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Abstract

Aims/ objectives: In this paper, we initiate Boyd-Wong type generalized («,, F')-Geraghty
contraction mappings in the setting of partial metric spaces and investigate the existence and
uniqueness of fixed points for the newly constructed contraction mappings. Our results are
supported by an example. As an application of these well-established findings, we show that a
class of nonlinear integral equations has a solution.
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1 Introduction

Banach contraction principle [1] was a foundation for a development of metric fixed point theory
which has been generalized by utilizing various contractive conditions in various contexts. Matthews
[10] exhibited the idea of partial metric space (PMS) in which the self distance need not be equal
to zero and proved the Banach fixed point theorem for such spaces. Geraghty [3] introduced a
new class of contraction mappings and obtained a generalization of the Banach contraction principle
in the setting of complete metric spaces by considering an auxiliary function. Further, Samet et
al. [12] introduced another class of mappings, called the o — v contractive type mappings and
obtained some fixed point results for this class of mappings. Karapinar and Samet [13] generalized
the o — ¢ contractive type mappings and established various fixed point theorems. On the other
hand, Wardowski [4, 5, 6] introduced a new contraction called F-contraction and proved a fixed point
theorem as a generalization of the Banach contraction principle. Many authors have formed different
generalizations of Wardowski result (see [17, 18, 19] ).

Recently, Singh et al. [15] introduced the Boyd-Wong type generalized F-i-contraction mappings
in the setting of partial metric spaces and proved some fixed point results. On the other hand,
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Qawagneh et al. [16] introduced («, 8, F')-contraction mappings by integrating the ideas of Wardowski
[4] and Geraghty [3] and established some fixed point results.

Motivated by the results of Singh et al. [15] and Qawaqgneh et al. [16] we established fixed point
results for Boyd-Wong type generalized («, v, F')-Geraghty contraction mappings in the setting of
partial metric spaces.

In 1992, Matthews [10] presented generalization of metric space as follows:

Definition 1.1. ([10]) Let &, be a non-empty set. A function p : ®, x ®, — [0,00) is said to be a
partial metric on &, if the following conditions hold:

(PMS1) &, = ny, if and only if p(&p,£p) = p(0p, 1) = p(Eps M) 5

(PMS2) p(&p,8p) < p(€psmp);

(PMS3) p(&p,mp) = (10, &p);

(PMS4) p(&p,m0) < p(€p,0p) + p(0p;Mp) — p(dp, 0p). for all €, mp, 6, € ©p.
The set &, equipped with the metric p defined above is called a partial metric space and it is denoted
by (®,, p) (in short PMS). Each partial metric p on ®,, generates a T topology 7, on ®,, which has a
base of the family of open p-balls

{Bp(&p,€) : & € Pp, e > 0}

Where
By(&py€) = {mp € Pp 1 p(€p,mp) < p(6p,Ep) + €}
forall ¢, € &, and e > 0

Example 1.1. ([21]) Let ®, = {[a,b] : a,b € R,a < b} and define p([a,b], [c,d]) = max{b,d} —
min{a, c}. Then (®,, p) is a partial metric space.

Example 1.2. ([21]) Let ®, = [0,00) and define p(&p,mp) = max{&,np}. Then Then (®,,p) is a
partial metric space.

Lemma 1.3. ([10]) Let (®,, p) be a partial metric space.

(a) A sequence {¢,, } in (®,, p) converges to a point &, € ®,, if and only if

p(&p,&p) = nlggo P(EpnsEp)s

(b) A sequence {&,,,} in (®p, p) is a Cauchy sequence iflim, n— oo p(Ep,, , Ep.n ) EXIStS and finite ,
(c) (®p,p) is complete if every Cauchy {¢,,, } in ®, converges to a point §, € ®,, such that

p(&p,&p) = m}igoop(gpn:gpm) = nan;o P(Epn>Ep) = p(6ps Ep)-

Lemma 1.4. ([22][10],[11]) Let p be a partial metric on ®,, then the function d* : &, x &, — R*
such that

d?(&p,mp) = 20(EpsMp) — P(Eps Ep) — P(Mp, )
is metric on ®,,. Let (®,, p) be a partial metric space. Then

