Quadratic thermal convection in Magneto-Casson fluid flow induced by stretchy materials
with tiny particles and viscous dissipation effects

Abstract

This investigation is based on the phenomenon of quadratic thermal convection in
Magneto-Casson fluid flow induced by stretchy materials with tiny particles and viscous
dissipation effects. The study aims to understand and optimize the complex behaviour of fluid flow
and heat transfer in this system, which has significant implications for engineering and industrial
applications. The Magneto-Casson fluid, characterized by its non-Newtonian behaviour and yield
stress, interacts with stretchy materials and tiny particles, introducing unique flow characteristics
and thermal properties. Viscous dissipation, resulting from internal friction, further influences the
convective heat transfer process. Mathematical models are developed and solved by employing a
numerical technique through the Runge-Kutta Fehlberg scheme coupled with the shooting method
to investigate these phenomena comprehensively. The results are deliberated using several graphs
on the dimensionless profiles. The results showed that there is a decline in the momentum
boundary film as the magnetic field improves due to the effect of the Lorentz force. Also, an
increase in the Casson fluid term raises the viscosity and thereby resists the fluid motion.
Keywords: Magneto-Casson fluid; Viscous dissipation; Quadratic convection; Stretching sheet.

1 Introduction

Non-Newtonian fluids are indispensable in all areas of human endeavour due to their broad
applications, including industrial and engineering processes. Crude oil drilling, food processing,
bio-engineering, polymer processing, and the like are some of the areas of application for these
types of fluids. Several constitutive models for non-Newtonian fluids have been derived since it is
difficult to describe all the non-Newtonian fluid attributes using a single model (Gbadeyan et al.
[1]; Fatunmbi and Okoya [2]; Rajput et al. [3]; Khan et al. [4]; Fatunmbi et al. [5]). The Casson
fluid model is one of the non-Newtonian fluid models that captures the description of fluids with
yield stress. This kind of fluid characterizes an elastic solid when the shear stress is low but
demonstrates the character of a Newtonian fluid at higher rates of shear stress. In addition, it
exhibits a shear-thinning nature at a point of no shear, whereas at an infinite rate of shear, there are
infinite viscosity attributes. Examples of this kind of fluid include honey, animal blood, tomato
sauce, and the like [6]. The derivation of this model was initiated by Casson [7], while an extensive
study has been carried out by various researchers with attention placed on different parameters,
geometry, and methods. For instance, the flow of a Casson fluid across a boundary layer coupled
with heat transmission was reported by Reza et al. [8] over a porous, elongated sheet that stretches
non-linearly in the flow direction. Qing et al. [9] engaged the successive linearization method
coupled with the Chebyshev spectral collocation technique to examine the Casson fluid motion
over a porous extending device, capturing the impact of nonlinear radiation and chemical
reactions. In their report, it was noted that the Casson fluid parameter accelerated the motion,
whereas the opposite trend occurred with the magnetic field term. Sohail et al. [10] discussed the
significance of radiation and Joulean heating on Casson fluid flow over a flat, three-dimensional,
extending plate with temperature-dependent thermal conductivity. Meanwhile, Omotola and
Fatunmbi [11] consider such a kind of subject on a non-linearly extending material having the



influence of viscousdissipation in the thermal vicinity. The analysis revealed that heat
transmission increased with growth in the Eckert number and radiation term.

