
Enumeration of cyclic codes over GF (23)

Abstract

In this paper, we investigate the number of irreducible polynomials of xn − 1 over
GF (23). First, We factorize xn − 1 into irreducible polynomials over GF (23) using
the cyclotomic cosets of 23 modulo n. The number of irreducible polynomial
factors of xn − 1 over GF (23) is equal to the number of cyclotomic cosets of
23 modulo n and each monic divisor of xn − 1 is a generator polynomial of cyclic
codes in GF (23). Succeedingly, we confirm that the number of cyclic codes of
length n over a finite field GF (23) is equivalent to the number of polynomials that
divide xn − 1.
In conclusion, we enumerate the number of cyclic codes of length n for 1 ≤ n < 24
and as n = 23k, n = 23k for 1 ⩽ k < 24

1 Introduction

Most investigations and explanations executed in coding theory are persuaded largely by the vexaticity
of codes that subsist effectiveness and efficiency in certain functioning along with the deliguence with
regard to decoding complications of coding theory particularly in communication through deceptive
carriers whose outcomes are inaccurate in the conveyed acceptation. It is significant perceiving
that the theory of error-correcting concern on an account of the assumed recalcitrant of auditioning
message accurately. Entropy is consigned along a channel that is liable to inaccuracy. The medium
can be a telephone line, a high frequency radio network in turn with satellite delivery link. The
noise can be humanoid errors, lightning, thermal noise deficiency in accessories e.t.c. The goal of
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on error correcting intend to encode the finding affixing considerable redundancy to the message
in that the foremost message can be recovered. Researchers consequently chase down for an
(n, k, d) − code with disseminate an extensive collection of messages efficiently and correct multiple
errors particularly small n, large k, and large d. These are contradicting aims and this is usually
pertained to as the utmost coding theory problem. Along with these practicable applications, encoding
theory has multiple applications in the theory of computer science. As such it is a concept of
significance to both practitioners and theoreticians.

1.1 Definitions

i) Code: Let F be a finite set with q elements, there are qn different sequences of length n, of these
only qk are codewords since the r check digits within any codeword are completely determined by k
message digits. The set constisting of qk codewords of length n is called a code. The length n is a
range of n-tuples (a1, a2, a3, . . . , an) where the ai ’s belong to a finite set F beside two symbols or
digits called alphabets hence, a code of length n from F is on element of Fn (the set of all n-tuples
from F ).
ii) Cyclic code: A linear block is stated to be cyclic code when it is constant under entire cyclic shifts
that is if a0, a1, a2, . . . an is codeword, therefore an, a1, a2, . . . an−1 and a2, a3, . . . an, a1, This indicate
that a cyclic code is achieved by a cyclic right shift of the determinant is also a codeword and this
furthermore implicate the left shift. Consequently a linear code C is cyclic absolutely so long as it is
an invariant under all cyclic shifts.
iii) Cyclotomic cosets: Let n be co-prime to q, the cyclotomic cosets of n mod q containing i is
defined by:

Ci =
{
i.qj mod n ∈ Zn : {j = 0, 1, 2, 3, . . .}

A subset {i1, i2, . . . in} of Zn is called a a complete set of representatives of cyclotomic cosete of q
mod n if Ci1 , Ci2 , . . . , Cin , is distinguishable and U t

j = 1, Ci
j2 = Zn.

2 Main Results:

A code C is shown to be cyclic when and only when it is a linear code and its invariant under way
every cyclic shift. In finding cyclic codes we factorize xn − 1 into irreducible polynomials and achieve
all monic polynomials that divide xn − 1. Every such monic polynomial is a generator polynomial and
generate a cyclic code. Afterwords we generate the number of cyclic codes of length n over GF(23)

2.1 Factorization of xn − 1 into irreducible polynomial over GF (23)

Let n be a positive integer with q and n relatively prime. The number of irreducible polynomial factors
of xn − 1 over Fq is equal to the number of cyclotomic cosets of q mod n and when:

1) n = 1
x− 1 = x+ 22 is a linear factor.
x− 1 = x+ 22 is an irreducible polynomial of degree 1 over GF (23).
C0 = {0.230 mod 1 } = { 0 } over GF (23)
C0: Let n be a co-prime to q, the cyclotomic coset of n mod q containing i is defined by C0 ={
0.qj mod n ∈ Zn : {j = 0 C0 is distiguishabble when Ci

j2 = Zn.
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2) n = 2
x2 − 1; Consider the cyclotomic cosets 23 mod 2 over GF (23):
Ci = {i.23j mod 2 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1}
Therefore, x2 − 1 is a quadratic expression and factorizes into two irreducible linear factors;
There are only two cyclotomic cosets of 23 mod 2 over GF (23). On the other hand, the number
of irreducible polynomials will only be two irreducible polynomials:
x2 − 1 = (x− 1)(x+ 1)
= (x+ 22)(x+ 1) over GF (23)

