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Abstract—The  branching processes form  a con- 

figuration  for  modeling tumor cells.  Faced with 

unobserved data on dormant cells, inference based 

on the  branching process is not  easy  to  achieve. In 

large  populations, we  construct a  new  framework 

for estimating dormant cells  and  tumor dormancy 

rates.  This  inference  uses   of  control  theory  are 

based on statistics about deterministic process 

approximating branching process in  large  popula- 

tions. Precisely, we  use  an  auxiliary system called 

an observer whose solutions tend exponentially to- 

wards those of the  limit deterministic model. This 

observer  uses   only   available  measurable data  on 

tumor cells  and  provides estimates of the  number 

of  dormant cells. In  addition, the  constructed ob- 

server does  not  use  the  parameter of the  generally 

unknown tumor dormancy rate. We  also  derive a 

method to  estimate it  using the  estimated states. 

We  apply this  estimation method using simulated 

data from  the  branching process. 

Index  Terms—Cancer;  branching  process; ob- 

servers; estimation;  dormant cell;  Resistant  cells; 

Susceptible cells. 

 
I.  Introduction 

 

In recent decades, the survival of cancer patients  has 

been improved thanks  to earlier detection  and thera- 

peutic  advances.  Cancer  is one of the  main  threats 

to  human  health.  It  results  from the  appearance  of 

dysfunctions  in certain  cells of the  body. These cells 

contribute to  the  formation  of a  cell mass  called  a 

tumor.  These are called tumor  cells. Tumor  cells can 

spread from the place where they were born (primary 

tumor)  to  other  parts  of the  body,  where  they  can 

form tumors.  This  process is called metastasis. The 

development of metastases can be described as follows: 

cancer cells are confined to the primary  tumor  where 

they  spread  to nearby  tissues.  They  detach  from the 

primary  tumor  and move to other  parts  of the body. 

Cancers initially develop from normal cells that 

acquire  the  ability  to  proliferate  in an  aberrant way 

and eventually  become malignant. First,  they develop 

into clonal tumors, then they have the potential to 

metastasize  and develop resistance to treatment. Can- 

cer recurrence  represents  a critical  clinical challenge 

in  the  effective  treatment  of  malignancies  and  for 

the  quality  of life of patients. Indeed,  this  resistance 

considerably limits the effectiveness of the treatment. 

Tumor  recurrence  has received great  attention in the 

medical  and  biological  domain[45],  [62], [15], [36], 

as  well  as  in  mathematical  modeling  communities 

in  recent  decades[37], [4], [28], [58]. Currently, the 

survival  of cancer  patients   has  been  improved  due 

to  earlier  detection  and  therapeutic advances.  How- 

ever, dormant cells that  evolve favourably after initial 

treatment, often many years later,  present aggressive 

tumor  recurrence[1], [26], [52]. Cancer recurrence is a 

crucial clinical challenge for the effective treatment of 

malignant tumors  and for patients’  quality  of life. 

Tumor  dormancy  is the  fact  that  tumor  cells will 

be able to persist for a longer or shorter  time  in an 

organism without  declaring cancer. Tumor  dormancy 

then  describes  a prolonged  phase  of cancer  progres- 

sion.  During  this  phase,  which  tumor   cells  remain
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clinically hidden  and  show no signs of growth,  thus 

preserving their capacity for malignant progression[1], 

[26]. This  dormancy  can occur after  a first phase  of 

treatment, although  the patient has entered  a period 

of remission. The possibility that  cancers remain dor- 

mant  in  the  body  for  long  periods  without   giving 

rise  to  new  growth  has  been  recognized  for several 

decades[29]. Many publications  refer to a dormant 

period  of  more  than   5  years.  Indeed,  it  has  been 

reported  that  20% of breast  cancer patients  who did 

not have clinical disease after surgical removal of their 

primary  tumor  developed  recurrences  5 to  25 years 

later[34], [55], [18]. Similarly, a meta-analysis  showed 

that   the  mean  disease-free interval  in  patients   with 

primary cutaneous melanoma was 14.3 years after 

diagnosis and 22.3 years in patients  with primary ocu- 

lar melanoma[14]. In addition,  epidemiological studies 

of tumor  recurrence  in  patients   with  various  types 

of cancer confirm the existence of dormant tumor 

cells[12]. 

The   development  of  residual   disease  leading  to 

tumor  dormancy  differs from patient to  patient and 

from cancer to cancer. Considerable efforts have been 

made to understand the control mechanisms underly- 

ing tumor  dormancy.  These efforts reveal that  tumor 

dormancy  can be divided into  three  groups: (i)  "cell 

dormancy"   or  "tumor   cell  dormancy";   (ii)   "tumor 

mass dormancy" or "tumor population  dormancy"[36] 

and  (iii)  "clinical dormancy"[57]. Cell dormancy  can 

occur  when  tumor  cells enter  a  pause  state  in  the 

state  G0  of the  cell cycle[1]. Unlike  cell dormancy, 

tumor  dormancy  is not  characterized  by the  absence 

of  proliferation   and  apoptosis  at  the  cell  level[36]. 

On the contrary, it describes the balance between 

proliferation and apoptosis preventing  the tumor from 

growing. Clinical dormancy  reflects the time between 

initial  treatment and cancer recurrence[57]. 

Dormant cells that  develop favorably before or after 

the initial treatment, often several years later, present 

an  aggressive  tumor   recurrence[1],  [34],  [55],  [18]. 

The  use  of mathematical modeling  could  be  useful 

as  potential   prognostic  tools  in  clinical  practice.  A 

large literature has been devoted to mathematical 

modeling  of  cancerous  tumors[37],  [51], [19], [49] . 

Mathematical  modeling  has  important  implications 

for the biological and clinical theory of tumor  growth. 

To model the metastatic invasion of pancreatic  cancer, 

Haeno and  al.[28] developed a linear model of birth- 

death  processes. Although  mathematical models have 

significantly  advanced   the  understanding  of  tumor 

initiation  and progression, the field of dormant tumors 

is  still  being  studied.  Recently,  Kouaho  and  al.[37] 

have proposed a stochastic  model of tumor  dormancy 

and resistance.  This mathematical model is based on 

the description of the tumor cell colony as a branching 

process.  Using  this  model,  they  identified  the  pa- 

tient’s  status  at  the  time of diagnosis and  optimized 

treatment strategies by studying  therapeutic efficacy, 

resistance  and tumor  relapse. 

In this  work, we present a new framework  for the 

estimation  of dormant cells and tumor dormancy rate. 

We  use  the  branching  model  presented  by  Kouaho 

and  al.[37] for modeling  dormant cancerous  tumors. 

For large populations,  this model gives a deterministic 

approximation defined  as  a  solution  to  an  ordinary 

system  of differential  equations.  Indeed,  multidimen- 

sional  branching  processes  are  often  used  to  model 

tumor  cells. However, due to incomplete dormant cell 

data  on dormant cells, inference based  on branching 

process is not easy to perform. In large populations, we 

construct  a new framework to estimate key parameters 

of the branching model. Namely, the estimation  of the 

number  of dormant cells and  the  rate  at  which cells 

enter  dormancy  using control  theory.  More precisely, 

we use an auxiliary  system  called an observer whose 

solutions tend exponentially towards those of the limit 

deterministic process of the branching process in large 

populations. 
 

II.   Model Formulation 

A.  A  mathematical  framework  to  investigate  growth 

and dissemination 

The model considers three  cell types. Consider the 

expansion  of cancer  cells starting   from a  single cell 

that  has not developed the ability  to resist a therapy 

as Kouaho  and  al.[37] . These cells are called type-0 

cells. Type-0  cells divide and  give rise to two type-0 

cells. Type-0  cells die under  the  effect of treatment 

or natural death,  depending  on environmental condi- 

tions.  Type-0 cells can also enter  dormancy  and give 

rive to type-1 cells. Type-1 cells remain at  the latent 

tumor  site, without  tumor  growth. Some of these cells 

resume  proliferation  and  give rise to  type-0  cells or 

to cells that  resist the  therapy  previously used. Cells 

that   resist  this  therapy  are  called  type-2 cells. The 

type-2 cells divide  and  give rise to  two type-2 cells. 

Type-2  cells die  from  natural death,   depending  on 

environmental conditions,  or from a treatment other 

than  that  previously used against  cells of type-0.
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The Table I describes the parameters of the model. 
 