Hydromagnetic flow is now popular owing to its various practical uses in the fields of engineering,
nuclear reactors, power plants, the crude oil industry, and so on. The suspension of nanoparticles in
orthodox fluids like water, oil, etc. produces a new class of fluids known as nanofluids, which have
the tendency to boost the thermal properties and encourage the transfer of heat in various devices.
The combination of this new class of fluids with magnetic fields has been found useful in diverse
areas such as transportation industries, drug and pharmaceutical industries, etc. Thus,
incorporating a magnetic field into the flow of Casson fluids with tiny particles allows for tailoring
heat transfer characteristics that propel better control in industrial operations and lead to increased
productivity and cost-effectiveness. Rashidi et al. [12] evaluated the incompressible
buoyancy-driven flow of a nanofluid under the influence of a magnetic field and thermal radiation
over an elongated material in this manner. In an extension, Babu and Sandeep [13] employed a
numerical method to calculate hydromagnetic nanofluid motion around a stagnation point
featuring motile microorganisms when the viscosity is non-constant. It was reported that the
magnetic field and thermophoresis terms caused a significant growth in the thermal field.
Fatunmbi et al. [14] assessed the transport of a reactive Eyring-Powell fluid consisting of tiny
particles over a Riga sheet with nonuniform heat conductivity and thermophoresis impact. The
authors stated that thermophoresis and Brownian diffusion raised the heat profile and the thermal
boundary structure. Mishra et al. [15] looked at MHD nanofluid flow with heat and mass transfer
effects over a two-dimensional material device that stretches in a nonlinear way with thermal
radiation and Joulean heating effects. Their analysis reveals that the skin friction coefficient is a
decreasing function of the magnetic field term, whereas the heat transfer phenomenon is enhanced
in the presence of the magnetic field and Brownian motion parameters.

Mondal et al. [16] discussed the impact of fluid variable viscosity on hydromagnetic dusty
nanofluid over a permeable stretching plate, which is influenced by thermal radiation and entropy
generation. The authors engaged the spectral quasi-linearization method to obtain the solutions to
the governing equation.Kumar et al. [17] developed a numerical model to investigate the transport
of hydromagnetic fluid containing tiny particles over an infinite vertical device when there is the
impact of thermal radiation together with viscous dissipation. Convective heat transfer has an
impact on many fields of science and technology, including the dynamics of geophysical fluids,
the cooling of electronic devices, and the design of thermal management systems. In various
industrial and manufacturing processes, it is important to control heat transfer for efficient
operations. Hence, studying convective heat transfer properties over different configurations in
complex fluid systems will adequately inform engineers on how to enhance process parameters,
reduce energy consumption, and boost product quality. Fatunmbi et al. [18] engaged convective
heating boundary and uniform surface temperature boundary conditions to investigate the heat
transfer mechanism of a steady, magneto-micropolar fluid consisting of minute nanoparticles over
a vertically extending sheet in porous media. The report shows that there is an improvement in the
mechanism of heat transfer when the radiation term is raised.

When there is a high temperature distribution in the flow region, the use of nonlinear thermal
convection becomes useful for effective prediction of the flow regime. In this view, Thriveni and
Mahanthesh [19] examined the flow of free convection using nonlinear density variation over a
uniform temperature distribution at the wall. Fatunmbi and Okoya [20] looked into the case of a



Casson nanofluid with mixed convective flow and variable thermophysical properties when there
is ohmic heating and a heat source nearby. Other notable works have been done with this concept
(Kameswaran et al. [21]; Jha and Gwandu [22]; RamReddy [23]; Sajjian et al. [24]; Mahanthesh
[25]).

In view of the above literature coupled with the crucial application of the current investigation in
industrial and engineering processes as discussed above, the aim of the current work is to
numerically examine quadratic thermal convection flow in a magneto-Casson fluid consisting of
tiny particles. The flow is induced by a stretchy device with transpiration velocity, viscous
dissipation, thermal radiation, and a prescribed surface temperature. A mathematical model is
developed in partial differential equation form and transformed into ordinary derivatives, which
are then solved via a numerical technique. Graphs and Tables are constructed to determine the
impact of each parameter on the flow region. The novelty in the current work is in the
incorporation of the quadratic Boussinesq approximation in the momentum equation, coupled with
the use of the Prescribed surface temperature in the thermal boundary condition. This research is
applicable not only for electronic cooling and manufacturing but also in geophysical work. The
findings in this study will further enhance the knowledge of thermal convection, which ultimately
will foster technological advancements and sustainable solutions.