1. A sequence {&,,, } in (D, p) is a Cauchy sequence if and only if it is a Cauchy sequence in the
metric space (®,,d"),

2. (®,, p) is complete if and only if the metric space (P, d”) is complete. Moreover
limp o0 d?(€p,, 1 €p) = 0 & p(§ps §p) = limnsoo P(Epns Ep) = liMn m—s00 P(€py s Eprm )-
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Lemma 1.5. ([8]) Assume that £,, — 0, as n — oo in a partial metric space (®,, p) such that
p(0p,0p) = 0 Thenlimn .o p(&p,., M) = p(dp,np) for everyn, € @y,

Lemma 1.6. [8] If {&,,, } with limy, o p(§p,,,&p,, 1) = O is not a Cauchy sequence in (®,,p), and
two sequences {r(j)} and {s(j)} of positive integers such that r(j) > s(j) > j, then following four
sequences

p(gps(j) ) §Pr(j)+1 )7 p(gps(” ) gpr(j) )7
p(&ps(j),l ) ‘Epr(jH] )s p(gps(j),l ) £P7~(]') )
tend to up, > 0 when j — oo

Lemma 1.7. [9] Let (®,, p) be a partial metric space.

1. ifp(&p,mp) =0 then&, =, ,
2. If¢, # np then p(&p,mp) > 0.

In 2012, Samet et al. [12] introduced a-admissible mapping as follows:
Definition 1.2. [12]LetT : &, — &, and a: ¢, x &, — [0, 00). T is said to a-admissible if
alpsmp) 2 1= a(TEp, Tp) > 1

forall &, mp € ©p.

Definition 1.3. [14] Let T : &, — ®, and « : ®, x ¢, — [0, 00) be functions. Then T is said to
triangular a-admissible if 7" is c-admissible and for &,, n,, 0, € ®p, (&, ) > 1 and a(dp,7mp) > 1 =
a(&p,mp) = 1.

Lemma 1.8. [14] LetT : &, — &, be triangular a-admissible mapping. Assume that there exists
&po € ®p such that a(&p,,TEy,) > 1. Define a sequence {&p,,} by &p,,,, = T&p, for eachn € No.
Then we have a(&p,,,&p,,) > 1 forallm,n € N withm > n.

Boyd and Wong [2] introduced a class of mappings called the ¢-contraction mapping and obtained
following result:

Definition 1.4. [2] Let (®,,d) be a metric space and ¢ : [0,00) — [0,00) be a function such that
p(t) <tfort>0.Aself map T : &, — ¥, is called p-contraction if

d(T€p, Tmp)) < p(d(&p,7p))
for all &, mp € ©p.

Theorem 1.9. [2] Let (D, d) be a complete metric space andT : ®, — ®,, a p-contraction such that
o Is upper semicontinuous from the right on [0, o) and satisfies ¢(t) < t for allt > 0, ThenT has a
unique fixed point.

Definition 1.5. [3] Let S denotes the class of the functions B : [0,00) — [0,1) which satisfy the
condition 3(t,) — 1 implies ¢, — 0

Theorem 1.10. [3] Let (®,,d) be a complete metric space and T : &, — &, be a self-mapping.
Assume that there exists 8 € S such that for all £, m, € D)

d(T&p, Tnp) < B(d(§p7 1p))d(Eps Mp)

Then T has a unique fixed point in ®,.
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Wardowski [4] introduced new class of contraction mappings as follows

Definition 1.6. Let § be family of all functions F : RT — R satisfying:

(F1) Fis strictly increasing, i.e. for all a,b € R if a < bthen F(a) < F(b);

(F2) for each sequence {a, } of positive numbers, lim,, . a, = 0if and ony if lim, o0 F'(an) = —o0;
(F3) there exists k € (0, 1) such that lim,_,y+ a*F(a) =0

Wardowski [4] defined F-contraction as follows:

Let (®,,d) be a metric space, then the mapping T : ®, — ®, is said to be an F-contraction, if
there exist F' € § and 7 > 0 such that for all &,, 7, € ®, with d(T¢,.Tn,) > 0 we have

