
 

 

The Copoun Distribution and Its Mathematical Properties 

 

Abstract 

Due to the ever growing demand for the development of new lifetime distributions to meet the 

goodness of fit demand of complex datasets, two-parameter distributions has been proposed in 

recent times. This study therefore aims to contribute to this demand. We propose a new two-

parameter lifetime distribution known as the Copoun distribution. Important mathematical 

properties of the new distribution such as the moments and other related measures, and moment 

generating function were derived.  

Keywords: Copoun distribution; Lifetime distributions; Two-parameter distributions; Quantile  

function; Risk measurement function; Reliability indices. 

1. Introduction 

Lifetime distributions, also known as survival distributions or failure time distributions provide a 

statistical framework for modeling the time until an event of interest occurs (Chahkandi & 

Ganjali, 2009; SchÄbe, 1994). They provide a powerful tool for analyzing and interpreting data, 

enabling researchers and practitioners to make informed decisions based on probabilistic models. 

Due to the complexities of real life dataset, the need for developing new distributions cannot be 

overemphasized. This is because there is no one size fit all lifetime distribution for any given 

complex real life dataset. The quest to get a perfect fit to a real life complex dataset has led to the 

development of several one-parameter lifetime distributions to model real lifetime situations 

across several fields including engineering, finance, biology, epidemiology, and social sciences. 

Examples of the one-parameter lifetime distributions that has been proposed over the years 

includes the Exponential distribution (Epstein, 1958), Lindley distribution (Lindley, 1958), 

Akash distribution (Shanker, 2015a), Sujatha distribution (Shanker, 2016), Ishita distribution 

(Shanker & Shukla, 2017), Akshaya distribution (Shanker, 2017a). Others include Rama 



 

 

distribution (Shanker, 2017b), Pranav distribution (K. Shukla, 2018a), Odoma distribution 

(Odom & Ijomah, 2019), Nwikpe distribution (Nwikpe et al., 2021), Iwueze distribution (Elechi 

et al., 2022), Juchez distribution (Echebiri & Mbegbu, 2022), Chris-Jerry distribution 

(Onyekwere & Obulezi, 2022). 

In recent years, new two-parameter distributions have emerged in the literature. These new two-

parameter distributions have been shown to provide better fit to complex real life datasets than 

the one-parameter distributions. Some of the recently developed two-parameter distributions 

includes the Darna distribution (Shraa & Al-Omari, 2019), the Hamza distribution (Aijaz et al., 

2020), the Samade distribution (Aderoju, 2021), and the Alzoubi distribution (Benrabia & 

Alzoubi, 2021). 

It is important to note that these distributions are a mixture of the Exponential and Gamma 

distributions. These two distributions are known to have their weaknesses. The weakness of the 

Exponential distribution is that the hazard rate function is constant; hence, it cannot handle 

datasets with monotone non-decreasing hazard rates (Elechi et al., 2022; Epstein, 1958; Ronald 

et al., 2011; K. Shukla, 2018b; K. K. Shukla, 2018). Furthermore, the weakness of the Gamma 

distribution is that the survival rate function cannot be expressed in closed form (Elechi et al., 

2022; Shanker, 2015a, 2015b). The weaknesses of these two distributions are what the 

aforementioned one-parameter and two-parameter distributions address, providing distributions 

whose survival rate function can be expressed in closed form and hazard rate functions capable 

of handling datasets with monotone non-decreasing hazard rates. 

In this study, we propose a new two-parameter distribution called the Copoun distribution. The 

subsequent sections of the paper will be arranged as follows. Section 2 discusses the new 



 

 

distribution, section 3 discusses the mathematical properties of the Copoun distribution, and 

section 4 concludes the paper. 

2. The Copoun Distribution 

This section will introduce the probability density function (pdf) and the cumulative distribution 

function (cdf) of the Copoun distribution and illustrate the different shapes of the Copoun 

distribution.  