 
 

TABLE I 

Model’s  parameters  description 

We  adopt  the  following notations, which  will be 

used in all of this manuscript. 

•    K  ∈ R+ : Tumor  carrying  capacity.  That  is, the 

largest  number  of tumor  cells that  the body can 

support.
Parameters     Description 

(                
2                                        

)

r                   Birth rate  of susceptible cells 

d                       Mortality rate  of susceptible cells 
•    ΛK  = n = (ni )i=0,1,2 

∈ N3 | 
 

ni ∈ {0, ..., K }  : 
i=0

a                       Birth rate  of of resistant cells 

b                       Mortality rate  of resistant cells 

β                       Dormancy entry  rate  of sensitive  cells 

q                       Dormancy exit  rate  of Tumor cells 
 µ                     Resistance probability of a dormant cells   

State  space; 

•    t ∈ R+ : times and i = 0, 1, 2: Index of tumor  cell 

type; 

•    X i  (t): Number  of type-i individuals  at time t;

•    XK (t) = 
 
X i  (t)

 
 

 
i=0,1,2 : Population size at  time

 
Let’s consider the following assumptions: 

(H1):  The number of type-0 cells increases when type- 

0 cells are produced,  either  during  the  division 

t ≥ 0; 

•    △t: Sufficiently small period of time  and  o (△t) 

("little  oh △t) the Landau  order symbol.

of type-0 cells at rate  r, or during the exit from Let   
n

 
     

i  
  

K  i=0,1,2 , t ≥ 0
o  

a  continuous-

the dormancy  of type-1 cells at rate  (1 − µ) q. 

(H2):  The number of type-0 cells decreases by natural 

death or by death due to the treatment of type-0 

cells at rate  d. 

(H3):  The number of type-1 cells increases when type- 

0 cells enter  dormancy  at rate  β 

(H4):  The number of type-1 cells decreases when type- 

1 cells emerge from dormancy  at rate  q 

(H5):  The number of type-2 cells increases when type- 

time  Markov  jump   processes,  with  values  in  ΛK , 
modeling the population  of the tumor  considered. At 

each  instant  of  birth,   the  continuous-time  Markov 

chain {XK (t), t ≥ 0} increase by 1 and at each instant 

of  death   it  decreases  by  1.  Specifically,  the  jump 

events  and  transition  rates  of  the  Markov  process 

{XK (t), t ≥ 0} are described as follows: in a short time 

interval  △t between  the  times  t ≥ 0 and  t + △t, we 

have
2 cells are produced,  either  during  the  division 

X   (t)
  

X   (t +
 

 

t) + (1, 0, 0) at rateof type-2 cells at rate a, or during the exit from 

the dormancy  of type-1 cells at rate  µq. 
    K      →     K 
 
 

△ 

rX 0 (t) △ t + o (△t)

(H6):  The number of type-2 cells decreases by natural 

death  or  by  death  due  to  a  different  type  of 

XK
   
(t) → XK (t + △t) + ( −1, 0, 0) at rate 

0

treatment than the one that  destroys type-0 cells      


 

dXK (t) △ t + o (△t)
 

at rate  b. 


XK (t) → XK (t + △t) + (−1, 1, 0) at rate 
 

 

Schematically,  the  interaction between  these  three 

cell types is given by the following Figure 1. 

 
 
XK   

 

 

(t) → XK 

βX 0 (t) △ t + o (△t) 

(t + △t) + (1, −1, 0) at rate 

(1 − µ)qXK (t) △ t + o (△t) 

 
 
 
 

(1)
XK (t) → XK (t + △t) + (0, −1, 1) at rate 

                                       
µqX 1 (t) △ t + o (△t) 

 
XK (t) → XK (t + △t) + (0, 0, 1) at rate 
 
 
XK   
 
 

X   

 

 

(t) → XK 

 

 

(t) → XK 

aX 2 (t) △ t + o (△t) 

(t + △t) + (0, 0, −1) at rate 

bX 2 (t) △ t + o (△t) 

(t + △t) at rate 

1 − Λ (XK (t)) △ t + o (△t)
 

Fig.  1.   Interaction schematics  of dormant  cancer  tumor 

cells. 

 

where Λ(n) = (r + d + β) n0  + qn1 + (a + b) n2  for all 

n = (n0 , n1 , n2 ) ∈ ΛK .
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These  three   cells  interact  specifically  with  each 

other,   and  the  general  condition  of  the  cancerous 

tumor   depends  on  the   proportions   of  these  three 

types  of cells in the  body.  For  this,  we consider the 

B.  Approximation of large population 
 

We  can  observe  that   the  calculations  quickly  be- 

come very complicated for the birth and death process

process 
n

 (t) = 
 

Y i  (t)
 

 
 
i=0,1,2 , t ≥ 0

o 

which is the {YK (t), t ≥ 0} that   we have  just  introduced   and  it 
may be interesting  to have more manageable  approx-

the  normalized  continuous-time Markov process with 

values in    1 ΛK  where 

 

imations  of it. When  the  population  size K  becomes 

very large,  the  jump  rates  become so large that the 

times  between  jumps  are  infinitesimal  and  tend  to

YK (t) = 
X i (t) 

K 
,    for all t ≥ 0 and all i = 0, 1, 2. 0.  It  is  therefore  very  difficult  to  observe  all  the 

jump events that  occur and in the limit of very large 

populations, the population size dynamics will be close

For  all  i   =  0, 1, 2,  the   random   variable   Y i (t) 
represents   the   proportion   of  cells  of  types  i   at 

time   t  ≥   0  and   the   process  {YK (t), t ≥ 0}  de- 

scribes  the  density  dynamics  of the  population   un- 

der  consideration.   At  each  birth   time,  the  process 
n                                                       o                         

to  a  continuous  process  in  time.  In  this  paragraph, 

we introduce  a deterministic  approximation valid for 

large populations  and  thus  find a classical model of 

population  dynamics. 

Under  some regularity  conditions  detailed  in [22], 

[27], [20], [11], the dynamic of the system (2) convergesYK (t) = 
 

Y i  (t)
 

 
i=0,1,2

 , t ≥ 0 increase by  1
 and at

each time of death  it decreases by    1 . 

Formally, this framework leads to the definition of a 

continuous-time Markov jump  processes, the  dynam- 

ics of which can be expressed as follows [27], [11]: 

to  a  deterministic  behaviour  as  the  population   size 

tends   to  infinity.   Then   the   {YK (t), t ≥ 0}  process 

converges  to  a  deterministic process  when  K  tends 

to  infinity.  The  more  precise  meaning  that   we can 

give to this limit is a convergence almost surely. 

Demonstrating that  a stochastic  epidemic model (for

YK (t) = YK (0) + Pvr
 

Z t 
rK     YK (s)ds    vr 

0 
population  proportions)  converges to a particular de- 

terministic  process is also important for applications.

+ Pv(1
 
 
−µ)q 

(1 − µ)qK 

Z t    
1 YK 

0 

  

(s)ds 
v(1−µ)q 

This motivates  the use of deterministic models, which 

are easier to analyze, for large populations.Z t    
1Pvµq µqK YK (s)ds 

0 

vµq  
We use [11], Part  I, page 30 and we obtain:Z t    

2+ Pva aK       YK (s)ds 
0 

va                     (2) Theorem  2.1:  Let  T  ≥ 0 fixed. If   lim 
K →∞ 

YK (0)  =

Z t   
2

 x(0), then,  almost  surely
+ Pvb bK      YK (s)ds    vb 

0
 

+ Pvβ
 

Z t 
βK       YK (s)ds    vβ 

0 

lim 
K →∞ 

sup 
t∈[0;T ] 

 YK (t) − x(t) = 0

 

+ Pvd 

Z t 
dK      YK (s)ds 

 

vd . 
 

where the  process 
 

x(t) = (xi (t))i=0,1,2 
, t ∈ [0; T ]    is

0 

 

where  {Pl , l ∈ Θ}  is  a  family  of mutually   indepen- 

dent  Poisson  processes  of  rate   1  ,  independent  of 

initial  value  Y i (0)  Y i (0),  defined  for all  l  ∈  Θ  = 

the  unique solution  of the  ordinary  differential  equa- 

tion 
 

. 
x0  (t) = (r − d − β)x0 (t) + (1 − µ) qx1 (t)

n                   K           K        o                                           
.

vr , vd , va , vb , v(1−µ)q , vµq , vβ where  Θ  is  the  set  of x1  (t) = βx0 (t) − qx1 (t) 
. 