T+ F(d(T¢p, Tnp)) < F(d(&p,mp))

Recently, Piri and Kumam [7] extended the result of Wardowski [4] by changing the condition (F3) in
Definition 1.6 as follows:
Definition 1.7. [7] Let A be family of all functions F : Rt — R satisfying:

(i) F is strictly increasing, i.e. for all a,b € RT if a < bthen F(a) < F(b);

(i) for each sequence {a,} of positive numbers,
limy, 00 an = 0 if and ony if limy, 00 F(an) = —o0;

(iiiy F is continuous on (0, o).

Definition 1.8. [20] Let ® be family of all functions ¢ : [0, c0) — [0, o0) satisfying:
(i) o(t) <tfort>0;

(i) ¢ is continuous function.

2 Main Results

Definition 2.1. Let ¥ be the family of all functions ¢ : [0, c0) — (0, o) satisfying following conditions:
1. ¢ is a decreasing function ;
2. 1) is a continuous function.

Definition 2.2. Let (®,,p) be partial metric space, a : &, x &, — [0,00) be a function. A self

map T : &, — P, is said to be Boyd-Wong type generalized («, ¢, F')-Geraghty contraction if for all
Epyp €EDp, o €D, Y €V, F € Ag, f €S with a(&p,np) > 1 and p(T¢,, Tnp) > 0, we have

a(&ps M) (V(p(p, TEp)) + F(p(T€p, Tnp))) < BIM (§p,mp)) F(0(M (§p, 1)) (2.1)
where

_ (1 + p(p, Tp))p(Ep, TEp) (1 + p(€p, TEp)) p(11p, Tp)
M(Epvnp) = max {P(fpﬂ?p): 1+p(€pa77p) I 1+p(€p777p) )

p(€p, Tnp) + p(np, TEp) }
2

Remark 2.1. Since the functions belonging to S are strictly less than 1, the expression 3(M (&, 1))
in (2.1) can be estimated as follows
BM(Ep,mp)) < 1

for all &, np € ®p, With p(TE,, Tnp) > 0
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Theorem 2.1. Let (®,,p) be a complete partial metric space and T : ®, — ®, be self mapping.
Suppose o : ¢, x ¢, — [0, 00) be the mapping satisfying the conditions:

(i) T is triangular «-admissible mapping;
(ii) T is Boyd-Wong type generalized («, v, F')-Geraghty contraction mapping;
(iii) There exists &y, € @, such that a(&p,, Tépy) > 1;
(iv) T is continuous;
Then T has a fixed point in ®,,.
Proof. Let &,, be an arbitrary point such that a(&,,, 7€, ) > 1. Suppose we have a sequence {¢,,, }
in X such that ¢, , = T¢,, foralln € No.
It &, = &, for some n € No, then &, is a fixed point of 7' and the existence part of the proof
is finished. Suppose &, # &p,.,, for every n € No, Then p(&p,., &p,11) = P(Tp, 1, TEp,) > 0 by
lemma 1.7. Now, since T is a-admissible, so
a(T€P07 Tép, ) = O‘(&H s 5172) >1
a(Tpy, TEpy) = 6ps,6ps) > 1

and using induction we have a(&,,,,&p,,,,) > 1 foralln € N.

By (2.1) we get

w(P(gpna ) gpn)) + F(p(gpn ) fpnﬂ)) ¢(P(§pn71 s Tfpnq)) + F(p(Tfpnq ) T&pn))
O‘(&pnﬂ75%)(1/)(/)(51)”717T‘fpna)) + F(p(T&.Pn—17T§pn)))
B(

M(Ep, 1 & ) E (M (&p,,_156pn))) (2.2)

ININ

where

1 p"*I’T Pn—1 Pn717T Prn—1
M@pn,uspn):max{,,(fpwgm)y< +plé 1+i(gp 3>pg) )

(T4 1> TEpn_1))P(Epns Tépn) PEpn_1:TEps) + P(Epn> Tép,_1) }
1+p(£10n—17"$1>n) ’ 2