Definition: A random variable X is said to have a Copoun distribution (CD) with parameters 𝜂 

and 𝜙 if its probability density function, is given by  

𝑔 𝑥; 𝜂, 𝜙 =
𝜂2

 𝜙+𝜂 
 1 +

𝜙𝜂2𝑥3

6
 𝑒−𝜂𝑥 ;  𝑥 > 0, 𝜂 > 0, 𝜙 > 0   (2.1) 

Remark 1: The pdf in equation 1 is a two component density of an Exponential (𝜂) and Gamma 

(4, 𝜂) distribution with mixing proportions 𝜋1 =
𝜂

 𝜙+𝜂 
 and 𝜋2 =

𝜙

 𝜙+𝜂 
 such that  

𝑔 𝑥; 𝜂, 𝜙 = 𝜋1𝑔1 𝑥; 𝜂 + 𝜋2𝑔2 𝑥; 𝜂      (2.2) 

The corresponding cdf of equation 1 is given by  

𝐺 𝑥; 𝜂, 𝜙 = 1 −  1 +
𝜙𝜂3𝑥3+𝜙𝜂2𝑥3+𝜙𝜂𝑥

6 𝜙+𝜂 
 𝑒−𝜂𝑥     (2.3) 

Remark 2: It can be easily seen that the pdf in equation 1 is a proper pdf. 

The graphical plots of the theoretical density and distribution function (for some selected but 

different real points of 𝜂 and 𝜙) of a Coupon distribution are shown in the Figure 1 and Figure 2 

below. 



 

 

 

Figure 1: The graphical plots of the probability density function (for some selected but 

different real points of 𝜼 and 𝝓) of a Coupon distribution. 



 

 

 

Figure 2: The graphical plots of the cumulative distribution function (for some selected but 

different real points of 𝜼 and 𝝓) of a Coupon distribution 

The curves displayed in Figure 1 are not bell-shaped, but are positively skewed, unimodal, and 

right tailed. In addition, the curve shows that increasing the value of 𝜙 leads to a considerable 

increase in the peak of the curve. In addition, the curves displayed in Figure 2 shows that the 

cumulative distribution function converges to one. 

 



 

 

3. Mathematical properties 

In this section, we derive and present some of the mathematical properties of the Copoun 

distribution such as the moment and other related measures, and moment generating function. 

3.1 Moments of the Copoun Distribution 

We derive the rth moment of the extended Pranav distribution in this subsection. 

Theorem 1 

Given a random variable X, following the Copoun distribution, the 𝑘𝑡ℎ order moment about 

origin, 𝐸 𝑋𝑘  of the Copoun distribution is given by 

𝜇𝑘
′ = 𝐸 𝑋𝑘 =

𝜙𝜂2

6 𝜙+𝜂 
 

𝑘!

𝜂𝑘+1 +
𝜙 𝑘+3 !

𝜂𝑘+2      (3.1) 

Proof: 

The 𝑘𝑡ℎ crude or uncorrected moments of a random variable and can be written as  

𝜇𝑘
′ = 𝐸 𝑋𝑘 =  𝑥𝑘𝑔 𝑥; 𝜂, 𝜙 𝑑𝑥

∞

0
     (3.2) 

=  𝑥𝑘 ∙
𝜂2

 𝜙+𝜂 
 1 +

𝜙𝜂2𝑥3

6
 𝑒−𝜂𝑥∞

0
𝑑𝑥     (3.3) 

=
𝜂2

6 𝜙+𝜂 
  𝑥𝑘𝑒−𝜂𝑥∞

0
𝑑𝑥 + 𝜙𝜂2  𝑥𝑘+3𝑒−𝜂𝑥∞

0
𝑑𝑥    (3.4) 

Let 𝑦 = 𝜂𝑥, ⇒ 𝑥 =
𝑦

𝜂
, ⇒ 𝑦𝜂−1; ∴ 𝑑𝑥 = 𝜂−1𝑑𝑦. Substituting, we obtain 

𝐸 𝑋𝑘 =
𝜂2

6 𝜙+𝜂 
 𝜂−𝑘−1  𝑦𝑘𝑒−𝑦∞

0
𝑑𝑦 + 𝜙𝜂−𝑘−2  𝑦𝑘+3𝑒−𝑦∞

0
𝑑𝑦    (3.5) 