.   (3)

transition vectors  of the  process {YK (t), t ≥ 0} with 
x2 (t) = (a − b)x2 (t) + µqx1 (t) 

1 


 
 1

 


1


 

 1
 

 
0 


 

 1
−1   , v

 

= 
K 


0

 
, v

 
= 

K 

−1
 

, v   =                                    
+

v(1−µ)q   = 
         

r 
K      

0 
       d          a with x(0) = (xi (0))i=0,1,2 ∈ R3 .


0

  
0  

 0                      0 
 

0 
                    

−1
 1   0

 
 1   

0  
 

 1         
 1        

.
 

Note: For  every t ∈  [0; T ]  and  every i = 0.1.2, the
K 

  , vb = 
K  

  , vµq  = 
K 

−1 , vβ  = 
K 

 1 

1                   −1                        1 0          xi (t) variable  can be seen as the  average  number  of
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0 

1−i 
  

K 

− 

 
  

K 

+ 
K 

 
 

e 

 1 

βK 

− 

− 
K K 

 
 

  

 

□ 

K 

 

 

 
 

cells of i types  at  the  time  t. By equations  (3),  the 

xi (t) verify: 
and for all t ∈ [0; T ]

     
0              

 1         Z t 
βK

 
  

0 (s)ds
 
x0 (t) =

 x0 (0) − x1 (0) {λ2 + q}  

{λ1 + q} eλ1 t 
MK (t) = −  Mvβ                             

YK 
0                         β {λ

 
− λ  }

                    
 1                                    

Z t
                1           2   

                     x0 (0) − x1 (0) {λ1 + q} 
                               

β {λ1 − λ2 }
 

 
 

{λ2 + q} e                  


 
+ 

K 
Mv

 

 1 

 
(1−µ)q 

  
(1 − µ)qK 

Z t 

Y 0 (s)ds 
0  

 
 
x1 (t) = 


 

βx0 (0) − x1 (0) {λ2 + q} 

λ1  − λ2
 

 

eλ2 t 

                              
Mvr                            

 1  
 

rK     YK (s)ds 
0         Z t    

0

βx0 (0) − x1 (0) {λ1 + q} 
λ1 t                          

 − 
K 

Mvd 
dK      YK 

0
 

(s)ds

                          −                
λ1  − λ2  

 

               
µq  βx (0)     x                 q]   

                                           Z t      
1                                                            0 

     
K                                             Y

 

  

(s)ds

                     {    0 −  1 (0) [λ1  +  } n o    M (t) = 
K 

Mvβ                            K
x2 (t) =  
 

(a − b − λ2 ) {λ1 − λ2 }
 eλ2 t − e(a−b)t

 


 0 

1                     
Z t 1 (s)ds

                                                                                                      − 
K 

Mvµq 

µqK      YK 
0

            µq {βx0 (0) − x1 (0) (λ2  + q)} n 
λ1 t 

 
− e(a−b)t 

o     
                                                                Z t

                  {a − b − λ1 } {λ1 − λ2 } 
             

+x2 (0)e(a−b)t . 

1                           Mv(1   µ)q
   

)qK Y 1 (s)ds 
0

                                          Z t
 

     2                  
1                          2

MK (t) =  K 
Mva

 
aK       YK (s)ds 

0 
t

Proof  of Theorem 2.1 
                        1 
         Z 

bK         2 (s)dsProof  of the  Theorem  2.1  requires  knowledge  of a      


 

result that  we will develop in the Lemme 2.3. For this      
 

− 
K 

Mvb
 

 1 
+ 

YK 
0 Z t    

1

result  we take T ≥ 0 and put Mvµq 
K 

µqK 
YK (s)ds 

0  

(7)

Mj (t) = Pj (t) − t,    ∀j ∈ Θ    and    ∀t ∈ [0; T ]  .  (4) 
 

First,  We  use the  law of large  numbers  for Poisson 

processes to get the following result. 

Lemma  2.2: For all j ∈ Θ and all u0  > 0, 

 
So,     let’s     give     a     result     on     the     processes 
 
MK (t), 0 ≤ t ≤ T 

  
for all i = 0, 1, 2.                        □ 

 

Lemma  2.3: Let T ≥ 0, for all i = 1, 2, 3 

 
i

lim sup 
 
Mj (uK )

  
= 0   almost  surely.                                K

K →+∞ u≤u0 sup   | M 
0≤t≤T 

(t) |→ 0   almost surely    when K −→ +∞ .

 

Proof  of Lemma  2.2  For all j ∈ Θ, Pj  is a Poisson 

Process. So according to the  law of large numbers  of 

Poisson  processes,  for all  u0    > 0,  we have,  almost 

surely 

 

Proof  of Lemma  2.3  For  all t ∈ [0; T ], from equa- 

tion (7) we obtain 

                    

 1 
"             Z t       0  (t)

  
≤

  
Mv       rK

 
Y   (s)ds   

  
+  

Pj (K u) 
 M 

K         
r             

0

lim sup 
 
Mj (uK )

  
=   lim sup 

 
 K                                                  K 

− u
                                                    

Z 
t

K →+∞ u≤u0
 K →+∞ u   u  

       
K                      


 

 dK      Y   (s)ds

= 0                                                 


   

Then  we use (4) and rewrite (2) to obtain,                   


 

 
 
 

Mvd   
  

+
 
Mvβ

 

  
  
  

K 
0         Z t 

βK       Y 0 (s)ds 
K 

0 

t                      
#

3   Z t 

YK (t) =YK (0) + M 


 

 

YK    (s)dsei                      (5) 
 

 

+
 
M   

 
v(1−µ)q 

 

(1 − 
 

µ)qK 

Z 

Y 0 (s)ds 
0

i=1   0                        
1 

"              Z
3                                                                               

       
1      

                                     t    
0 

1−i 
 MK (t)

  ≤  Mvβ       
βK YK (s)ds

+ 
 

MK  (t)ei     for all t ≥ 0        
                      

K 
i=1                                                                            

                           
                           

0 
Z t   

1

 
where e1  = (1, 0, 0), e2  = (0, 1, 0), e3  = (0, 0, 1) and        


 

  

+ Mvµq   
  
  

µqK 

  

YK (s)ds     
0                             

 
 

Z t    
1

 

 

   # 
 

r − d − β   (1 − µ) q      0   


 + Mv(1  µ)q
                                   −

 
(1 − µ)qK YK (s)ds 

0
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M = 

 β               −q            0  
,        (6)                                                    

0               µq        a − b 
 

and
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   

                            

  

0 

  0 
  
M
  

v                 

 
 

  

1 

Mv 
0 

M K 

2 

  

  

  

i 

  

K 
  

i i 

 

  

 

 

  

                                                       

0 

Z   

  

 
K 

  

 

 

  
a K 

Z Z t 

  

 
 

 
previous system,  we obtain: 
                  

0                                    

  
Mvr (ηK ) 

 

  sup  MK (t)
  ≤    sup

2                  1 
   Z t    

2
 

0≤t≤T  

 
 0≤η≤rT             K

 MK (t) ≤ 
K

  Mva
 

  

aK       YK (s)ds 

0                                                           
 

  Mv(1−µ)q  
(ηK )  

                                  +      sup
Z t   

2
                                       

0≤η≤(1−µ)qT  
            K 



+ 
 
Mvb        

bK Y   (s)ds                            
 

                    
0       

K                                                                           
+   sup 

Mvd 

(ηK )
Z t   

1

    #                 


 0≤η≤dT  
        K 

 

+  Mvµq
   µqK YK (s)ds                        

0
 

 

+   sup Mvβ 
(ηK )    

                                      
0≤η≤βT           K 

                  
1                                    

  
Mvβ 

(ηK ) 
 

  
sup

  MK (t)
  ≤    sup

0≤η≤T 0≤η≤βT 
       K

This gives, for all t ∈ [0; T ],                                   
+   sup

   
Mvµq (ηK ) 

 
  

                                      
0≤η≤µqT  

         K  
  M         (ηK )                                

 1 
"                        

t                                    


 

+      sup
 v(1−µ)q

  
sup  

 