_ (L+p(€pp—1+&pn))P(Epr1+6pn)
=max p(gpn,“gpn% 1 + p(fp B Sp, ) )

1+ P(fpn_l & ))P(Epps fpn-u) P(gpnﬂ , é-pn,+1) + p(&pn > Epn) }

L+ p(&p,—1>€pn) ’ 2
(2.3)
On the other side by (PMS4)
PEpn—1>€pns1) < P&pnrs€pn) + PEpnsEpnir) = P(Epns Epn) (2.4)
replacing (2.4) in (2.3) we get that
M (&pp—15&pn) < max{p(&p,_1:&pn)s P(Epn s Epnia )} (2.5)

Now, using (2.5) in (2.2) we get that

¢(p(€f’n—17€pn)) + F(p(gpn7§pn+l))) < B(ma’x{p(fpn—l7é‘pn)’p(é-pn’gpni»l)})F(go(ma‘X{p(gpn—l751771,)7
P(épn ; fpnﬂ )}) (2.6)
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Now, if P(fpn ) 51771.1»1) > P(gpnﬂ y §Pn)’ then we get

w(P(gpnfugpn)) + F(P(ﬁpmfpnﬂ))) < B(P(fpnafpn+1))F(<P( p(épn,7§pn+1))
< F(@( p(gpn7£pn+1))
< F(P(&pm&pnﬂ))

which is a contradiction since p(&p,,,p,. 1) > 0 . Therefore
M(gpn—n&?n) = p(é’ﬁn—l’é’@n) (2.7)

Again, Using (2.7) in (2.6) and by definitions of 5, F' and ¢ we get

F(p(épn7§pn+l)) < Fp(p6pn_1+8pn)) — V(0(€pr_156pn))
< F(p(Epp1s&pn) — P (p(Epp_1yEpn)) (2.8)
< F(p(pp_1:&pn))

As F is strictly increasing, we get that

P(Epns fpn-u) < p(gpn—l +€pn)

Thus, p(&p,.,&p.... ) is @ decreasing sequence of positive real numbers. Consequently from (2.8), we
have

F(ﬂ(&pmﬁpnﬂ))) < F(p(€p7L717£Pn)) - "/](P(gpnfu‘gpn))
< F(p(€pn_2:&pn_1)) = V(P(Epn_25Epn_1)) = V(PEpn_1:Epn))

As 1) is decreasing function, we get

F(p(&)n:g:ﬂywrl))) < F(p(£p11,—27£pnfl)) - 2w(p(£pn—27€pn—l))

On generalizing

F(p(gpn ) £p71+1 ))) < F(p(gpu ) gpl )) - nw(p(éﬁﬂo ) €P1 )) (29)
Letting the limit n — oo in (2.9) we get
nh~>n<:o F(P(gp,” £Pn+1 )) = -0 <= nh*)n;o p(fpn, s é-pn+1) =0 (2.10)
consequently, we get
nIL»HOIo p(§p7mgpn+1) =0 (2.11)

Now, we show that {¢,,, } is a Cauchy sequence in X i.e. We prove that limy, 1 — o0 p(€pn s Epm ) =
0.
We prove it by contradiction.
Let

lim  p(&p,;&pm) # 0

n,m—o0

Then sequences in lemma 1.6 tends to p, > 0, when j — oo.
So we can see that

ji%n;op(gps(j)»gpr(j)) = Hp (2.12)
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Further corresponding to s(j), we can choose r(j) in such a way that it is smallest integer with
r(7) > s(3) > j. Then

Jli)rgo p(£?7~(j)71>§l75(j)) = ,LLp (213)
Again,
p(éps(j)71 ’ §pr(j),1) S p(gps(j>,1 ) €P7~(j)) + p(gpfy‘(j) ) gpr(j)fl ) - p(gpr(j) ) gpr(j))

Letting j — oo and using lemma 1.6 we get

jli{gop(gps(j),1>£pr(j)71) = /“LP (214)

In (2.1) replacing &, by &, ;,_, and n, by &, ,,_, respectively and using Lemma 1.8, we get

