11)

Now, we show that {ξpn} is a Cauchy sequence in X i.e. We prove that limn,m→∞ ρ(ξpn , ξpm) =
0.
We prove it by contradiction.
Let

lim
n,m→∞

ρ(ξpn , ξpm) ̸= 0

.
Then sequences in lemma 1.6 tends to µp > 0, when j → ∞.

So we can see that
lim
j→∞

ρ(ξps(j) , ξpr(j)) = µp (2.12)



Further corresponding to s(j), we can choose r(j) in such a way that it is smallest integer with
r(j) > s(j) > j. Then

lim
j→∞

ρ(ξpr(j)−1
, ξps(j)) = µp (2.13)

Again,

ρ(ξps(j)−1
, ξpr(j)−1

) ≤ ρ(ξps(j)−1
, ξpr(j)) + ρ(ξpr(j) , ξpr(j)−1

)− ρ(ξpr(j) , ξpr(j))

Letting j → ∞ and using lemma 1.6 we get

lim
j→∞

ρ(ξps(j)−1
, ξpr(j)−1

) = µp (2.14)

In (2.1) replacing ξp by ξpr(j)−1
and ηp by ξps(j)−1

respectively and using Lemma 1.8, we get

ψ(ρ(ξpr(j)−1
, ξpr(j))) + F (ρ(ξpr(j) , ξps(j))) = ψ(ρ(ξpr(j)−1

, T ξpr(j)−1
)) + F (ρ(Tξpr(j)−1

, T ξps(j)−1
))

≤ α(ξpr(j)−1
, ξps(j)−1

)[ψ(ρ(ξpr(j)−1
, T ξpr(j)−1

))

+ F (ρ(Tξpr(j)−1
, T ξps(j)−1

))]

≤ β(M(ξpr(j)−1
, ξps(j)−1

))F (φ(M(ξpr(j)−1
, ξps(j)−1

)))

(2.15)

where

M(ξpr(j)−1
, ξps(j)−1

) =max

{
ρ(ξpr(j)−1

, ξps(j)−1
),
(1 + ρ(ξpr(j)−1

, T ξpr(j)−1
))ρ(ξpr(j)−1

, T ξpr(j)−1
)

1 + ρ(ξpr(j)−1
, ξps(j)−1

)
,

(1 + ρ(ξpr(j)−1
, T ξpr(j)−1

))ρ(ξps(j)−1
, T ξps(j)−1

)

1 + ρ(ξpr(j)−1
, ξps(j)−1

)
,

ρ(ξpr(j)−1
, T ξps(j)−1

) + ρ(ξps(j)−1
, T ξpr(j)−1

)

2

}
=max

{
ρ(ξpr(j)−1

, ξps(j)−1
),
(1 + ρ(ξpr(j)−1

, ξpr(j)))ρ(ξpr(j)−1
, ξpr(j))

1 + ρ(ξpr(j)−1
, ξps(j)−1

)
,

(1 + ρ(ξpr(j)−1
, ξpr(j)))ρ(ξps(j)−1

, ξps(j))

1 + ρ(ξpr(j)−1
, ξps(j)−1

)
,

ρ(ξpr(j)−1
, ξps(j)) + ρ(ξps(j)−1

, ξpr(j))

2

}
(2.16)

Letting j → ∞ in (2.16) and using (2.11), (2.12), (2.13), (2.14) and lemma 1.6 we get

lim
j→∞

M(ξpr(j)−1
, ξps(j)−1

) = µp (2.17)

Now Letting k → ∞ in (2.15) and using definitions of ψ, F , β, φ and (2.12),(2.17) we get

ψ(µp) + F (µp) ≤ β(µp)F (φ(µp)) ≤ F (φ(µp)) < F (µp) (2.18)

This is a contradiction, Therefore

lim
n,m→∞

ρ(ξpn , ξpm) = 0 (2.19)



This implies that {ξpn} is a Cauchy sequence in (Φp, ρ) which is complete. Therefore the
sequence {ξpn} is convergent in the space (Φp, ρ), say limn→∞ ρ(ξpn , δp) = 0. Again from Lemma
1.3, we get

ρ(δp, δp) = lim
n→∞

ρ(ξpn , δp) = lim
m,n→∞

ρ(ξpn , ξpm) = 0 (2.20)

Moreover, As T is continuous, we have

δp = lim
n→∞

ξpn+1 = lim
n→∞

Tξpn = Tδp

In the following, we omit the continuity assumption of T in Theorem 2.1.