M
 

(t) ≤ sup
  

Mv       rK
 Y   (s)ds            

0   η   (1
 

µ)qT               K                  
K                                 r                        K                            

 ≤ ≤  −
0≤t≤T  

 
 K   0≤t≤T  

                     
0                   

2                                    

  
Mvψa  (ηK ) 

 
                                                            

Z t 
  

sup  
MK (t)

  
≤    sup                          

+ sup 
 

 
Mvd      

dK YK (s)ds 
0≤η≤T  

 
  0≤η≤aT 

       K

                              
0≤t≤T                              0 

 

                                  
+   sup

        
b  
(ηK )  

                                                    Z t    
0 

 

                                                     
                                      

0≤η≤bT  
 

+ sup 
 

 Mvβ       
βK YK (s)ds                           

                     0≤t≤T  
                      

0                                                               
   

Mvµq (ηK ) 
 

                                                                                          #            
+   sup                          

 
.                                                               Z t    

0
 

0   η   µqT 
         K         +  sup 

 

 
Mv(1

  
µ)q

 (1 − µ)qK YK (s)ds                                                        ≤ ≤

             0≤t≤T  
         −                                

0  From Lemma 2.2 we deduce: for all i = 0, 1, 2,
                  

1                                                                

Z t
    #                        

i  
sup  

 

M 
(t)

 ≤  sup
  

Mv
 

µqK
 Y   (s)ds

 sup  MK (t)
 −→ 0 p.s    when K → +∞ .           □                  

K                                µq                                         K
0≤t≤T  

 
 0≤t≤T  

                         
0 

                    Z t 
0≤t≤T 

Finally,  the proof of the Theorem  2.1 is:                     
+ sup0   

 

≤t≤ 

  
T 

      
β   

βK       YK (s)ds 
0 

 
Proof  of Theorem 2.1  Let T ≥ 0. We want to show                 "                                    Z t 1 

         +      sup 
  
     

v(1−µ)q
 

 

(1 − 
 

µ)qK Y 1 (s)ds uniform convergence on [0; T ]. From (5) we can write:
            K   0≤t≤T  

 
                    

2         
  

 
 1 

  
0                                    For all t ∈ [0; T ], 

Z t  
sup

  
MK (t)

  
≤

 
sup

  
Mv       aK

 
Y   (s)ds

  
YK (t) − x(t)

 
≤ 

 
YK (0) − x(0)

  
+  sup

  
MK (t)

 
 

0≤t≤T K   0≤t≤T  
                     

0 
 

0≤t≤T                                                       
t                                                             

2 

 + sup 
 

 Mvb        bK YK (s)ds + |M |  YK (s) − x(s)  ds

                     0≤t≤T  
 
   

0 
Z t   

1                     

#
 

0 

By Grönwall’s inequality  [[33], page 288] we obtain             +  sup 
 

 
Mvµq

 µqK YK (s)ds

                 
0≤t≤T  

                         
0

 
0     |M |t

 YK (t) − x(t) ≤  GT 

 
e       .

where G 0  = YK (0) − x(0)
  
+ sup0

 
t  T   MK (t). ThenT                                                             ≤ ≤

We  pose  Ξ  = {r, d, a, b, β, µq, (1 − µ)q}  and  η  =
  

sup                                   T 

 
Z t 

j    YK (s)ds  for  all  i  = 0, 1, 2,  all  j ∈  Ξ  and  all 
0≤t≤T  YK (t) − x(t) ≤  G 0  e|M |t .

0                                                                                                                                   Thus,  by Lemma 2.3, when YK (0) →  x(0) and when
t ∈  [0; T ]. Since for all t ∈  [0; T ]  and  all i  = 0.1.2, 

K →  +∞, we can deduce that     lim sup  YK (t) −
0 ≤ Y i (s) ≤1, we can write, for all j ∈ Ξ K →+∞ 0≤t≤T 

x(t)
 
= 0.                                                                       □

 

0 ≤ η = j 

Z t                       Z T 

YK (s)ds  ≤ j 
0                                      0 

 

YK (s)ds  ≤ jT . 
 

To    specify   the    asymptotic   behavior    of   the 
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{YK (t), t ∈ [0; T ]}    
process   around    its   

determinis- tic   

limit   {x(t), t ∈ 
[0; T ]},   we   continue    our   ap-

From this relationship,  by changing the variable in the proach   by  defining  a  "central   limit   theorem"   for
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 

( 

µ)q 

 − 

Z 

 

− 

 

 

 

K 0 

−  

 

 
 

{YK (t), t ∈ [0; T ]}.   This   approach   is  developed   in 

Chapter  2 of Part  1 page 34 of [11]. 
A.  Problem formulation 

We construct  an estimator, called an observer,  for
Theorem  2.4: When    lim 

√
K [YK (0) − x(0)] = 0 

 

the  dynamic  system  (3)  by  adopting  the  estimation
 

, then,  when K
 

+   
K →+∞  

method  presented,  for example,  by  [7]; [10] or  [48].→     ∞, 
n√

K [YK (t) − x(t)]   
o 

⇒ 
n 

 

= (U (t))      
o 

 
Thus,  the  observer  constructed will be  used  to  es-

 
 

where 
 

t≥0                
Ut 

 

 
Z t 

i      i=0,1,2 
 
t≥0 timate   the  state   variables  and  the  parameter β  of 

this system. First,  we define the known and unknown 

entries  of the  dynamic  system  (3).  In  practice,  the
U0 (t) = (r − d − β)                                        

0                                          
t                  

+(1     µ)q  

U0 (s)ds 
 

U1 (s)ds 

dormancy rate β is not known, so we consider the term 

βx1 (t) that  appears  in the dynamic system (3) as an 

unknown entry and we pose: v(t) = βx1 (t). We assume                                       0  

                            Z t q
 that   the  other  parameters  are  known.  We  assume

1                  
+             rx (s)dB  (s)                     

K     0              
0              r                                                                                  Z t q                               

−       βx0 (s)dBβ (s)                                     
0           

that  susceptible  and  resistant  cells are observed and 

dormant  cells are  not  observed.  That  is, x0  + x2   is 

measured  and  x1   is not  measured.  Now we will use                                  Z t   
                                    

0 

 

q

dx0 

  

(s)dBd (s) some classical  notations   of control  theory.  We  note 

X  the measurable  output of the dynamic system (3).

U1 

 

 

(t) = β 
Z t                      Z t 

U0 (s)ds − q 
 

U1 (s)ds The measurable  output corresponds to the number  of

0                    
 1 

   Z
 

+ 

               0 
t q 

βx0 (s)dBβ (s) 

susceptible  and resistant cells, i.e.: 
 

(t) = x0 (t) + x2 (t) , for all t ≥ 0.          (8)K     0                                                     Z t q 
                                                     (s)dB

 

 

 

(s)
 

X 
 

We rewrite  the  dynamic  system  (3) based  on known

                              −  
0

                                   Z t q 


 

µqx1               µq   

inputs,  measurable  output X , and  unknown  term  v,

                              −  
0

                              
Z 

t 

 

(1 − µ)qx1 (s)dB(1−µ)q (s) 
Z t 

so we have: 
. 
x (t) = Ax(t) + Ev(t)

U2 (t) = (a − b)  
U2 (s)ds + µq 

0          
U1 (s)ds 

0 

 

X (t) = C x(t) 
, for all t ≥ 0.      (9)

                   
 1                  

+
 

  Z t q 
ax  (s)dB  (s)                                           2              a                                    Z t
 

where the matrices A, E and C are defined as follows:
                                        q

bx2 

 
(s)dBb (s) 

  
−1  



0           
                                  Z t q ,    E =   


  1   

      
;    C =  1, 0, 1     .

                               −   
0 

µqx1 (s)dBµq (s) 0 
 

and
with  Bj    (j  ∈   Ξ)  mutually   independent  standard 
Brownian motions. 