WPy Errin) ) + FPlEnisy s Enuiy)) = 00y —1s Tnoiyi)) + F(p(TE, s Ty 1)
P CT SIS 1L 17 (IR s S

F(p(T6p, 5,1 Tpgyy_)
8(

M(gpr(j)_l ’ Sps(_j)—l ))F(@(M(gpr(j)_l ’ €Ps(j)_1 )()2) 15)

IN

IN +

where

(1+p(£P(') 17T£P(') 1))p(£p-(-) 17T£p\(-) 1)
M(&p, iy 1>&pars :max{p({r.ffs,i, = AC R Ch i )=
Gty Eri) e € ) L4 p(€pry -1 €pagsy—1)
(1 + p(gpr(j)fl7Tgpr(j)71))p(fps(j)717T§P5(j)71)
1 +p(£l7r(j),1,£ps(j)71)
p(fpr(j),17T£PS(j)71) + p(fps(j),laTng(j)fl) }

)

I

2
= max {p(gpru_)i1 , gps(j),l), 1+ P(5p7~(1)71 ) ‘Sp,f(j)))P(gpr(j)ﬂ ) §pr(j))
L+ p(€p,(jy- 10 Epagiy—1)

(L4 p(€p, )15 Epry )P Epasy 19 Epa))
L4 (&)1 8pa)-1)

)

)

p(Epr(j),l ’ éps(j)) —; p(gps(j),l ’ §pr(j) ) } (21 6)
Letting j — oo in (2.16) and using (2.11), (2.12), (2.13), (2.14) and lemma 1.6 we get
ji)r{.loM(gpr(j)_l?é-Pg(j)—l) = Hp (2.17)
Now Letting k¥ — oo in (2.15) and using definitions of ¥, F', 3, ¢ and (2.12),(2.17) we get
Y(pp) + Fpp) < Blup) F(o(pp)) < Fo(pp)) < Fpp) (2.18)
This is a contradiction, Therefore
lim p(&p,,&p,) =0 (2.19)

n,m— oo
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This implies that {&,,,} is a Cauchy sequence in (®,,p) which is complete. Therefore the
sequence {&,, } is convergent in the space (®,, p), say lim, o p(&p,, 0p) = 0. Again from Lemma
1.3, we get

p(0p,dp) = 7}520 PEpn;0p) = lim  p(&,,&p,,) =0 (2.20)

m,n— 00

Moreover, As T is continuous, we have

op = nh_)H;o Epnpr = nh_{réo Tp, =Tdp

In the following, we omit the continuity assumption of 7" in Theorem 2.1.
Theorem 2.2. Let (®,,p) be a complete partial metric space and T : &, — ®, be self mapping.
Suppose o : , x ¢, — [0, 00) be the mapping satisfying the conditions:
(i) T is triangular «-admissible mapping;
(ii) T is Boyd-Wong type generalized («, v, F')-Geraghty contraction mapping;
(iii) There exists &, € ®, such that a(&p,, Tépy) > 1;
(iv) Iffor any sequence {&,, } suchthat&,, — 6, asn — co anda(ép,,,&p,.,) 2> 1, thena(&p,,, 0p) >
1.
Then T has a fixed point in ®,,.. Further if 6,, §, are fixed points of T" with «(d,,d,) > 1, then T
has a unique fixed point in ®,.

Proof. From the proof of the Theorem 2.1, the sequence {¢,, } defined by &, ., = T¢,, is Cauchy
in ®,. Now, suppose that (iv) holds. We have to show that 7§, = §,. Assume that p(T'6,,d,) > 0.
Since a(&p,,,€p, 1) = 1, from (2.1) we have

w(ﬂ(ﬁpn » Tﬁpn)) + F(p(fpwﬂ , T(Sp)) = w(fpn T, + F(p(T'ﬁpn s T(Sp))

< a(&pns Op) (W (Epn > T6p) + F(p(T6p,,, T0p)))
< BM(&pn ) F(0(M(Epn 5 0p))) (2.21)
Where
_ (L4 p(€pn> TEp))PEpns Tépn) (L + p(pns Tpn))P(p, Tp)
M () = {6y 5, 8 Tl N ), (20 T )
P(€pns Tp) + p(0p, Tp.,) } (2.22)
3 .