Recall, Γ 𝜚 + 1 =  𝑧𝜚𝑒−𝑧∞

0
𝑑𝑧, Γ 𝜚 + 1 = 𝜚Γ 𝜚 , and Γ 𝑠 =  𝑠 − 1 !. Hence, 



 

 

𝐸 𝑋𝑘 =
𝜂2

6 𝜙+𝜂 
 𝜂−𝑘−1 Γ 𝑘 + 1 + 𝜙𝜂−𝑘−2 Γ 𝑘 + 4     (3.6) 

∴ 𝐸 𝑋𝑘 =
𝜂2

6 𝜙+𝜂 
  

k!

𝜂𝑘+1 +  
𝜙 k+3 !

𝜂𝑘+2       (3.7) 

Which completes the proof. 

In particular, the first four (4) moments about the origin of the Copoun distribution is obtained by 

substituting the values of k= 1, 2, 3,4 as follows; 

𝜇1
′ = 𝐸 𝑋 =

𝜂3+24𝜂2𝜙

6𝜂3 𝜙+𝜂 
       (3.8) 

𝜇2
′ = 𝐸 𝑋2 =

2𝜂3+120𝜂2𝜙

6𝜂4 𝜙+𝜂 
      (3.9) 

𝜇3
′ = 𝐸 𝑋3 =

6𝜂3+720𝜂2𝜙

6𝜂5 𝜙+𝜂 
      (3.10) 

𝜇4
′ = 𝐸 𝑋4 =

24𝜂3+5040𝜂2𝜙

6𝜂6 𝜙+𝜂 
      (3.11) 

Furthermore, the first four (4) moments about the mean of the Copoun distribution is obtained by 

substituting the values of k= 1, 2, 3,4 as follows; 

𝜎2 = 𝜇2 =
144𝜂2+684𝜙𝜂 +11𝜙2

36𝜂2 𝜙+𝜂 2       (3.12) 

𝜇3 =
91𝜂2+324𝜂𝜙2+11718𝜙𝜂2+864𝜙3

108𝜂3 𝜙+𝜂 3      (3.13) 

𝜇4 =
1463𝜂4+328536 𝜂3𝜙+263232 𝜂2𝜙2+247104 𝜂𝜙3+31104𝜙4

432𝜂4 𝜙+𝜂 4    (3.14) 

The coefficient of variation, coefficient of skewness, coefficient of kurtosis, and index of 

dispersion of the Copoun distribution, respectively, are given by 

𝐶. 𝑉 =
 144𝜂2+684𝜙𝜂 +11𝜙2

𝜂+24𝜂𝜙
      (3.15) 



 

 

 𝛽1 =
182𝜂2+648𝜂𝜙2+23436𝜙𝜂2+1728𝜙3

 144𝜂2+684𝜙𝜂 +11𝜙2 
3
2

    (3.16) 

𝛽2 =
4389𝜂4+741312 𝜂3𝜙+789696𝜂2𝜙2+985608𝜂𝜙3+93312𝜙4

 144𝜂2+684𝜙𝜂 +11𝜙2 2    (3.17) 

𝛾 =
144𝜂3+684𝜙𝜂2+11𝜂𝜙2

6 𝜙+𝜂  𝜂3+24𝜂2𝜙 
      (3.18) 

3.2 Moment generating function 

Here, we propose the moment generating function for the Copoun distribution on this subsection. 