3) n = 3
x3 − 1; Consider the cyclotomic cosets of 23 mod 3 over GF (23):
Ci = {i.23j mod 3 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1, 2}
Therefore x3 − 1 factorizes into two irreducible factors that divide x3 − 1 over GF (23):

x3 − 1 = (x− 1)(x2 + x+ 1)
= (x+ 22)(x2 + x+ 1) over GF(23)

4) n = 4
x4 − 1; Consider the cyclotomic cosets of 23 mod 4 over GF (23):
Ci = {i.23j mod 4 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1, 3}, C2 = {2}
Therefore x4 − 1 factorizes into three irreducible linear factors that is one of degree two and the
other two linear factors:

x4 − 1 = (x2 − 1)(x2 + 1)
= (x− 1)(x+ 1)(x2 + 1)
= (x+ 22)(x+ 1)(x2 + 1) over GF (23)

5) n = 5
x5 − 1; Consider the cyclotomic cosets of 23 mod 5 over GF (23):
Ci = {i.23j mod 5 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1, 2, 3, 4} over GF (23)
There are only two cyclotomic cosets of 23 mod 5 over GF (23)
Therefore the number of irreducible polynomials will be two
x5 − 1 = (x− 1)(x4 + x3 + x2 + x+ 1)
= (x+ 22)(x4 + x3 + x2 + x+ 1) over GF (23)

6) n = 6
x6 − 1; Consider the cyclotomic cosets of 23 mod 6 over GF (23)
Ci = {i.23j mod 6 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1, 5}, C2 = {2, 4}, C3 = {3}
Therefore x6 − 1 factorizes into four irreducible polynomials, two of degree one and two of degree
two over GF (23):
x6 − 1 = (x3 − 1)(x3 + 1)
= (x− 1)(x2 + x+ 1)(x+ 1)(x2 − x+ 1)
= (x+ 22)(x2 + x+ 1)(x+ 1)(x2 + 22x+ 1) over GF (23)

7) n = 7
x7 − 1; Consider the cyclotomic cosets of 23 mod 7 over GF (23):
Ci = {i.23j mod 7 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1, 2, 4}, C3 = {3, 5, 6} over GF (23)
Therefore x7 − 1 factorizes into three irreducible polynomial factors, one of degree one and two
of degree three:
x7 − 1 = (x− 1)(x6 + x5 + x4 + x3 + x2 + x+ 1)
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= (x+ 22)(x3 + 10x2 + 9x+ 22)(x3 + 14x2 + 13x+ 22) over GF (23)

8) n = 8
x8 − 1. Consider the cyclotomic cosets of 23 mod 8 over GF (23)
Ci = {i.23j mod 8 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1, 7}, C2 = {2, 6}, C3 = {3, 5}, C4 = {4} over GF (23)
Therefore x8 − 1 factorizes into five irreducible polynomial factors, two of degree one and three of
degree two that is
x8 − 1 = (x4 − 1)(x4 + 1)
= (x2 − 1)(x2 + 1)(x4 + 1)
= (x− 1)(x+ 1)(x2 + 1)(x4 + 1)
= (x+ 22)(x+ 1)(x2 + 1)(x2 + 5x+ 1)(x2 + 18x+ 1) over GF (23)

9) n = 9
x9 − 1; Consider the cyclotomic cosets of 23 mod 9 over GF (23).
Ci = {i.23j mod 9 : j = 0, 1, 2, 3, ...}, C0 = {0}, C1 = {1, 2, 4, 5, 7, 8}, C3 = {3, 6} over GF (23)
Therefore x9 − 1 factorizes into three irreducible polynomial factors, one of degree one, one of
degree two and one of degree six, that is
x9 − 1 = (x3 − 1)(x6 + x3 + 1)
= (x− 1)(x2 + x+ 1)(x6 + x3 + 1)
= (x+ 22)(x2 + x+ 1)(x6 + x3 + 1) over GF (23)

10) n = 10
x10 − 1; Consider the cyclotomic cosets of 23 mod 10 over GF (23)
Ci = {i.23j mod 10 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1, 3, 7, 9}, C2 = {2, 4, 6, 8}, C5 = {5} over GF (23)
Therefore x10 − 1 factorizes into four irreducible polynomial factors, two of degree one and two of
degree four that is:
x10 − 1 = (x5 − 1)(x5 + 1)
= (x− 1)(x4 + x3 + x2 + x+ 1)(x+ 1)(x4 − x3 + x2 − x+ 1)
= (x+ 22)(x4 + x3 + x2 + x+ 1)(x+ 1)(x4 + 22x3 + x2 + 22x+ 1) over GF (23)