Now, taking n — oo in (2.22) and using (2.11), (2.20) and Lemma 1.5 we get
lim M (&p,,0p) = p(6p, ') (2.23)

n— o0

Again, taking n — oo in (2.21) and using (2.23) we get

Y(p(0p, T6p)) + F(p(dp, Tp)) < B(p(0p, Tp)) F((p(dp, Tdp))) < F(p(p(0p, Tdp))) < F(p(6p, T0p))

which implies

F(p(ap:T(Sp)) < F(p(ép»Tép)) - w(p(éva‘Sp)) < F(p(6P7T6P))
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which is a contradiction. Therefore 76, = ¢, i.e. &, is a fixed point.
Further, suppose §, and ¢, be two fixed point of T such that p(,,d,) > 0 and a(dp,d,) > 1. From
(2.1) we have

Y(p(p, Tbp)) + F(p(6p, Tdq)) < a(dp,0q)(¥(p(0p, Tdp)) + F(p(0p, Tdq)))
< B(M(6p,64)) F(p(M(3p,04))) (2.24)
Where
_ (L4 p(6p, T6p))p(0p, Tdp) (L + p(0p, T3p))p(dg, T3q) p(0p, Tdq) + p(6q, T3p)
(8 = { (6,0, C-E2G D S, Q200 D00 2 |
_ (14 p(dp,95))p(dp,6p) (L + p(0p,0p))P(dq,3q) P(Jp;q) + p(Jg, Ip)
—maX{p(5p,5q), 1+ p(0p,dq) ’ 1+ p(0p,dq) ’ 2 }
= P69, 50) (2.25)

putting (2.25) in (2.24) we get

P(p(dp,0p)) + F(p(0p,dq)) (8p, 3q) (0 (p(0p, 0p)) + F(p(6p, Tq)))
<

<a
< B(p(6p, 0)) F(@(p(0p,84))) < F(p(p(0p,84))) < F(p(0p,64)) (2.26)
which implies
F(p(dp,9q)) < F(p(dp,3q)) — % (p(3p,0p)) < F(p(dp,9q))
which is a contradiction. Hence T has a unique fixed point. This completes the proof. O

Following are consequences of the theorems.

Corollary 2.3. Let (®,, p) be partial metric space, T : &, — ®, be a self map. LetF € Az, B € S
and o € @, If for all §,,mp € O , With p(T¢,, Tnp) > 0 we have

T+ F(p(T£p7 Tnp)) < 6(M(£p7 %))F(W(M(ﬁm Mp))) (2.27)
for some > 0 and

_ (1 + p(6, Tp))p(Ep, TEp) (14 p(€p, TEp))p(Mp,s T1ip)  p(Ep, Tip) + p(11p, TEp)
M(€P777P) = max {P(fmﬁp): 1 _|_ P(&pﬂ]p) I 1 +p(§p777p) ) 2 }

ThenT has a unique fixed point in ®,,.

Corollary 2.4. Let (®,, p) be partial metric space, T : ®, — ®, be a self map. Let F € Az, p € D,
Iffor all &5, mp € ©p, with p(T&p, Tnp) > 0 we have

T+ F(p(T€p, Tnp)) < F(o(M(Ep,np))) (2.28)
for some > 0 and

_ (14 p(p, T€p))p(Ep, TEp) (1 + p(€p, TEp))p(11ps Tip)  p(Ep, Tip) + p(11p, Tp)
M(Epmy) = max {P(fpﬂ?p% 1+ p(&p,mp) ’ 1+ p(&p,mp) ’ 2 }

Then T has a unique fixed point in ®,,.