 

Proof   Just   use  the theorem  2.3.2,  page  34 of [11] 

with  function  β(.) (., .)  and  function  b (.)  define  by: 

 
 

A =   
  

r − d   (1 − µ) q      0     


 

0           −q            0     
 

0            µq        a − b  


for every  t ≥ 0: βvr (t, x(t)) = rx0 (t); βvd 
(t, x(t)) = 

dx0 (t);  βva 
(t, x(t)) =  ax2 (t);  βvb 

(t, x(t)) =  bx2 (t); 

βvβ 
(t, x(t))   =   βx0 (t);  βvµq 

(t, x(t))   =   µqx1 (t); 

The  new dynamic  system  (9)  consists  of the  ini- 

tial  dynamic  system  model  (3)  and  the  measurable 

output described  by  (8).  The  first  equation  of the 

dynamic system (9) describes system dynamics, whileβv(1
 
−    

(t, x(t)) = (1 − µ)qx1 (t) and b (t, x(t)) = M x(t)

to get the result of Theorem 2.4                                   □ 
 

III. Estimating Parameters and State 

Variables 

We propose the deterministic process inference de- 

fined by (3). For more literature on the method  used, 

refer  to [10], [48], [30], [7], [16], [44], [8]. We  recall 

that,   in  the  deterministic model  (3),  cells of type-i 

(i = 0.1.2) are designated  by xi (t) at the time t ≥ 0. 

the second equation  provides information  about  what 

is being measured.  The  construction  of the  observer 

requires knowledge of all model parameters. However, 

the dynamic system (9) consists of the unknown 

parameter β  which  makes  the  component  v(t)  un- 

known. By the  v(t) component,  the  dynamic  system 

(9) becomes an  observer  with  unknown  input  (UIO: 

Unknown  Input  Observer).  The  key to  building  the 

UIO  is  to  decouple  the  dynamic  system  (9)  from
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( 

 
− 

. 

 
 

the  unknown  component  v(t)[7].  For  this  reason,  we 

consider the equation X (t) = C x(t) and by derivation 

to be observable if and only if the Kalman observabil- 

ity matrix,  that  is the  matrix  O [(I3  − EC ) A, C ] de-

we obtain: 
 

 
.                        .

 

 
 

 

fined  by:O [(I3  − EC ) , C ]  =  


 

 

 
C [I3 

C               


 

EC ] A      

.               


 

X  (t) = C x (t) = C [Ax(t) + v(t)E] 

= C Ax(t) + C Ev(t). 
 

Since C E = −1, we can write 
. 

v(t) = − X  (t) + C Ax(t).                (10) 
 

By substituting (10) in the  first equation  of the  dy- 

namic system (9), we obtain: 

. 

                                     
 

C ([I3 − EC ] A)
n−1

 

is full rank.  That  is, rank O [(I3  + EC ) , C ] = n. 

When   the   pair   ([I3 − EC ] A, C )  is  not   observ- 

able,  we  can  study   the   detectability  of  the   pair 

([I3 − EC ] A, C ). 

Definition  3.2: [10] (Detectability) 

The pair ([I3 − EC ] A, C ) is detectable  if all states  of 

the dynamic system (11) that cannot be observed tend
x (t) = Ax(t) + E 

h

− X (t) + C Ax(t)
i

 
. 

(exponentially) to zero when time t tends  to infinity.

= [I3  + EC ] Ax(t) − E X  (t). 
 

In this case, the dynamic system (14) becomes: 
( .                                                                        . 

 

In the following, we will show that  the system (11) 

is not  observable  but  detectable, which allows us to 

construct  an observer for this system[10].x (t) = [I3  + EC ] Ax(t) − E X  (t) 
.        (11) Lemma  3.3:  The  pair  ([I3

 + EC ] A, C )  is not  ob-
X (t) = C x(t) 

. 
servable but  detectable  when a < b and r < d. 

                     
By  taking  X (t) and X   (t) as  inputs,  the  dynamic −1    0   −1
system (11) contains only known terms and estimates 

can  be made  by  an  appropriate method.  Therefore, 

our next concern is to use this dynamic system (11) to 

estimate  both  the unobserved  state  variables  and the 

Proof   We have  successively: EC  = 
  

1     0     1  


,   

0     0     0 


 


0   0   −1


 

I3 + EC = 


1   1     1 
  

and
unknown parameter β. This requires the construction 

of an observer whose values converge exponentially  to 

the  original  model  (11).  However,  the  system  must 

 
0   0     1 

 

 
 

 

0      −µq    −a + b


satisfy  either  the  observability   property   or  the  de- 

tectability property. 
 

Note: The  dynamic  system  described  by  the  (11) 

system  requires  an  ensemble  of initial  conditions  to 

[I3  + EC ] A = 


r − d      0       a − b 
  

.       (12)     

0        µq      a − b 


 
 

The    matrix    of   Kalman    O [(I3  − EC ) A, C ]    be- 
1   0   1



complete its formulation.  When the tumor  population comes   O [(I3  + EC ) , C ]      = 
0   0   0

 
.   Then

is growing from a cell of type-0, a initial conditions for                                                             
              

 

the system (11) is x0 (0) = 1, x1 (0) ≥ 0 and x2 (0) = 0. 
 
rangO [(I3  + EC ) A, C ] = 1 < 3. 

0   0   0

B.  Observer design: states estimation 

The  construction   of an  observer  for the  dynamic 

system  (11)  requires  that   the  pair  ([I3 + EC ] A, C ) 

be observable or detectable[44], [8]. A dynamic system 

written  as (11) is observable if τ >0 exists such that 

knowledge of X (t) for every t, 0 ≤ t ≤ τ , is sufficient 

to  determine  x(0)[48]. Equally,  observability  implies 

that   knowledge  of an  output of a  dynamic  system 

makes it possible to reconstruct the entire state  of the 

system[44]. Specifically, we have: 

Definition  3.1: (Kalman  observability criterion) 

A general time-invariant dynamic system of size n × n 

that  can be written  as the dynamic system (11) is said 

According to the Definition 3.1, the Kalman ob- 

servability  criterion  is  not  satisfied.  Then,  the  pair 

([I3 + EC ] A, C )  is not  observable.  In  this  case,  we 

can  make  a  coordinate   change  to  isolate   observ- 

able  and  non-observable  states   and  see  if the  pair 

([I3 + EC ] A, C ) is detectable[10]. Therefore, it is suf- 

ficient to consider the canonical form of the linear part 

of the dynamic system (11): either the generic system 
 

. 
x (t) = [I3  + EC ] Ax(t)                  

(13) 
X (t) = C x(t) 

 

to separate  observable and non-observable  parts  from 

the dynamic system. Since O [(I3  + EC ) A, C ] = 1, we



UNDER PEER REVIEW  

( 

 

x 

A11 C A21 ( 
∼ 

O 

 

z A11 

∼ 

∼ ∼ 

A11 C 

A22 

A22  

∼                      
. 

. 

1 

 
 

can find two matrices  Q and T with rankQ = 1 and 

an invertible  matrix  of order such as 
 

O [(I3  + EC ) A, C ] = [Q, O23 ] T            (14) 
 

where O23  is the null matrix  of type 2 × 3. 

 
However, for the  system model (13) , the  matrices 

Therefore,  according  to  the  Definition  3.2  the  pair 

([I3 + EC ] A, C ) is detectable.                        □ 
 

Since the dynamic system (11) has satisfied the 

detectability condition,  we can now construct  its cor- 

responding observer. For the dynamic system (11), we 

construct  a Luenberger observer. That  is, an observer 

of form[8]:
1


 


1   0   1



Q = 


0
  

and T = 


0   1   0
  

satisfy the  condition                                     

0                        0   0   1 
. 

w (t) = F w(t) + GX (t)  

.              (18)of the equation (14) . If we now introduce a coordinate 

change as suggested by [10]: 

z(t) = T x(t) .                           (15) 

Then,  by the dynamic system (13), the equation  (15) 

takes us to the following dynamic system: 

( .
 

x(t) = w(t) + H X (t) 
 
 

where F , G and H are matrices of appropriate dimen- 

sions, choose so that  for all initial conditions    (0) and 
 

x(0): for a positive real number  λ,

z (t) = T [I3  + EC ] AT −1 z(t) 
 

(t)
  

x(t)
  

exp (
  

λt)
  

x(0)
  

x(0)   , 

X (t) = C T −1 z(t) 
.         (16) ∥ x      −       ∥≤ −     ∥          −        ∥

 

Thus,      since     C T −1              =       
  

1   0   0
        

and 

 
To determine  the  matrices  F , G and  H , we use the

    
0        0              0 

      
ideas introduced  in [30], [7], [16], [66], [16]. In these

T [I3  + EC ] AT −1      = 
r − d    0    a − b + d − r

, works, the  matrices  F , G and  H  are  determined  so 
0      µq          a − b 

      
that  the system (18) is an exponential  observer of the

we can  pose  
∼

 = 0;  
∼ 
= 1; O12 = 

 

0   0
  

;  
∼      

= 
system  (11).  Otherwise,  we determine  the  matrices 

F , G and  H  such  that  the  error  e(t) = x(t) − x  t) 
r − d

!
 