11) n = 11
x11 − 1; Consider the cyclotomic cosets of 23 mod 11 over GF (23).
Ci = {i.23 modj11 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1}, C2 = {2}, C3 = {3}, C4 = {4}, C5 = {5}, C6 = {6}, C7 = {7}, C8 =
{8}, C9 = {9}, C10 = {10} over GF (23).
Therefore, x11 − 1 factorises into eleven monic irreducible polynomial factors, each of degree one
that is
x11 − 1 = (x− 1)(x10 + x9 + x8 + x7 + x6 + x5 + x4 + x3 + x2 + x+ 1)
= (x+ 22)(x+ 20)(x+ 5)(x+ 7)(x+ 19)(x+ 17)(x+ 11)(x+ 10)(x+ 14)(x+ 15)(x+ 21) over
GF (23)

l2) n = 12
x12 − 1; Consider the cyclotomic cosets of 23 mod 12: over GF (23)
Ci = {i.23j mod 12 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1, 11}, C2 = {2, 10}, C3 = {3, 9}, C4 = {4, 8}, C5 = {5, 7}, C6 = {6} over
GF (23)
Therefore, x12 − 1 factorizes into seven irreducible polynomial factors, two of degree one and five
of degree two, that is:
x12 − 1 = (x4 − 1)(x8 + x4 + 1)
= (x2 − 1)(x2 + 1)(x8 + x4 + 1)
= (x+ 22)(x+ 1)(x2 + 1)(x2 + x+ 1)(x2 + 22x+ 1)(x4 + 22x2 + 1)
= (x+ 22)(x+ 1)(x2 + 1)(x2 + x+ 1)(x2 + 22x+ 1)(x2 + 7x+ 1)(x2 + 16x+ 1) over GF (23)
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13) n = 13
x13 − 1; Consider the cyclotomic cosets of 23 mod 13 over GF (23)
Ci = {i.23j mod 13 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1, 3, 4, 9, 10, 12}, C2 = {2, 5, 6, 7, 8, 11} over GF (23)
Therefore x13 − 1 factorizes into three irreducible polynomial factors, one of degree one and two
of degree six that is
x13 − 1 = (x− 1)(x12 + x11 + x10 + x9 + x8 + x7 + x6 + x5 + x4 + x3 + x2 + x+ 1)
= (x+ 22)(x6 + 9x5 + 2x4 + 8x3 + 2x2 + 9x+ 1)(x6 + 15x5 + 2x4 + 14x3 + 2x2 + 15x+ 1) over
GF (23)

14) n = 14
x14 − 1; Consider the cyclotomic cosets of 23 mod 14 over GF (23):
Ci = {i.23j mod 14 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1, 9, 11}, C2 = {2, 4, 8}, C3 = {3, 5, 13}, C4 = {6, 10, 12}, C7 = {7} over GF (23)
.
Therefore x14 − 1 factorizes into six irreducible polynomial factors, two of degree one and four of
degree three that is (x14 − 1) = (x7 − 1)(x7 + 1)
= (x+ 22)(x3 + 20x2 + 2x+ 22)(x3 + 21x2 + 3x+ 22)(x7 + 1)
= (x+22)(x+1)(x3+9x2+13x+1)(x3+10x2+9x+22)(x3+13x2+9x+1)(x3+14x2+13x+22)
over GF (23)

15) n = 15
x15 − 1; Consider the cyclotomic cosets of 23 mod 15 over GF (23)
Ci = {i.23j mod 15 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1, 2, 4, 8}, C3 = {3, 6, 9, 12}, C5 = {5, 10}, C7 = {7, 11, 13, 14}
Therefore, x15 − 1 factorizes into five irreducible polynomial factors, one of degree one, one of
degree two and three of degree four that is
x15 − 1 = (x5 − 1)(x10 + x5 + 1)
= (x+22)(x4+x3+x2+x+1)(x2+x+1)(x4+6x3+21x2+16x+1)(x4+16x3+21x2+6x+1)
over GF (23)

16) n = 16
x16 − 1; Consider the cyclotomic cosets of 23 mod 16 over GF (23)
Ci = {i.23j mod 16 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1, 7}, C2 = {2, 14}, C3 = {3, 5}, C4 = {4, 12}, C6 = {6, 10}, C8 = {8}, C9 =
{9, 15}, C11 = {11, 13}
Therefore, x16−1, factorizes into nine irreducible polynomial factors, two of degree one and seven
of degree two that is
x16 − 1 = (x8 − 1)(x8 + 1)
= (x4 − 1)(x4 + 1)(x8 + 1)
= (x+ 22)(x+ 1)(x2 + 1)(x2 + 4x+ 22)(x2 + 5x+ 1)(x2 + 7x+ 22)(x2 + 16x+ 22)(x2 + 18x+
1)(x2 + 19x+ 22) over GF (23)

17) n = 17
x17 − 1; Consider the cyclotomic coset of 23 mod 17 over GF (23)
Ci = {i.23j mod 17 : j = 0, 1, 2, 3, ...}, C0 = {0}, C1 = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16}
Therefore, x17 − 1 factorizes into two irreducible polynomial factors, one of degree one and one
of degree sixteen, that is
: (x17−1) = (x−1)(x16+x15+x14+x13+x12+x11+x10+x9+x8+x7+x6+x5+x4+x3+x2+x+1)
= (x+22)(x16+x15+x14+x13+x12+x11+x10+x9+x8+x7+x6+x5+x4+x3+x2+x+1)
over GF (23)