Theorem 2 

Given a random variable X, following the Copoun distribution, the moment generating function 

of 𝑋, 𝑀𝑋 𝑡  of the Copoun distribution is given by 

𝑀𝑋 𝑡 = 𝐸 ℯ𝑡𝑥  =   𝑡
𝜂
 
𝑘

∞
𝑘=0  

𝜂+𝜙 𝑘+3 (𝑘+2)(𝑘+1)

6 𝜙+𝜂 
    (3.19) 

Proof: 

The moment generating function of 𝑋, 𝑀𝑋 𝑡  can be written as  

𝑀𝑋 𝑡 = 𝐸 ℯ𝑡𝑥  =   ℯ𝑡𝑥∞

0
𝑔 𝑥; 𝜂, 𝜙 𝑑𝑥    (3.20) 

=  ℯ𝑡𝑥 ∙
𝜂2

 𝜙+𝜂 
 1 +

𝜙𝜂2𝑥3

6
 𝑒−𝜂𝑥∞

0
𝑑𝑥    (3.21) 

=
𝜂2

6 𝜙+𝜂 
 ℯ𝑡𝑥−𝜂𝑥∞

0
𝑑𝑥 +

𝜙𝜂4

6 𝜙+𝜂 
 𝑥3ℯ𝑡𝑥−𝜂𝑥∞

0
𝑑𝑥  (3.22) 

=
𝜂2

6 𝜙+𝜂 
 ℯ𝑡𝑥 ∙ ℯ𝜂𝑥∞

0
𝑑𝑥 +

𝜙𝜂4

6 𝜙+𝜂 
 𝑥3ℯ𝑡𝑥ℯ𝜂𝑥∞

0
𝑑𝑥   (3.23) 

Recall that ℯ𝑡𝑥 =  
 𝑡𝑥 𝑘

𝑘!

∞
𝑘=0 . Substituting, we obtain 



 

 

=
𝜂2

6 𝜙+𝜂 
 

𝑡𝑘

𝑘!

∞
𝑘=0  𝑥𝑘 ∙ ℯ𝜂𝑥∞

0
𝑑𝑥 +

𝜙𝜂4

6 𝜙+𝜂 
 

𝑡𝑘

𝑘!

∞
𝑘=0  𝑥𝑘+3 ∙ ℯ𝜂𝑥∞

0
𝑑𝑥   (3.24) 

Recall,  𝑧𝑤𝑒−𝜚𝑧∞

0
𝑑𝑧 =

Γ 𝑤+1 

𝜚𝑤+1  and Γ 𝑤 =  𝑤 − 1 !. Hence, 

=
𝜂2

6 𝜙+𝜂 
 

𝑡𝑘

𝑘!

∞
𝑘=0 ∙

Γ 𝑘+1 

𝜂𝑘+1 +
𝜙𝜂4

6 𝜙+𝜂 
 

𝑡𝑘

𝑘!

∞
𝑘=0 ∙

Γ 𝑘+4 

𝜂𝑘+4     (3.25) 

=
𝜂2

6𝜂 𝜙+𝜂 
  𝑡

𝜂
 
𝑘

∞
𝑘=0 ∙

𝑘!

𝑘!
+

𝜙𝜂4

6𝜂4 𝜙+𝜂 
  𝑡

𝜂
 
𝑘

∞
𝑘=0 ∙

 𝑘+3 !

𝑘!
   (3.26) 

∴ 𝑀𝑋 𝑡 = 𝐸 ℯ𝑡𝑥  =   𝑡
𝜂
 
𝑘

∞
𝑘=0  

𝜂+𝜙 𝑘+3 (𝑘+2)(𝑘+1)

6 𝜙+𝜂 
    (3.27) 

Which completes the proof. 

4. Conclusion 

This paper proposed a new two-parameter distribution known as the Copoun distribution (CD). 

The mathematical and statistical properties of the Copoun distribution such as the mode, quantile 

function, moments and other related measures, moment generating functions, and reliability 

indices was derived and presented. The properties of the new Copoun distribution showed that 

the Copoun distribution can be used to model lifetime datasets with unimodal, positively skewed, 

and right tailed properties. Furthermore, the risk measurement function of the Copoun 

distribution can model datasets with increasing failure rate (IFR), increasing failure rate average 

(IFRA), new better than used (NBU), and new better than used in expectation (NBUE) in 

survival analysis. In addition, the survivorship or existence measurement function and the 

average residual measurement lifetime function is a monotone non-increasing and monotone 

non-decreasing functions. 
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