2 Formulation of the Problem

For the derivation of the governing equations that physically describe the present investigation, it
is assumed that there is an incompressible and steady motion of a hydromagnetic Casson fluid flow
with tiny particles, which is occasioned by a stretchy material device. The material device is
configured as a two-dimensional plate that extends vertically in x direction while y axis is

normal to it, as portrayed in figure 1. A magnetic field is imposed externally in the transverse
direction of the flow regime, but there is no consideration for the induced one. In the thermal
vicinity, there is the presence of thermal radiation, which is simplified by the Roseland
approximation. The momentum equation considers the impact of linear and quadratic thermal
convection, while thermal heating is taken to be of a prescribed wall temperature with a power
index.
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Figure 1 The flow geometry



2.1 Equations governing the problem
Due to the above-mentioned assumptions the equations describing the current problem are
specified as follows:

ou, _  ou,
&_ 8y’ (l)
pr (w22 +u ‘%) [T = T) + (T = T)2 + (€ — &) + (14 )_ —oBluy (2)
LI - 3[@%%@6_5) +[1+1J 1 [aij
x oy (e, o T gy oy oy e )

oB? 024 160°T, aZT
(pC );  3d(pc,), oy*

wEtu, =+ (T -k (6 - ). (4)
The wall constraints suitable for these equations are:
uy(x,0) = bx,uy(x,0) = Zw, T(x,0) =T, = (Hx" +T,), ¢ =¢&,aty =0
U > 00, T -0, >0asy — oo,

Q)

The symbols used in the above governing equations are described as follows: u,,u, components
of velocity along x,y directions, y,vf, pf, &, 9" b, Zw, H, kr, 0, (pC,);,a, and a, respectively

connotes Casson fluid term, kinematic viscosity, fluid density, concentration, gravitational
acceleration, stretching constant, wall transpiration velocity, temperature constant, chemical
reaction rate, electrical conductivity, heat capacity of the fluid, linear thermal expansion, nonlinear
thermal expansion. Further, D symbolizes Brownian diffusion coefficient, D, connotes

thermophoretic diffusion and 4, defines the dynamic viscosity. The original equations

controlling the motion are transmuted into ordinary derivatives via similarity quantities listed
under while some dimensionless parameters are also incorporated into the governing equations as
follows:
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Using equation (6) leads to the validity of equation (1) while equations (2, 3, 4) together with the
boundary conditions (5) simply becomes:
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Further, the wall constraints transformed to:
d
at 1= 0:2 = 1,7() = Fw,60) = 1,¢(n) = 1

d
asn- oo;éz 0,6(n) =0,¢9(n) =0.

The preceding equation features y as the Casson material term, A as the mixed convection term,

PR as the Prandtl number while M as the magnetic field term, Gc as solutal term, RD as the
radiation term whereas EC as the Eckert number, G as the nonlinear thermal convection term,
SC as the Schmidt number, NT as thermophoresis term, NB as the Brownian motion, FW is
the transpiration velocity, y, as the reaction term,NR is theradiation parameter, A mixed
convection parameter, NT is the thermophoresis term and Nb indicates the Brownian motion
sequentially. Further, the engineering interest in the current work are described as the wall drag
factor (W, ), this depicts friction at the boundary occasioned the fluid and the stretching plate. The

other important parameters are the Nusselt number N, which shows the amount of surface heat
transfer and the Sherwood number (SH, ). The underlisted equations respectively show these
parameters.
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The dimensionless forms of these parameters are
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3 Problem Solution Technique