18) n = 18
x18 − 1; Consider the cyclotomic cosets of 23 mod 18 over GF (23)
Ci = {i.23 modj18 : j = 0, 1, 2, 3, ...}, C0 = {0}, C1 = {1, 5, 7, 11, 13, 17}, C2 = {2, 4, 8, 10, 14, 16}, C3 =
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{3, 15}, C6 = {6, 12}, C9 = {9}
Therefore, x18 − 1 factorizes into six irreducible polynomial factors, two of degree one, two of
degree two and two of degree six, that is
(x18 − 1) = (x+ 1)(x− 1)(x2 + x+ 1)(x2 + 22x+ 1)(x6 + x3 + 1)(x6 + 22x3 + 1)
= (x+ 1)(x+ 22)(x2 + x+ 1)(x2 + 22x+ 1)(x6 + x3 + 1)(x6 + 22x3 + 1)
over GF (23)

19) n = 19
x19 − 1, consider the cyclotomic cosets of 23 mod 19 over GF (23):
Ci = {i.23j mod 19 : j = 0, 1, 2, 3, ....}, C0 = {0}, C1 = {1, 4, 5, 6, 7, 9, 11, 16, 17}, C2 = {2, 3, 8, 10, 12, 13, 14, 15, 18}

Therefore, x19 − 1 factorizes into three irreducible polynomial factors, one of degree one and
two of degree nine, that is
x19 − 1 = (x+ 22)(x9 + 11x8 + 21x7 + 14x6 + 13x5 + 8x4 + 11x3 + 2x2 + 10x+ 22)(x9 + 13x8 +
21x7 + 12x6 + 15x5 + 10x4 + 9x3 + 2x2 + 12x+ 22) over GF (23)

20) n = 20
x20 − 1; Consider the cyclotomic cosets of 23 mod 20 over GF (23)
Ci = {i.23j mod 20 : j = 0, 1, 2, 3, ...}, C0 = {0}, C1 = {1, 3, 7, 9}, C2 = {2, 6, 14, 18}, C4 =
{4, 8, 12, 16}, C5 = {5, 15}, C10 = {10}, C11 = {11, 13, 17, 19}
Therefore, x20 − 1 factorizes into seven irreducible polynomial factors, two of degree one, one of
degree two and four of degree four, that is
x20 − 1 = (x10 − 1)(x10 + 1)
= (x5 − 1)(x5 + 1)(x10 + 1)
= (x + 22)(x4 + x3 + x2 + x + 1)(x + 1)(x4 + 22x3 + x2 + 22x + 1)(x2 + 1)(x4 + 8x3 + 20x2 +
15x+ 1)(x4 + 15x3 + 20x2 + 8x+ 1) over GF (23)

21) n = 21
x21 − 1; Consider the cyclotomic cosets of 23 mod 21 over GF (23)
Ci = {i.23j mod 21 : j = 0, 1, 2, 3, ...}, C0 = {0}, C1 = {1, 2, 4, 8, 11, 16}, C2 = {3, 6, 12}, C5 =
{5, 10, 13, 17, 19, 20}, C7 = {7, 14}, C9 = {9, 15, 18}
Therefore, x21 − 1 factorizes into six irreducible polynomial factors, one of degree one, one of
degree two, two of degree three and two of degree six. That is
x21 − 1 = (x7 − 1)(x14 + x7 + 1)
= (x+ 22)(x3 + 10x2 + 9x+ 22)(x3 + 14x2 + 13x+ 22)(x14 + x7 + 1)
= (x + 22)(x3 + 10x2 + 9x + 22)(x3 + 14x2 + 13x + 22)(x2 + x + 1)(x6 + 9x5 + 22x4 + 22x2 +
13x+ 1)(x6 + 13x5 + 22x4 + 22x2 + 9x+ 1) over GF (23)

22) n = 22
x22 − 1; Consider the cyclotomic cosets of 23 mod 22 over GF (23)
Ci = {i.23j mod 22 : j = 0, 1, 2, 3, ...}
C0 = {0}, C1 = {1}, C2 = {2}, C3 = {3}, C4 = {4}, C5 = {5}, C6 = {6}, C7 = {7}, C8 =
{8}, C9 = {9}, C10 = {10}, C11 = {11}, C12 = {12}, C13 = {13}, C14 = {14}, C15 = {15}, C16 =
{16}, C17 = {17}, C18 = {18}, C19 = {19}, C20 = {20}, C21 = {21}
Therefore, x22 − 1 factorizes into twenty two irreducible polynomial factors that is monic factors,
all of degree one that is (all linear factors over GF (23)) x22 − 1 = (x+1)(x+2)(x+3)(x+4)(x+
5)(x+6)(x+7)(x+8)(x+9)(x+10)(x+11)(x+12)(x+13)(x+14)(x+15)(x+16)(x+17)(x+
18)(x+ 19)(x+ 20)(x+ 21)(x+ 22) over GF (23)