0      
,
 

 

A22 = 

  
0    a − b + d − r

!
 

µq          a − b 

 

and  we obtain 
tends  exponentially  to 0 independently  of the  initial 

condition.
 

T [I3  + EC ] AT −1     = 

  ∼                      ! 
A11          12 

 

and    C T −1     = Theorem   3.4:  When  the  pair  ([I3 + EC ] A, C )  is
 

 
                  

C ,   O12 

∼ 
A21 

∼ 
A22 

detectable, the observer of the system dynamics  (11) 

is:

In addition,  if z = (z1 , z2 )
T   

with  z1  of dimension  1,      

the model system (16) becomes w (t) = {(I3 + EC ) A − LC } w(t)
 

 
.   

(t) = 
∼

 

 

 

 

z1 (t)
 

 
+ {L + {(I3 

   
(t) = w(t) + EX (t)

 
+ EC ) A − LC } E} X (t)

 
. 

z2  (t) = z (t)+ 
∼ 

z (t)
 x 

(17)

A21    1               ∼ 
A22    2


X (t) =C z1 (t) 

where L = (l , l , l , )
T  

with (l , l )
 

R+    R+ 
 

(0; 0) 

z1  is an observable state  of the  dynamic  system (17) 

whereas  z2   is an  unobservable  state  of this  system. 

1    2    3 

and l2  ∈ R. 
1    3    ∈ ×     \{       }

The  pair  
  

A11 , C 
 

 is clearly  observable  because  the Proof   Let’s look at how to choose the matrices F , G

matrices  
∼

 and  
∼

 

 

are  one-dimensional.  Thus,  for 
and H  in the dynamic system (18) and the matrix  L 
in the Theorem 3.4 so that  the dynamic system of the

the pair ([I3 + EC ] A, C ) to be detectable, it is neces- Theorem  3.4 becomes an exponential  observer of the
sary  and  sufficient  that  the  matrix  

∼
 be Hurwitz, system (11). Otherwise, how to choose these matrices

that   is  to  say  all  the  eigenvalues  of  
∼

 must  be so that the error e(t) = x(t) − x(t) tends exponentially

real  negative  parts.  The  matrix   
∼ 

eigenvalues  are
 

to zero for all initial  condition.  We use the derivative                                   A22   
.                .                 .

a − b  ± 
p

(a − b)2 + 4µq(a − b − r + d).  Obviously, 

these values are all negative  on the assumption  (vii). 

of the  function  t →  e(t): e (t) =x (t)− x (t). For the 

dynamic systems (11) and (16), this derivative  can be
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= [I3  + EC ] Ax(t) − F [x 

 

( T }
i=0,1,2 

 

. 
 

 

i=0,1,2  
 

 

 

 
 

. 

− 

. 

 
 

written: 

. 

 

 
.                 .                          . 

Hence, the dynamic system (18) becomes: 
 

.
e (t) = [I3  + EC ] Ax(t) − E X  (t)− w (t) − H X  (t) 

. 

= [I3  + EC ] Ax(t) − E X  (t) − F w(t) − GX (t) 

w  (t) = {(I3 + EC ) A − LC } w(t) 
+ {L + {(I3 + EC ) A − LC } E} X (t)

.                                                                                                   
(t) = w(t) + EX (t)− H X  (t) 

(t) − H X (t)] 
. 

− GC x(t) − (E + H ) X  (t) 
. 

= F [x(t) − x(t)] − (E + H ) X  (t) 

+ {[I3  + EC ] A − GC + F H C − F } x(t) 
. 

= F e(t) + − (E + H ) X  (t)                           (19) 

x 
 

with L = (l1 , l2 , l3 )
T  where (l1 , l3 ) ∈ R+ × R+ \ {(0; 0)} 

and l2  ∈ R.                                                                    □ 
 

The observer obtained  by the Theorem 3.4 depends 

only on the known inputs,  outputs  and parameters of 

the system (11) . 

Corol lary 3.5: For ([I3 + EC ] A, C ) detectable, the
{+ [I3  + EC ] A − [G − F H ] C − F } x(t). estimator  x  t) = {xi (t)}i=0,1,2 of x(t) = {xi (t)  

T

Thus,  for  the  dynamic  of the  error  to  be  homoge- such that  the error x(t)−x( ) converge (exponentially)

neous,  it  is  necessary  that:   H   =  −E and  F   = t 

to zero when time t tends  to infinity satisfied 
.

[I3  + EC ] A − [G − F H ] C .  With   these  conditions,
 

x0                       1   0                       1                 1                         2 

the  error  dynamics  of the  equation  (19)  is  written 
. 
e  (t) = F e(t). In  this  case,  the  matrix  F  must  be 

   (t) = −l  x  (t) − µqx
.   

(t) − [l                      
+l1 X (t)− X  (t) 

 

+ a − b] x  (t)

chosen so as to ensure the asymptotic  stability  of e(t) 
x1  (t) = [r − d − l2 ] x0 (t) + [a − b − l2 ])x2 (t)

and  the  convergence (exponential) of e(t) to  0. One 
 . 

+l2 X (t)+ X  (t)

way to choose F  is to pose L = G − F H . Thus,  we x2  (t) = −l3 x0 (t) + µqx1 (t) + [a − b − l3 ] x2 (t)
write F  in the form: F = [I3  + EC ] A − LC . So, just        

choose the matrix  L such as limt→+∞ e(t) = 0. In this 

case we use the  detectability of the  dynamic  system 

+l3 X (t) 
 

 

(20)

(11) and we choose the matrix  L such that  the matrix 

F = [I3  + EC ] A−LC is Hurwitz. When L is a column 

matrix  defined by: L = (l1 , l2 , l3 )
T 

, by equation  (12) 

with (l1 , l3 ) ∈ R+ × R+ \ {(0; 0)} and l2  ∈ R. 
 

Proof   We use the observer obtained  by the Theorem 

3.4. Since
we can write:          

l             µq
 

a + b     l 


    
0      −µq    −a + b

 
l1 

  

(I + EC ) A
 − 1             −       −        −  1 

LC = 
                                                       

3                                               r − d − l2         0       a − b − l2
F  = 


r − d      0        a − b  

 
− 


l2 

 
 

1    0    1
 

 
−                                                            

l            µq      a     b     l                                               
0        µq      a − b               l3 

                                                            
 
and 

− 3                                    −   −  3

−l1            −µq    −l1 − a + b 
= 

                                                            
  

2l1 − µq  


−l2 + r − d      0      −l2 + a − b . 
−l3              µq     −l3 + a − b

 
 

L + {(I3
 
 

+ EC ) A 
 

− LC } E = 2l2
 r + d

 
, 



 

Since                −l1               −         l3                           and 
 

2l3 

+ µq

1 
h   p ± 

2    
− a2  − 2ab + 4aqµ + b2 − 4bqµ − 4qrµ + a − b

i
 this observer may write: with w(t) = {wi (t)}

T

are the eigenvalues of the matrix F , thus, based on the 

assumption  (vii),  the  matrix  F  = [I3  + EC ] A − LC 

. 
w1 (t) = −l1 w1 (t) − µqw2 (t) + (−a + b − l1 ) w3 (t) 



is Hurwitz  if (l1 , l3 ) ∈ R+ × R+ \ {(0; 0)} and l2  ∈ R.    


 

Therefore,  in  addition   to  the  conditions  i)  and  ii)    
 

+ (2l1 − µq) X (t)

 
above,  an  observer  defined  by  the  dynamic  system

 
w2  (t) = (r − d − l2 ) w1 (t) + (a − b − l2 ) w3 (t) 

 

. 
(18) admits  an error governed by e (t) = F e(t) if and

 
 
 

.
 