Due to the extreme non-linearity of the governing equations (9, 10,11), when subjected to the wall
conditions (12), a numerical solution is sought by employing Runge-Kutta-Fehlberg in
conjunction with shooting techniques. Due to its precision and consistency, this approach works
well for nonlinear ordinary differential equations. Several authors have applied this technique (Ali
[26]; Attili and Syam [27], Fatunmbi and Okoya [2]; Mahanthesh et al. [28]. The codes developed
are executed in the Maple software using the Runge-Kutta-Fehlberg scheme. By comparing the
calculated values of the Nusselt number to those found in previous studies that considered the



same range of values for the Prandtl number PR and the temperature exponent a, we can be
confident in the accuracy of the results obtained. According to Table 1, the present results agree
well with the prior study. The range of values for the embedded parameter in the
current study aretaken NR = 0.3,M = 0.5,NT = 0.5,y =0.3,y,, = 0.2,a = 0.5,5C = 0.62,G =
0.5,Gc =03,1=02,FW =0.2,EC = 0.2,NT = NB =0.5. These values are used in the
computation except otherwise stated in the figures. The developed codes for the results have been
verified with previously published data for the Nusselt number when the temperature exponent and
Prandtl number vary in magnitude. This comparison is collated in Table 1, which shows an
excellent relationship. The developed codes for the results have been verified with previously
published data for the Nusselt number N, when the temperature exponent a and Prandtl

number Pr vary in magnitude. This comparison is collated in Table 1, which shows an excellent
relationship.

Table 1: Valuesof N, compared to what has been reported in the literature when the temperature
exponent a and PR vary in the thermal

a Grubka and current work

Bobba [29]

PR =0.72 PR = 1.0 PR =0.72 PR = 1.0
-2.0 0.7200 1.0000 0.72069 0.99945
-1.0 0.0000 0.0000 -0.00110 0.00012
.0 -0.4631 -0.5820 -0.46359 -0.58201
.0 -0.8086 -1.0000 -0.80883 -1.00001
.0 -1.0885 -1.3333 -1.08862 -1.33333
.0 -1.3270 -1.6154 -1.32707 -1.61538

4 Discussion of Outcomes
The significant contributions of the embedded parameters are depicted in graphs and tables under
this section, along with appropriate discussions of their trends on the dimensionless quantities.
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Fig. 2 Magnetic field term effect on f’(z) Fig. 3 Magnetic field term effect on 6(r)

The outcome of increasing M on the3 flow field is portrayed in figure 2. It is of interest to note
that there is a deceleration in the speed of the Casson fluid as M increases. In this view, the flow
of the fluid can be controlled by adjusting the magnitudes of M . The interaction between the
electroconducting Casson fluid and the magnetic field produces Lorentz force, which is draglike in
nature. At such a point, resistance is introduced in the Casson fluid motion as there is an increase in
M . However, there is an opposite trend in the thermal field with a rise in M as demonstrated in
figure 3. The thickness of the boundary layer expands, and there is a higher temperature
distribution as M uplifts. The escalation in the thermal field is caused primarily by the friction
that occurs because of the flow resistance as a result of the Lorentz force.
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Fig. 6 Thermal profile for values of EC Fig. 7 Thermal distribution for NR

The Casson parameter y causes the velocity profiles to shrink together with the hydrodynamic
boundary layer, as found in figure 4. The trend is due to the fact that as » increases in value, the
fluid viscosity rises, and as such, drag is introduced in the flow field, leading to a decline in
motion. Meanwhile, the mixed convection term A behaves otherwise on the velocity profile, as
noted in figure 5. When A is raised, the fluid’s hydrodynamic structure is pushed upward, which
in turn accelerates the transport field. Moreover, with an increase in A, the buoyancy force is
increased, and the viscous force is suppressed, resulting in less resistance to the motion of the
Casson fluid.