23) n = 23
Ci = {i.23j mod 23 : j = 0, 1, 2, 3, ...}
x23 − 1; Consider the cyclotomic cosets of 23 mod 23 over GF (23)
Therefore, x23 − 1 factorizes into twenty three irreducible polynomials, all linear factors over
GF (23)
That is x23 − 1 = (x− 1)23 = (x+ 22)23
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THEOREM 1.1: The number of cyclic codes in Rn =
Fq [x]

<xn−1>
is equal to 2m where m is the number

of m cyclotomic cosets mod n.
Consider the number of cyclic code of length n.
n = 1, 2, 3, ..., 23 over GF (23)

The number of cyclic codes is summarized in the table below:

xn − 1 Number of irreducible factors of xn − 1 Number of cyclic codes
x1 − 1 1 21 = 2

x2 − 1 2 22 = 4

x3 − 1 2 22 = 4

x4 − 1 3 23 = 8

x5 − 1 2 22 = 4

x6 − 1 4 24 = 16

x7 − 1 3 23 = 8

x8 − 1 5 25 = 32

x9 − 1 3 23 = 8

x10 − 1 4 24 = 16

x11 − 1 11 211 = 2048

x12 − 1 7 27 = 128

x13 − 1 3 23 = 8

x14 − 1 6 26 = 64

x15 − 1 5 25 = 32

x16 − 1 9 29 = 512

x17 − 1 2 22 = 4

x18 − 1 6 26 = 64

x19 − 1 3 23 = 8

x20 − 1 7 27 = 128

x21 − 1 6 26 = 64

x22 − 1 22 222 = 4194304

x23 − 1 1 21 =2
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2.2 Factorization of xn − 1 into irreducible polynomial over GF (23)
when n = 23k for 1 ≤ k < 24

a) k = 1 : x23 − 1 = (x− 1)23 = (x+ 22)23 :
The number of cyclic codes = (23 + 1) = 24

b) k = 2 : x56 − 1 = (x2 − 1)23 = (x− 1)23(x+ 1)23 = (x+ 22)23(x+ 1)23

The number of cyclic codes = (23 + 1)2 = 242

c) k = 3 : x69 − 1 = (x3 − 1)23 = (x+ 22)23(x2 + x+ 1)23

Number of cyclic codes = (23 + 1)2 = 242

d) k = 4 : x92 − 1
= (x2 − 1)23(x2 + 1)23

= (x− 1)23(x+ 1)23(x2 + 1)23

= (x+ 22)23(x+ 1)23(x2 + 1)23

Number of cyclic codes = (23 + 1)3 = 243

e) k = 5 : x115 − 1 = (x5 − 1)23 = (x− 1)23(x4 + x3 + x2 + x+ 1)23

= (x+ 22)23(x4 + x3 + x2 + x+ 1)23

Number of cyclic codes = (23 + 1)2 = 242

f) k = 6 : x138 − 1 = (x6 − 1)23 = (x3 − 1)23(x3 + 1)23

= (x− 1)23(x2 + x+ 1)23(x+ 1)23(x2 − x+ 1)23

= (x+ 22)23(x2 + x+ 1)23(x+ 1)23(x2 + 22x+ 1)23

Number of cyclic codes = (23 + 1)4 = 244

g) k = 7 : x161 − 1 = (x7 − 1)23 = (x− 1)23(x6 + x5 + x4 + x3 + x2 + x+ 1)23

= (x+ 22)23(x3 + 10x2 + 9x+ 22)23(x3 + 14x2 + 13x+ 22)23

Number of cyclic codes = (23 + 1)3 = 243

h) k = 8 : x184 − 1 = (x8 − 1)23 = (x4 − 1)23(x4 + 1)23

= (x2 − 1)23(x2 + 1)23(x4 + 1)23

= (x− 1)23(x+ 1)23(x2 + 1)23(x4 + 1)23

= (x+ 22)23(x+ 1)23(x2 + 1)23(x2 + 5x+ 1)23(x2 + 18x+ 1)23

Number of cyclic codes = (23 + 1)5 = 245

i) k = 9 : x207 − 1 = (x9 − 1)23 = (x3 − 1)23(x6 + x3 + 1)23

= (x− 1)23(x2 + x+ 1)23(x6 + x3 + 1)23

= (x+ 22)23(x2 + x+ 1)23(x6 + x3 + 1)23

Number of cyclic codes = (23 + 1)3 = 243

j) k = 10 : x230 − 1 = (x10 − 1)23 = (x5 − 1)23(x5 + 1)23

= (x− 1)23(x4 + x3 + x2 + x+ 1)23(x+ 1)23(x4 − x3 + x2 − x+ 1)23

= (x+ 22)23(x4 + x3 + x2 + x+ 1)23(x+ 1)23(x4 + 22x3 + x2 + 22x+ 1)23

Number of cyclic codes = (23 + 1)4 = 244

k) k = 11 : x253 − 1 = (x11 − 1)23 = (x− 1)23(x10 +x9 +x8 +x7 +x6 +x5 +x4 +x3 +x2 +x+1)23