Example 2.5. Let ®, = [0, 1] and define p : ®, x ®, — R by p(&p,mp) = max{&,, np}. Then (@, p)

is a complete partial metric space. Consider the mapping T : ®, — ®,, defined by T'(6,) = % and
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let ¢ : [0,00) — [0,00) be such that p(t) = {5, 1 : [0,00) — (0,00) be such that (t) = 1. If we
define the functions o : ®, x &, — [0,00) as

3
S 2>
’ _J2 2.29
(&) {0 otherwise (2.29)

Define the function F : RT — R by F(a) = loga foralla € Rt > 0.
We show that contractive condition of Theorem 2.1 is satisfied. Let &,,n, € ®,, without loss of
generality we assume that &, > n,. Suppose that p(T¢,, Tnp) > 0, then

&, 1) (Pl TE)) + F(p(Tp, i) = S[6(p(6ps o)) + Flp( s, 0y

3
= i[w(fp) + F(Too)]

S+ loe() (2.30)

On the other side

M(&p,n,) = max {p(§p7np), (14 p(ps TEp))pEps TEp) (L + p(€p, Tp))p(nps Tp)  p(€p, Tip) + p(11p, TEp) }

14 p(&p,mp) ’ 1+ p(&p,np) ' 2
Sp £p £p Mp_ Mp_ Sp
— max {p(gp’np)7 (1 + p(lgi ;(Ez_i?f]if)pa 100)7 (1 + p(lgi ;0(%33%:7577)7177 100)’ p(§p7 100) ‘;‘P(ﬁp» 100) }
—¢, (2.31)

BM (&py 1)) F (0 (M (€psmp))) = B(Ep) F(0(€p))
L log(e(&,))

T1+6
1 &p
= =£ 2.32
Tre log(m) (2.32)
Therefore, it satisfies the condition of Theorem 2.1. Hence T has a fixed point, which in this case

is 0.

3 Application

we will apply Corollary 2.3 to solving the existence and uniqueness of the solution of the following
integral equations:

&(8) = F(£) + A / G(t,5)Fa(s, &(s)) ds (3.1)

1
w(®) = FO+ ) [ G(t.5)Gus.mp(5) ds (3.2
forallt € [0,1] and X is a real number.

Let @, = C([0,1],R) be set of all real valued continuous function on [0, 1]. Let ®, be endowed
with the partial metric p : &, x ®, — [0, c0) defined by

p(&psnp) = d(Ep,mp) + e = tSl[épu 1€p () — mp(t)] + cn
€10,



UNDER PEER REVI EW

for all &,,7n, € ®, and {c,} is a sequence of positive real numbers such lim, o ¢, = 0. Now, we

prove the following theorem to ensure the existence of solution of system of integral equations.

Theorem 3.1. Assume the following conditions are satisfied:

(i) FnyGyrn:[0,1] xR —R,G:[0,1] x [0,1] — R and f : [0,1] — R are continuous.

(ii) Define
Tnp(t +)\/Gts n(s,mp(s))ds

k
[P (t, €p () — Gn(t,mp())| < €77 (@(l&p(t) - 77p(t)|)>

for allt € [0, 1], where k = m andp € ®
(iii)
sup / |G(t,s)|ds < R < 400
te[0,1]
(iv) AR <1

Then the system of integral equations given in (3.1)and (3.2) has a solution.
Proof. Following the assumptions of Theorem 3.1, we have

p(T&p, Typ) = d(T&p, Tip) + cn
sup |TEp(t) — Tp(t)| + cn

telo,

sup /
te[0,1] JO

AG(t, 5)[Fn(5, &p(s)) — Gu(s, 7717(5)] ds +cp

Letting n — oo, we get

P(Tty Try) < Ne™ sup]Ksau&p( ot ) / G(t,9) s

t€(0,1

< e~ (w(dl&m) ) sup [0 ds

t€[0,1]

< wRe—T(so(d(fp,np)))
<o (w(d(ap, np))> )

< (wloter ) k

By passing logarithm we obtain that
1

I(p(TE, Tp) < =7 + Bl (p(p, 1)) = =7 + 1

In(e(p(&p: mp))
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where k =

T,y BY taking F(r) = In(r), B(r) = 115 we get

T+ F(p(T€, Tnp)) < B(p(Eps 1)) F((p(€psmp)) < BIM (Ep, ) F (M (€p,1p)))

Clearly, all the conditions of Corollary 2.3 are satisfied and so 7" has a unique fixed point. Thus

the system of integral equations (3.1)and (3.2) has a unique solution. O
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