Theorem 2.2. Let (Φp, ρ) be a complete partial metric space and T : Φp → Φp be self mapping.
Suppose α : Φp × Φp → [0,∞) be the mapping satisfying the conditions:

(i) T is triangular α-admissible mapping;

(ii) T is Boyd-Wong type generalized (α,ψ, F )-Geraghty contraction mapping;

(iii) There exists ξp0 ∈ Φp such that α(ξp0 , T ξp0) ≥ 1;

(iv) If for any sequence {ξpn} such that ξpn → δp as n→ ∞ and α(ξpn , ξpn+1) ≥ 1, then α(ξpn , δp) ≥
1.

Then T has a fixed point in Φp. Further if δp, δq are fixed points of T with α(δp, δq) ≥ 1, then T
has a unique fixed point in Φp.

Proof. From the proof of the Theorem 2.1, the sequence {ξpn} defined by ξpn+1 = Tξpn is Cauchy
in Φp. Now, suppose that (iv) holds. We have to show that Tδp = δp. Assume that ρ(Tδp, δp) > 0.
Since α(ξpn , ξpn+1) ≥ 1, from (2.1) we have

ψ(ρ(ξpn , T ξpn)) + F (ρ(ξpn+1 , T δp)) = ψ(ξpn , T ξpn) + F (ρ(Tξpn , T δp))

≤ α(ξpn , δp)(ψ(ξpn , T ξpn) + F (ρ(Tξpn , T δp)))

≤ β(M(ξpn , δp))F (φ(M(ξpn , δp))) (2.21)

Where

M(ξpn , δp) = max

{
ρ(ξpn , δp),

(1 + ρ(ξpn , T ξpn))ρ(ξpn , T ξpn)

1 + ρ(ξpn , δp)
,
(1 + ρ(ξpn , T ξpn))ρ(δp, T δp)

1 + ρ(ξpn , δp)
,

ρ(ξpn , T δp) + ρ(δp, T ξpn)

2

}
(2.22)

Now, taking n→ ∞ in (2.22) and using (2.11), (2.20) and Lemma 1.5 we get

lim
n→∞

M(ξpn , δp) = ρ(δp, T δp) (2.23)

Again, taking n→ ∞ in (2.21) and using (2.23) we get

ψ(ρ(δp, T δp)) + F (ρ(δp, T δp)) ≤ β(ρ(δp, T δp))F (φ(ρ(δp, T δp))) ≤ F (φ(ρ(δp, T δp))) < F (ρ(δp, T δp))

which implies

F (ρ(δp, T δp)) < F (ρ(δp, T δp))− ψ(ρ(δp, T δp)) < F (ρ(δp, T δp))



which is a contradiction. Therefore Tδp = δp i.e. δp is a fixed point.
Further, suppose δp and δq be two fixed point of T such that ρ(δp, δq) > 0 and α(δp, δq) ≥ 1. From
(2.1) we have

ψ(ρ(δp, T δp)) + F (ρ(δp, T δq)) ≤ α(δp, δq)(ψ(ρ(δp, T δp)) + F (ρ(δp, T δq)))

≤ β(M(δp, δq))F (φ(M(δp, δq))) (2.24)

Where

M(δp, δq) =max

{
ρ(δp, δq),

(1 + ρ(δp, T δp))ρ(δp, T δp)

1 + ρ(δp, δq)
,
(1 + ρ(δp, T δp))ρ(δq, T δq)

1 + ρ(δp, δq)
,
ρ(δp, T δq) + ρ(δq, T δp)

2

}
=max

{
ρ(δp, δq),

(1 + ρ(δp, δp))ρ(δp, δp)

1 + ρ(δp, δq)
,
(1 + ρ(δp, δp))ρ(δq, δq)

1 + ρ(δp, δq)
,
ρ(δp, δq) + ρ(δq, δp)

2

}
= ρ(δp, δq) (2.25)

putting (2.25) in (2.24) we get

ψ(ρ(δp, δp)) + F (ρ(δp, δq)) ≤ α(δp, δq)(ψ(ρ(δp, δp)) + F (ρ(δp, T δq)))

≤ β(ρ(δp, δq))F (φ(ρ(δp, δq))) ≤ F (φ(ρ(δp, δq))) < F (ρ(δp, δq)) (2.26)

which implies

F (ρ(δp, δq)) < F (ρ(δp, δq))− ψ(ρ(δp, δp)) < F (ρ(δp, δq))

which is a contradiction. Hence T has a unique fixed point. This completes the proof.