= (x+ 22)23(x+ 20)23(x+ 5)23(x+ 7)23(x+ 19)23(x+ 17)23(x+ 11)23(x+ 10)23(x+ 14)23(x+
15)23(x+ 21)23

Number of cyclic codes = (23 + 1)11 = 2411

l) k = 12 : x276 − 1 = (x12 − 1)23 = (x4 − 1)23(x8 + x4 + 1)23

= (x2 − 1)23(x2 + 1)23(x8 + x4 + 1)23

= (x+ 22)23(x+ 1)23(x2 + x+ 1)23(x2 + 22x+ 1)23(x2 + 7x+ 1)23(x2 + 16x+ 1)23

= (x+ 22)23(x+ 1)23(x2 + 1)23(x2 + x+ 1)23(x2 + 22x+ 1)23(x2 + 7x+ 1)23(x2 + 16x+ 1)23

Number of cyclic codes = (23 + 1)7 = 247
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m) k = 13 : x299 − 1 = (x13 − 1)23 = (x− 1)23(x12 + x11 + x10 + x9 + x8 + x7 + x6 + x5 + x4 + x3 +
x2 + x+ 1)23

= (x+22)23(x6 +9x5 +2x4 +8x3 +2x2 +9x+1)23(x6 +15x5 +2x4 +14x3 +2x2 +15x+1)23.
Number of cyclic codes = (23 + 1)3 = 243

n) k = 14 : x322 − 1 = (x14 − 1)23 = (x7 − 1)23(x7 + 1)23

= (x+ 22)23(x3 + 9x2 + 13x+ 1)23(x3 + 10x2 + 9x+ 22)23(x7 + 1)23

= (x+ 22)23(x+ 1)23(x3 + 9x2 + 13x+ 1)23(x3 + 10x2 + 9x+ 22)23(x3 + 13x2 + 9x+ 1)23(x3 +
14x2 + 13x+ 22)23

Number of cyclic codes = (23 + 1)6 = 246

o) k = 15 : x345 − 1 = (x5 − 1)23(x10 + x5 + 1)23

= (x + 22)23(x4 + x3 + x2 + x + 1)23(x2 + x + 1)23(x4 + 6x3 + 21x2 + 16x + 1)23(x4 + 16x3 +
21x2 + 6x+ 1)23.
Number of cyclic codes = (23 + 1)5 = 245

p) k = 16 : x368 − 1 = (x16 − 1)23 = (x8 − 1)23(x8 + 1)23

= (x4 − 1)23(x4 + 1)23(x8 + 1)23

= (x + 22)23(x + 1)23(x2 + 1)23(x2 + 4x + 22)23(x2 + 5x + 1)23(x2 + 7x + 22)23(x2 + 16x +
22)23(x2 + 18x+ 1)23(x2 + 19x+ 22)23.
Number of cyclic codes = (23 + 1)9 = 249

q) k = 17 : x391 − 1 = (x17 − 1)23 = (x− 1)23(x16 + x15 + x14 + x13 + x12 + x11 + x10 + x9 + x8 +
x7 + x6 + x5 + x4 + x3 + x2 + x+ 1)23

= (x+22)23(x16+x15+x14+x13+x12+x11+x10+x9+x8+x7+x6+x5+x4+x3+x2+x+1)23

Number of cyclic codes = (23 + 1)2 = 242.

r) k = 18 : x414 − 1 = (x18 − 1)23 = (x+1)23(x− 1)23(x2 + x+1)23(x2 +22x+1)23(x6 + x3 +1)23

= (x+ 1)23(x+ 22)23(x2 + x+ 1)23(x2 + 22x+ 1)23(x6 + x3 + 1)23(x6 + 22x3 + 1)23

Number of cyclic codes = (23 + 1)6 = 246

s) k = 19 : x437 − 1 = (x19 − 1)23 = (x+1)23(x9 +11x8 +21x7 +14x6 +13x5 +8x4 +11x3 +2x2 +
10x+ 22)23(x9 + 13x8 + 21x7 + 12x6 + 15x5 + 10x4 + 9x3 + 2x2 + 12x+ 22)23

Number of cyclic codes = (23 + 1)3 = 243

t) k = 20 : x460 − 1 = (x20 − 1)23 = (x10 − 1)23(x10 + 1)23

= (x5 − 1)23(x5 + 1)23(x10 + 1)23

= (x+ 22)23(x4 + x3 + x2 + x+ 1)23(x+ 1)23(x4 + 22x3 + x2 + 22x+ 1)23(x2 + 1)23(x4 + 8x3 +
20x2 + 15x+ 1)23(x4 + 15x3 + 20x2 + 8x+ 1)23