The graph displayed in Figure 6 elucidates the trend of the thermal field with variations that occur
in the value of Eckert’s term EC .Clearly, advancing EC raises the thermal profile &(r) as
portrayed in this figure. The trend can be attributed to the friction in the fluid particles due to
viscous dissipation. More heat is generated due to this friction and the stretching material; thereby,
temperature distribution increases in the thermal vicinity. In the same manner, there is an
expansion in the thermal structure as NR increases, as demonstrated in figure 7. The mean
absorption coefficient depreciates as NR increases, and consequently, there is a spread in the
temperature as more heat is generated. Also, the heat profile is improved because of the direct
correlation between heat conduction and expansionin NR.
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Fig. 8 Thermal profile for values aFig. 9 Concentration profile for values of NT

Figure 8 depicts how the thermal structure and heat dispersion are lowered due to the temperature
exponent term a.. On the other hand, the concentration field rises significantly due to higher
values of NT as plotted in figure 9. In this case, the thermal movement of the tiny particles
suspended in the Casson base fluid boosts the concentration profile and thereby raises the
distribution. Thermophoretic force propels an increase in the thermal region because of the
temperature gradient. On the contrary, the reaction of the Brownian diffusion term NB on the
concentration profile is found to be of decreasing nature, as plotted in figure 10. There is a decline
in the thermal film layer with an improvement in the values of PR as depicted in figure 11, and as
such, the heat impact drops significantly in the flow region. More so, the thermal diffusivity
depreciated, whereas the momentum diffusivity behaved otherwise as PR rose in value. Such a
behaviour causes the thermal field to depreciate, and less heat is distributed.
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In Table 2, it is noted that growing values of the Casson term » and that of the magnetic field
term lead to higher friction at the wall as the skin friction coefficient FW, is raised due to these
parameters. Contrarily, as the values of the nonlinear thermal convection and mixed convection
terms improved, there was a reduction in the frictional factor. Likewise, there is a significant

improvement in the heat transfer due to higher values of G and A as found in this table. The
Casson parameters y and M however, lessen the rate of heat transfer across the device, as noted

in Table 2.

Table 2: Values of FW, and N, for variationsin y,G,4 and M

4 A M FW, N,
! 0.3 0.8 0.5 0.2505354 0.2160907
2 0.3076147 0.1920101
5 0.3618944 0.2290604
3 0.1 0.3649240 0.2188121
0.3 0.3401395 0.2247617
0.5 0.3156412 0.2302968
0.0 0.2 0.5066346 0.1601615
0.4 0.4740227 0.1753359
0.6 0.4190308 0.2003560
0.8 0.0 0.2568162 0.4337022
0.3 0.3083807 0.3102189
0.7 0.3701611 0.1366536




5 Conclusion

The current study looked at the effects of various parameters on the movement of hydromagnetic
Casson fluid due to stretchy material with viscous dissipation in the thermal field. Linear and
quadratic convection are incorporated in the momentum equation, while the impact of the
temperature exponent is checked in the thermal boundary vicinity. Also, the Casson fluid is mixed
with tiny particles, and the concentration field is used to figure out how the thermophoresis and the
random movement of the particles affect the field. The developed partial derivatives describing the
physical phenomenon are transformed into ordinary derivatives and solved with the Runge-Kutta
Fehlberg method associated with the shooting technique. The accuracy of the developed codes is
verified by comparing the obtained data with related ones previously published and found to be
highly correlated. The study reveals that:

e There is a decline in the momentum boundary film as the magnetic field improves due to
the effect of the Lorentz force. Also, an increase in the Casson fluid term raises the
viscosity and thereby resists the fluid motion.

e There is an expansion in the thermal structure and a rise in the heat distribution as the
thermal radiation, magnetic field, and Eckert number terms improve in magnitude.
However, the temperature exponent and Prandtl number decreased the thermal field.

e The concentration profile witnesses a rise in the profile with growth in the thermophoresis
term, but a decrease occurs in its profiles as the Brownian diffusion improves.

o The heat transfer can be improved by the higher magnitude of the mixed convection and
nonlinear thermal convection terms, whereas the reduction in the skin friction factor can be
achieved by these terms.
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