Following are consequences of the theorems.

Corollary 2.3. Let (Φp, ρ) be partial metric space, T : Φp → Φp be a self map. Let F ∈ ∆F, β ∈ S
and φ ∈ Φ, If for all ξp, ηp ∈ Φp , with ρ(Tξp, Tηp) > 0 we have

τ + F (ρ(Tξp, Tηp)) ≤ β(M(ξp, ηp))F (φ(M(ξp, ηp))) (2.27)

for some τ > 0 and

M(ξp, ηp) = max

{
ρ(ξp, ηp),

(1 + ρ(ξp, T ξp))ρ(ξp, T ξp)

1 + ρ(ξp, ηp)
,
(1 + ρ(ξp, T ξp))ρ(ηp, Tηp)

1 + ρ(ξp, ηp)
,
ρ(ξp, Tηp) + ρ(ηp, T ξp)

2

}
Then T has a unique fixed point in Φp.

Corollary 2.4. Let (Φp, ρ) be partial metric space, T : Φp → Φp be a self map. Let F ∈ ∆F, φ ∈ Φ,
If for all ξp, ηp ∈ Φp with ρ(Tξp, Tηp) > 0 we have

τ + F (ρ(Tξp, Tηp)) ≤ F (φ(M(ξp, ηp))) (2.28)

for some τ > 0 and

M(ξp, ηp) = max

{
ρ(ξp, ηp),

(1 + ρ(ξp, T ξp))ρ(ξp, T ξp)

1 + ρ(ξp, ηp)
,
(1 + ρ(ξp, T ξp))ρ(ηp, Tηp)

1 + ρ(ξp, ηp)
,
ρ(ξp, Tηp) + ρ(ηp, T ξp)

2

}
Then T has a unique fixed point in Φp.

Example 2.5. Let Φp = [0, 1] and define ρ : Φp ×Φp → R+ by ρ(ξp, ηp) = max{ξp, ηp}. Then (Φp, ρ)

is a complete partial metric space. Consider the mapping T : Φp → Φp defined by T (δp) =
δp
100

and



let φ : [0,∞) → [0,∞) be such that φ(t) = t
10

, ψ : [0,∞) → (0,∞) be such that ψ(t) = 1
1+t

. If we
define the functions α : Φp × Φp → [0,∞) as

α(ξp, ηp) =

{
3
2

ξp ≥ ηp

o otherwise
(2.29)

Define the function F : R+ → R by F (α) = logα for all α ∈ R+ > 0.
We show that contractive condition of Theorem 2.1 is satisfied. Let ξp, ηp ∈ Φp, without loss of
generality we assume that ξp ≥ ηp. Suppose that ρ(Tξp, Tηp) > 0, then

α(ξp, ηp)(ψ(ρ(ξp, T ξp)) + F (ρ(Tξp, Tηp))) =
3

2
[ψ(ρ(ξp,

ξp
100

)) + F (ρ(
ξp
100

,
ηp
100

))]

=
3

2
[ψ(ξp) + F (

ξp
100

)]

3

2
[

1

1 + ξp
+ log(

ξp
100

)] (2.30)

On the other side

M(ξp, ηp) =max

{
ρ(ξp, ηp),

(1 + ρ(ξp, T ξp))ρ(ξp, T ξp)

1 + ρ(ξp, ηp)
,
(1 + ρ(ξp, T ξp))ρ(ηp, Tηp)

1 + ρ(ξp, ηp)
,
ρ(ξp, Tηp) + ρ(ηp, T ξp)

2

}
=max

{
ρ(ξp, ηp),

(1 + ρ(ξp,
ξp
100

))ρ(ξp,
ξp
100

)

1 + ρ(ξp, ηp)
,
(1 + ρ(ξp,

ξp
100

))ρ(ηp,
ηp
100

)

1 + ρ(ξp, ηp)
,
ρ(ξp,

ηp
100

) + ρ(ηp,
ξp
100

)

2

}
= ξp (2.31)

β(M(ξp, ηp))F (φ(M(ξp, ηp))) = β(ξp)F (φ(ξp))

=
1

1 + ξp
log(φ(ξp))

=
1

1 + ξp
log(

ξp
10

) (2.32)

Therefore, it satisfies the condition of Theorem 2.1. Hence T has a fixed point, which in this case
is 0.