Number of cyclic codes = (23 + 1)7 = 247

u) k = 21 : x483 − 1 = (x21 − 1)23

= (x7 − 1)23(x14 + x7 + 1)23

= (x+ 22)23(x3 + 10x2 + 9x+ 22)23(x3 + 14x2 + 13x+ 22)23(x14 + x7 + 1)23

= (x+ 22)23(x3 + 10x7 + 9x+ 22)23(x3 + 14x2 + 13x+ 22)23(x2 + x+ 1)23(x6 + 9x5 + 22x4 +
22x2 + 13x+ 1)23(x6 + 13x5 + 22x4 + 22x2 + 9x+ 1)23.
Number of cyclic codes = (23 + 1)6 = 246

v) k = 22 : x506 − 1 = (x22 − 1)23

= (x+1)23(x+2)23(x+3)23(x+4)23(x+5)23(x+6)23(x+7)23(x+8)23(x+9)23(x+10)23(x+
11)23(x+12)23(x+13)23(x+14)23(x+15)23(x+16)23(x+17)23(x+18)23(x+19)23(x+20)23(x+
21)23(x+ 22)23.
Number of cyclic codes = (23 + 1)21 = 2421

w) k = 23 : x529 − 1 = (x23 − 1)23 = x23 − 1 = (x− 1)23 = (x+ 22)23

Number of cyclic codes = (23 + 1)23 = 2423
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2.3 Factorization of xn − 1 into irreducible polynomial over GF (23)
when n = 23k for 1 ≤ k < 24

1) When n = 1, we have n = 231;x231 − 1 = (x− 1)23
1

= (x+ 22)23
1

2) When n = 2, we have n = 232;x232 − 1 = (x− 1)23
2

= (x+ 22)23
2

3) When n = 3, we have n = 233;x233 − 1 = (x− 1)23
3

= (x+ 22)23
3

4) When n = 4, we have n = 234;x234 − 1 = (x− 1)23
4

= (x+ 22)23
4

5) When n = 5, we have n = 235;x235 − 1 = (x− 1)23
5

= (x+ 22)23
5

6) When n = 6, we have n = 236;x236 − 1 = (x− 1)23
6

= (x+ 22)23
6

7) When n = 7, we have n = 237;x237 − 1 = (x− 1)23
7

= (x+ 22)23
7

8) When n = 8, we have n = 238;x238 − 1 = (x− 1)23
8

= (x+ 22)23
8

9) When n = 9, we have n = 239;x239 − 1 = (x− 1)23
9

= (x+ 22)23
9

10) When n = 10, we have n = 2310;x2310 − 1 = (x− 1)23
10

= (x+ 22)23
10

11) When n = 11, we have n = 2311;x2311 − 1 = (x− 1)23
11

= (x+ 22)23
11

12) When n = 12, we have n = 2312;x2312 − 1 = (x− 1)23
12

= (x+ 22)23
12

13) When n = 13, we have n = 2313;x2313 − 1 = (x− 1)23
13

= (x+ 22)23
13

14) When n = 14, we have n = 2314;x2314 − 1 = (x− 1)23
14

= (x+ 22)23
14

15) When n = 15, we have n = 2315;x2315 − 1 = (x− 1)23
15

= (x+ 22)23
15

16) When n = 16, we have n = 2316;x2316 − 1 = (x− 1)23
16

= (x+ 22)23
16

17) When n = 17, we have n = 2317;x2317 − 1 = (x− 1)23
17

= (x+ 22)23
17

18) When n = 18, we have n = 2318;x2318 − 1 = (x− 1)23
18

= (x+ 22)23
18

19) When n = 19, we have n = 2319;x2319 − 1 = (x− 1)23
19

= (x+ 22)23
19

20) When n = 20, we have n = 2320;x2320 − 1 = (x− 1)23
20

= (x+ 22)23
20

21) When n = 21, we have n = 2321;x2321 − 1 = (x− 1)23
21

= (x+ 22)23
21

22) When n = 22, we have n = 2322;x2322 − 1 = (x− 1)23
22

= (x+ 22)23
22

23) When n = 23, we have n = 2323;x2323 − 1 = (x− 1)23
23

= (x+ 22)23
23

24) When n = 24, we have n = 2324;x2324 − 1 = (x− 1)23
24

= (x+ 22)23
24

Clearly, we can infer x23k − 1 = (x− 1)23
k

Factorization of xn − 1 into irreducible monic polynomials over GF (23) is summarized in the table
below
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k (x23
k − 1) (x− 1)23