+ (2l2  − r + d) X (t)

w3 (t) = −l3 w1 (t) + µqw2 (t) + (a − b − l3 ) w3 (t)
only if the following matrix  equations  are true: 

(a)  F = (I3 + EC ) A − LC ; 
 
 
 


x0

 

 

+ (2l3 

 
1 

 

+ µq) X (t)

(b)  G = L + {(I3 + EC ) A − LC } E; 
  (t) = w (t) − X (t) 

  (t) = w (t) + X (t)(c)  H = −E 
x1                   2

(d)  L = (l1 , l2 , l3 )
T   with l2  ∈ R and (l1 , l3 ) ∈ R+ × 

R+ \ {(0; 0)}. 

x2 (t) = w3 (t) .  
(21)
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 

. 

 

i 
x1     i+1                   1    i                      1i         

ti+1
 

t0 
x0 (s)e−

 

t0 

x1         
qt

 
qt0 x0          

qs
 

  (t    )e 
qti 

x0          
qs

 

i 
x1     i   

qti                                              ti+1
 

 
 

 

 
 

Using w3 (t) = x2 (t); w2 (t) = x1 (t) − X (t) and w1 (t) = 

x0 (t) + X (t), the system dynamic (21) is equivalent to 

the dynamic system: 
 . 

x0  (t) = −l1 x0 (t) − µqx
. 
1 (t) − [l1 + a − b] x2 (t) 

 
.                          

+l1 X (t)− X  (t) 
 

calculate,  for each i = 0, 1, . . . , n, U2i  and U1i . There- 

fore, considering U2 and U1 appropriate dimension 

column vectors, whose respective components  are U2i 

and U1i , we have: U2 = βU1 .                                        □ 
 

IV.   Computational simulation results and 

discussions
x1  (t) = [r − d − l2 ] x0 (t) + [a − b − l2 ])x2 (t) 

+l2 X (t)+ X  (t) 
 . 

    (t) = −l  x  (t) + µqx  (t) + [a − b − l ] x  (t) 

□  Let’s show how our  method  of estimating  all the 

tumor  cells of the  observed  cells can  be applied.  In 

addition, we explain here how we choose known biolog-
x2

 

 

3   0                       1                                     3      2 

+  X (t)
 parameters. The parameters are chosen according

                         
l3 

 

C.  Estimation of the dormancy  rate 

The tumor dormancy rate is a important parameter 

of  tumor   cell  proliferation.   However,  the  value  of 

this parameter is very little  known. We estimate  this 

parameter using the results from the previous section. 

Proposition    3.6:   Let    t0     the    initial    observa- 

tion   time   and   tf   the   final  observation   time.   Let 

{t0 < t1 < · · · < tn = tf } with  n  ∈  N a  subdivision 

ical 

to two references that  refer to the experimental  data. 

Thus,  Table  II  Table  is from  [28] and  Table  III  is 

from [43]. For the unknown parameter β, we took an 

arbitrary value: 
 

β = 0.04. 
 

 
TABLE II 

Biological parameters  according to [28]
of [t0 ; tf ]. The estimator β of the β obtained from the                        
estimated  states  satisfied : 

 

U2 = βU1                                             (22) 

  Parameters    Values per unit time   

r                     0, 9 

b                        0, 001 × a 

d                        0, 001 × r

where  U2   and   U1   are  appropriate  dimension  col- 

umn vectors,  whose respective components  are U2i  = 

µ                      6, 31 × 10−5
 

a                              0, 4

  (t    )eqti+1  − x  (t )eqti    and U   = 


t x0 (s)eqs . 
          q                   6, 31 × 10−  7

Proof  of Proposition 3.6  Consider   the   dynamics

of  x1    in  the   system  (3): 
. 

. 
x1     (t)  =  β 

. 
x0     (t) − TABLE III 

Biological parameters  according to [43]
q x1   (t). Let  t0  the  initial  observation  time.  By the
constant  variation   method,   we  can  write:  x1 (t) = Parameters    Values  per unit  time
x1 (t0 )e

−q(t−t0 ) + β 
 t

 
q(t−s) ds. Then  x1 (t)e

qt − r                     0.12

x1 (t0 )e
qt0   = β 

 t 
x0 (s)qs ds. By substituting x1 (t) and 

x0 (t) with  their  estimates  provided  by the  Corollary 
3.5, that  is x1 (t) and x0 (t) respectively, and noting β 

an estimator  of the parameter β, we can obtain  from 

the estimated  states 

b                             0.02 
d                             0.02 
µ                         2 × 10−5

 

a                             0.12 

          q                          0.0008  

 
  (t)e 

 
− x1 (t0 )e 

Z 

= β 

 

t 

  (s)e 
 
ds.         (23) 

With these values, we present numerical simulation 

results  for the  model (3), as well as the  dynamics  of
t0 

The  equation   (23)  is  valid  for  all  t. In  particular, 

by  noting  tf  at  the  final  instant,  and  considering 

{t0 < t1 < · · · < tn = tf } with n ∈ N a subdivision of 
the interval  [t0 ; tf ], we obtain: 

 

ti+1

 

the  estimated  states  given in Section  III-B.  We also 

give a result  of the  estimated  value of the  parameter 

β  given  in  Section  III-C.  The   methodology   is  to 

establish  in  an  objective  way  the  growth  curve  of 

the  cancer  of an  individual,  modeled  by  the  model 

(3) with the  [23]’s algorithm,  from a certain  number

x1     i+1   
qti+1

 − x1 (ti )e Z 

= β 
ti 

  (s)e ds.   (24) of measurable  cells which are in a way only discrete 

witnesses  of a  process  which  is continuous  in  time.

For  all  i  = 0, 1, . . . , n  ,  the  equation   (24)  can  be 

written  as: U2i   = βU1i . where U2i   = x1 (ti+1 )e
qti+1   − 

These  simulations  of Table  II  and  Table  III  values 

show that  the typical behavior of the model solutions

  (t )e     and U1i  = 


t x0 (s)qs
 ds. We can therefore is much better  adjusted  by a Gompertz model (Figure
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4). Thus,  in this  section,  we will consider the  cancer 

kinetics evolving according to these Gompertz models. 
 

 
 

 
 

 
Fig.  2.   Comparison  of the  tumor  cell dynamics  obtained 

from  the  Table   II  and  Table   III,and   the  curve  of  the 

Gompertz  model.     In  these  figures,  the  cel l  dynamics 

obtained by the Table II ans Table III are red and the curve 

of the Gompertz  function  is blue. Analysis  of these curves 

shows  that  the  data  were  wel l adjusted  by the  Gompertz 

model curve. 
 

 
A.  Gompertz  Model in Growth Analyzes 

 

Most of the 20th century  has seen attempts to 

understand  the   kinetics  of  tumor   growth   through 

efforts to decide which of the  many  proposed  tumor 

growth  models "best matches  the  growth  data".  The 

main  impetus  for  these  attempts was  the  need  for 

a quantitative description  of tumor  growth[68], [32], 

[24], for understanding basic  mechanisms  regulating 

growth[5], [46] and for predicting  tumor  response[28], 

[58]. The most widely applied and successful determin- 

logistics model[60]. Soon, researchers  began to adapt 

this model to their regression data,  and over the years, 

the  Gompertz  model has become a preferred  regres- 

sion model for many  types of organism  growth.  Re- 

searchers have adapted  the Gompertz  model to every- 

thing  from plant growth,  bird growth quotes[53], fish 

growth  quotes[61], animal  growth  quotes[42], growth 

in  the   number   or  density   of  microbes  quotes[13], 

[42], tumor  growth quotes[38], [47] and cancer patient 

survival  quotes[54] and  bacterial  growth  quotes[63]. 

The literature is huge. 

The   Gompertz   model  is  the   most   widely  used 

to describe tumor progression[6]. Experiments  with 

breast,  lung and  liver cancers  show that  tumor  cells 

develop exponentially  when the  population  is small, 

but  growth  slows when  the  population   increases  in 

size[35]. The Gompertz  model was then an important 

theoretical  and  clinically important model of human 

breast  cancer  growth.  Speer  et  al.  citeSpe  proposed 

that  all individual  tumors  develop initially with iden- 

tical  gompertz  parameters, but  then  develop kinetic 

heterogeneity  by  a  time-dependent random  process. 

Yang et al.[67] used the Gompertz model to accurately 

track  growth trajectories  of xenograft tumors  in non- 

target control groups. In sum, several studies have 

reported   that   the  Gompertz   model  generates   very 

good adjustments to  describe experimental  data[65], 

[6], [59]. Thus,  in  the  rest  of this  work,  it  should 

be considered that  the observed tumor  growth kinet- 

ics (sensitive  cells and  resistant cells) is a Gompert 

function.  This  allows  the  simultaneous   modeling  of 

tumor  dynamics  as a whole and  in particular to the 

estimation  of different types of cells. 