3 Application
we will apply Corollary 2.3 to solving the existence and uniqueness of the solution of the following
integral equations:

ξp(t) = f(t) + λ

∫ 1

0

G(t, s)Fn(s, ξp(s)) ds (3.1)

ηp(t) = f(t) + λ

∫ 1

0

G(t, s)Gn(s, ηp(s)) ds (3.2)

for all t ∈ [0, 1] and λ is a real number.

Let Φp = C([0, 1],R) be set of all real valued continuous function on [0, 1]. Let Φp be endowed
with the partial metric ρ : Φp × Φp → [0,∞) defined by

ρ(ξp, ηp) = d(ξp, ηp) + cn = sup
t∈[0,1]

|ξp(t)− ηp(t)|+ cn



for all ξp, ηp ∈ Φp and {cn} is a sequence of positive real numbers such limn→∞ cn = 0. Now, we
prove the following theorem to ensure the existence of solution of system of integral equations.

Theorem 3.1. Assume the following conditions are satisfied:

(i) Fn, Gn : [0, 1]× R → R, G : [0, 1]× [0, 1] → R+ and f : [0, 1] → R are continuous.

(ii) Define

Tξp(t) = f(t) + λ

∫ 1

0

G(t, s)Fn(s, ξp(s)) ds (3.3)

Tηp(t) = f(t) + λ

∫ 1

0

G(t, s)Gn(s, ηp(s)) ds (3.4)

and when n→ ∞ there exists τ ≥ 1 such that

|Fn(t, ξp(t))−Gn(t, ηp(t))| ≤ e−τ

(
φ(|ξp(t)− ηp(t)|)

)k

for all t ∈ [0, 1], where k = 1
1+ρ(ξp,ηp)

and φ ∈ Φ

(iii)

sup
t∈[0,1]

∫ 1

0

|G(t, s)| ds ≤ R < +∞

(iv) λR ≤ 1

Then the system of integral equations given in (3.1)and (3.2) has a solution.

Proof. Following the assumptions of Theorem 3.1, we have

ρ(Tξp, Tηp) = d(Tξp, Tηp) + cn

= sup
t∈[0,1]

|Tξp(t)− Tηp(t)|+ cn

= sup
t∈[0,1]

∫ 1

0

∣∣∣∣∣λG(t, s)[Fn(s, ξp(s))−Gn(s, ηp(s)]

∣∣∣∣∣ ds+ cn

Letting n→ ∞, we get

ρ(Tξp, Tηp) ≤ |λ|e−τ sup
t∈[0,1]

[(
φ(|ξp(t)− ηp(t)|)

)k ∫ 1

0

|G(t, s)| ds
]

≤ |λ|e−τ

(
φ(d(ξp, ηp))

)k

sup
t∈[0,1]

∫ t

0

|G(t, s)| ds

≤ |λ|Re−τ

(
φ(d(ξp, ηp))

)k

≤ e−τ

(
φ(d(ξp, ηp))

)k

≤ e−τ

(
φ(ρ(ξp, ηp))

)k

By passing logarithm we obtain that

ln(ρ(Tξp, Tηp)) ≤ −τ + k ln(φ(ρ(ξp, ηp)) = −τ +
1

1 + ρ(ξp, ηp)
ln(φ(ρ(ξp, ηp))



where k = 1
1+ρ(ξp,ηp)

, By taking F (r) = ln(r), β(r) = 1
1+r

we get

τ + F (ρ(Tξp, Tηp)) ≤ β(ρ(ξp, ηp))F (φ(ρ(ξp, ηp)) ≤ β(M(ξp, ηp))F (φ(M(ξp, ηp)))

Clearly, all the conditions of Corollary 2.3 are satisfied and so T has a unique fixed point. Thus
the system of integral equations (3.1)and (3.2) has a unique solution.

4 CONCLUSIONS
In this paper, we generalized Wardowski F -contraction mappings by introducing Boyd-Wong type
generalized (α,ψ, F )-Geraghty contraction mappings and established the corresponding fixed point
theorems in partial metric spaces. We have applied our results to get the existence of a solution for a
class of nonlinear integral equations.