k
(x− 1)23

k

1 (x23
1 − 1) (x− 1)23

1
(x+ 22)23

1

2 (x23
2 − 1) (x− 1)23

2
(x+ 22)23

2

3 (x23
3 − 1) (x− 1)23

3
(x+ 22)23

3

4 (x23
4 − 1) (x− 1)23

4
(x+ 22)23

4

5 (x23
5 − 1) (x− 1)23

5
(x+ 22)23

5

6 (x23
6 − 1) (x− 1)23

6
(x+ 22)23

6

7 (x23
7 − 1) (x− 1)23

7
(x+ 22)23

7

8 (x23
8 − 1) (x− 1)23

8
(x+ 22)23

8

9 (x23
9 − 1) (x− 1)23

9
(x+ 22)23

9

10 (x23
10 − 1) (x− 1)23

10
(x+ 22)23

10

11 (x23
11 − 1) (x− 1)23

11
(x+ 22)23

11

12 (x23
12 − 1) (x− 1)23

12
(x+ 22)23

12

13 (x23
13 − 1) (x− 1)23

13
(x+ 22)23

13

14 (x23
14 − 1) (x− 1)23

14
(x+ 22)23

14

15 (x23
15 − 1) (x− 1)23

15
(x+ 22)23

15

16 (x23
16 − 1) (x− 1)23

16
(x+ 22)23

16

17 (x23
17 − 1) (x− 1)23

17
(x+ 22)23

17

18 (x23
18 − 1) (x− 1)23

18
(x+ 22)23

18

19 (x23
19 − 1) (x− 1)23

19
(x+ 22)23

19

20 (x23
20 − 1) (x− 1)23

20
(x+ 22)23

20

21 (x23
21 − 1) (x− 1)23

21
(x+ 22)23

21

22 (x23
22 − 1) (x− 1)23

22
(x+ 22)23

22

23 (x23
23 − 1) (x− 1)23

23
(x+ 22)23

23

LEMMA 1.3: Let (f1(x))
k1 , (f2(x))

k2 , (f3(x))
k3 , ..., (fm(x))km where fi(x) : i = 1, 2, 3, ...,m are

irreducible polynomials over Fq, then the number of factors for xn − 1 are given by:
(k1 + 1)(k2 + 2)(k3 + 1)...(km + 1) = Πm

i=1(ki + 1)

The number of cyclic codes is summarized in the table below:
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k n=23k No.of codes n = 23k No.of codes
1 23 24 = (23 + 1)1 231 24 = 231 + 1

2 46 = (23 + 1)2 232 = 232 + 1

3 69 = (23 + 1)2 233 = 233 + 1

4 92 = (23 + 1)3 234 = 234 + 1

5 115 = (23 + 1)2 235 = 235 + 1

6 138 = (23 + 1)4 236 = 236 + 1

7 161 = (23 + 1)3 237 = 237 + 1

8 184 = (23 + 1)5 238 = 238 + 1

9 207 = (23 + 1)3 239 = 239 + 1

10 230 = (23 + 1)4 2310 = 2310 + 1

11 253 = (23 + 1)10 2311 = 2311 + 1

12 276 = (23 + 1)7 2312 = 2312 + 1

13 299 = (23 + 1)3 2313 = 2313 + 1

14 322 = (23 + 1)6 2314 = 2314 + 1

15 345 = (23 + 1)5 2315 = 2315 + 1

16 368 = (23 + 1)9 2316 = 2316 + 1

17 391 = (23 + 1)2 2317 = 2317 + 1

18 414 = (23 + 1)6 2318 = 2318 + 1

19 437 = (23 + 1)3 2319 = 2319 + 1

20 460 = (23 + 1)7 2320 = 2320 + 1

21 483 = (23 + 1)6 2321 = 2321 + 1

22 506 = (23 + 1)21 2322 = 2322 + 1

23 529 = (23 + 1)23 2323 = 2323 + 1

24 552 = (23 + 1)13 2324 = 2324 + 1

3 Conclusion

1) Let Zq be a given field. If xn − 1 factorizes into a product of linear factors over Zq such that
xn − 1 = (x− 1)n for the number of cyclic codes in
Rn =

Fq [x]
<xn−1>

is given by n+ 1.

2) Let Zq be a finite field and xn−1 be a given cyclic polynomial such that xn−1 = (x−x1), (x−
x2), (x − x3), ..., (x − xn) where xi ̸= xj ∀i, j and suppose that n = qm where m ∈ Z+ then,
the number of cyclic codes in Rn =

Fq [x]
<xn−1>

is given by (q + 1)k where k is the number of
distinct factor over Zq

3) Let Zq be a given field and xn − 1 be a given cyclotomic polynomial such that xn − 1 =
(x− 1)n then the number of irreducible monic polynomials over Zq is not equal to the number
of cyclotomic cosets.

4) Considering the factorizations done in this work and the number of cyclotomic codes generated,
we see that the number of cyclic codes over GF (23) is given by

n=


2k, if n23 ∤ n
(23 + 1)k , if n = 23m,m ∈ Z+

23m + 1, if n = 23m,m ∈ Z+

where k is the number of irreducible factors for xn − 1.
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