References
[1] S. Banach, Sur les operations dans les ensembles abstraits et leur application aux equations

integrals, Fund. Math., 3 (1922), 133-181.

[2] D. W. Boyd and J. S. W. Wong, On nonlinear contractions, Proc. Amer. Math. Soc., 20 (1969),
458-464.

[3] M. Geraghty, On contractive mappings, Proc. Amer. Math. Soc., 40 (1973), 604-608.

[4] D. Wardowski, Fixed points of a new type of contractive mappings in complete metric spaces,
Fixed Point Theory Appl., 2012 (2012).

[5] D. Wardowski and N. V. Dung, Fixed points of F -weak contractions on complete metric spaces,
Demonstr. Math., 47 (2014), 146–155.

[6] D. Wardowski, Solving existence problems via F -contractions, Proc. Am. Math. Soc., 146 (2018),
1585-1598.

[7] H. Piri and P. Kumam, Some fixed point theorems concerning F -contraction in complete metric
spaces, Fixed Point Theory Appl., 2014 (2014).

[8] V. L. Rosa and P. Vetro, Fixed points for Geraghty-contractions in partial metric spaces,
Nonlinear Sci. Appl., 7 (2014), 1-10.

[9] S. Chandok, D. Kumar and M. S. Khan, Some results in partial metric space using auxiliary
functions, Applied Mathematics E-Notes , 15 (2015), 233-242.

[10] S. G. Matthews, Partial metric topology, Research report 212, Department of Computer Science,
University of Warwick, (1992).

[11] S. G. Matthews, Partial metric topology, Proceedings of the 8th summer conference on topology
and its applications, Annals of the New York Academy of Sciences, 728 (1994), 183-197.

[12] B. Samet, C. Vetro and P. Vetro, Fixed point theorem for α − ψ contractive type mappings,
Nonlinear Anal., 75 (2012), 2154-2165.

HP
Highlight



[13] E. Karapinar and B. Samet, Generalized α−ψ-contractive type mappings and related fixed point
theorems with applications, Abstract and Applied Analysis, 2012 (2012), Article ID 793486.

[14] E. Karapınar, P. Kumam and P. Salimi, On α− ψ-Meir-Keeler contractive mappings, Fixed Point
Theory Appl., 2013 (2013).

[15] D. Singh, V. Chauhan, P. Kumam, V. Joshi and P. Thounthong, Applications of fixed point results
for cyclic Boyd-Wong type generalized F − ψ contractions to dynamic programming, J. Math.
Computer Sci. , 17 (2017), 200–215.

[16] H. Qawaqneh, M. S. Noorani and W. Shatanawi, Fixed point results for Geraghty type
generalized F -contraction for weak α-admissible mappings in metric-like spaces, Eur. J. Pure
Appl. Math. 3 (11), (2018), 702-716.

[17] A. A. Mebawondu and O. T. Mewomo, Application of fixed point results for modified generalized
F -contraction mappings to solve boundary value problems, PanAmerican Mathematical Journal,
4 (29), (2019), 45 - 68.

[18] K. H. Alam, Y. Rohen and N. Saleem, Fixed points of (α, β, F ∗) and (α, β, F ∗∗) weak Geraghty
contractions with an application, Symmetry 15 (2023).

[19] H. A. Hammad, M. F. Bota and L. Guran, Wardowski’s contraction and fixed point technique
for solving systems of functional and integral equations, Journal of Function Spaces, Vol. 2021,
Article ID 7017046.

[20] M. Wang, N. Saleem, X. Liu, A. H. Ansari and M. Zhou, Fixed point of (α, β)-admissible
generalized Geraghty F-contraction with application, Symmetry 15 (2022).

[21] D. Kumar, A. Tomar, S. Chandok and R. Sharma, Almost α − F -contraction, fixed points and
applications, Int. J. Nonlinear Anal. Appl. 2(12), (2021), 375-386.

[22] M. Abbas, T. Nazir, and S. Romaguera, Fixed point results for generalized cyclic contraction
mappings in partial metric spaces. RACSAM 106, (2012), 287–297 .

[23] M. Kir and H. Kiziltunc, Generalized fixed point theorems in partial metric spaces, Eur. J. Pure
Appl. Math., 4 (2016), 443-451.
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