Multiple expressions and parameterizations of 

Gompertz  model  coexist  in  the  literature. But,  the 

definition  that   the  curve  of observed  data  obtained 

by simulation  of the  model (3)  proved  much  better, 

allows us to assume that  X (t) has the special form of 

differential equation:
istic model for adapting  to experimental  and clinical 

data  is the  well-known Gompertz  model.  The  most 

widely applied and successful deterministic model for 

 

dX (t) 
= α 

dt 

 
(t) ln 

     
K

 

X (t) 

 
(25)

adapting   to  experimental   and  clinical  data   is  the 

well-known  Gompertz   model.  This  is  probably   the 

most popular non-linear model found in the literature 

related to tumor growth. Gompertz  model introduced 

in  1825 by  Benjamin  Gompertz  is well known  and 

widely used in many aspects  of biology. 

The Gompertz model[25] has been used as a growth 

model even longer than  its better  known parent,  the 

where α ∈ R+ with X (0) ∈ R+ . 

 
Gompertz  model (25) adopted  here is characterized 

by an exponential  decrease in the specific growth rate 

with  a rate  noted  here by α.  The  parameter α is an 

experimental  coefficient determining  the  slope of the 

quote  curve[39], [40], [41]. The value X (0) is the  size 

of the tumor  at the time of the initial  observation.
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B.  Computational  simulation  of results 
 

The first numerical results we get is the determina- 

tion  of the  different types of cells that  make up the 

tumor  mass.  Using the  values  of table  II  and  table 

III, the stochastic model(3) provides the curves of 

sensitive cells , dormant cells and resistant cells (figure 

3, 5 and 4 ). 

 

 
 
 

 
 

 
Fig.  5.  Resistant cells dynamics. 

 

 
Tumor   heterogeneity   has   just   been   determined 

through  these  figures. This  leads  to  the  second  nu- 

merical  results  which  concern  the  estimation  of the 

states,  on the  one hand,  and  on the  other  hand,  the 

estimation  of the rate at which tumor  cells enter 

dormancy.  The  estimated  functions  of the  curves  in 

figures 3,  4 and  5 are  given  in  Figures  6,  7 and  8 

respectively.
 

Fig.  3.  Susceptible  cells dynamics. 
 

 
 

 
 

 
Fig.  4.  Dormant cells dynamics. 

 

 

 
 

 
Fig.  6.   Dormant  cells dynamics  (red)  and  its  estimated 

(blue)
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Times Simulated Cells 

(months ) Observed Dormant 

1/30 

10 

50 

70 

100 

150 

190 

221 

1.00 
2.89 × 102

 

3.45 × 108
 

8.28 × 109
 

1.08 × 109
 

5.43 × 1011
 

8.03 × 1011
 

8.74 × 1011
 

1.00 
3.40 × 102

 

3.90 × 102
 

8.90 × 108
 

1.00 × 1011
 

3.75 × 1011
 

4.13 × 1011
 

4.35 × 1011
 

 
Times Estimated  Cells 

(months ) Susceptible Dormant Resistant 

1/30 

10 

50 

70 

100 

150 

190 

221 

0.00 
1.65 × 101

 

1.30 × 107
 

2.68 × 108
 

2.87 × 109
 

9.47 × 109
 

6.31 × 109
 

1.58 × 109
 

1.00 
3.43 × 102

 

3.89 × 108
 

8.89 × 108
 

1.03 × 1011
 

3.72 × 1011
 

4.11 × 1011
 

4.36 × 1011
 

1.00 
2.7279 × 102

 

3.32 × 108
 

8.02 × 109
 

1.05 × 1011
 

5.34 × 1011
 

7.97 × 1011
 

8.72 × 1011
 

 

Times Simulated Cells 

(months ) Observed Dormant 

1 

10 

50 

70 

100 

150 

190 

221 

0.00 
1.85 × 102

 

5.87 × 105
 

6.31 × 107
 

4.93 × 108
 

1.12 × 1010
 

2.71 × 1011
 

1.19 × 1011
 

1.00 

0.00 

3.30 × 108
 

1.00 × 105
 

1.00 × 1011
 

5.08 × 105
 

7.49 × 105
 

8.73 × 105
 

 
Times Estimated  Cells 

(months ) Susceptible Dormant Resistant 

1 0.00 0.00 1.00 

10 3.43 × 102
 1.00 2.73 × 102

 

50 3.89 × 108
 3.27 × 108

 5.74 × 105
 

70 5.81 × 105
 7.86 × 1011

 2.06 × 107
 

100 6.29 × 107
 1.03 × 105

 8.22 × 108
 

150 9 5 9 

190 1.99 × 1011
 7.51 × 105

 7.27 × 1010
 

221 5.99 × 1011
 8.71 × 105

 5.93 × 1011
 

 

 

 
 
 

 
 

 
Fig.  7.   Resistant  cells dynamics  (red)  and  its  estimated 

(blue) 

 

 
 
 

Finally,  using the  values  of the  Tables  II and  III, 

we give some values  of the  numerical  simulation  of 

the  model  in  the  tables  IV  and  V.  We  use  these 

values  to  give the  estimated  value  of the  dormancy 

rate  parameter using the equation  (22). 
 
 

TABLE IV 
Data  estimates with observer(20) using Table II

 
 

 
 

 
Fig.  8.  Susceptible  cells dynamics  (red)  and  its estimated 

(blue) 

 
 
 
 
 
 
 
 
 
 
 
 
 

TABLE V 
Data  estimates with observer(20) using Table III

 

 

Figures  6,  7  and  8  show  the  dependence  of the 

dynamics  of the  different  types  of cancer  cells and 

their estimated  dynamics. The red curves indicate the 

predictions  of the analytical  approximation (Theorem 

3.4), while the blue curves indicate  the results  of the 

numerical simulation  of model (20). 

 

 
 
 
9.845 × 10 

 

 
 
 
5.23 × 10 

 

 
 
 
1.33 × 10
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With the data  from Table IV we can give the value 

of the estimator  β of the tumor  dormancy  parameter 

β. We use the equation (22) we obtain β = 0.0421 and 

we obtain  β = 0.0385. These values of β (β = 0.0421) 

are approximately equal to the arbitrary value we gave 

to  the  unknown  parameter β  (β  = 0.04).  That,  the 

value of the estimate  β (β = 0.0421) is approximately 

equal to the arbitrary value that  we have given to the 

unknown parameter β (β = 0.04). 
 

C.  Discussions 

Resistance  to therapies  is a major  issue in cancer 

treatment. This  resistance  is often  caused  by tumor 

dormancy.  Tumor  dormancy  is defined  as  the  long- 

term  persistence  of occult  cancer  cells. It  has  been 

reported   for  several  cancers,  including  breast   can- 

cer,  melanoma,   kidney  cancer,  osteogenic  sarcoma 

and  gastric  cancer.  This  phenomenon  has  also been 

observed  clinically  after  treatment. It  is thought to 

reflect  the  existence  of residual  tumor  cells that  do 

not respond to conventional treatments. We have 

proposed a mathematical method  for estimating  dor- 

mant cells and  the  rate  at  which  cancer  cells enter 

dormancy.  This estimation  method allows to simulate 

the different types of cancer cells, in order to predict 

the  response  of  a  tumor   to  a  series  of  therapies, 

and  thus  find the  therapeutic combination  for which 

the  patient will not  develop  resistance.  Comparison 

with  experimental   data   is  promising  at  this  time. 

This  method  is based  on the  statistical inference of 

a deterministic limit  process of birth  and  death  in a 

large population. 

Tumor dormancy is a condition defined by the 

presence of fully transformed  cells in a host that  does 

not  cause  cancerous  disease  and  thus   differs  from 

other  pre-cancerous  conditions.  In preclinical models, 

dormant tumor  cells exist either as solitary cells scat- 

tered throughout the organs or as non-angiogenic mi- 

crometastases.  However, a small fraction  (metastatic 

subclone) of dormant tumor cells appear late in tumor 

progression  and  have  the  capacity  to  disseminate  to 

form metastases. Dissemination  of tumor  cells prior 

to surgical resection of tumors  poses a serious risk to 

the disease-free survival of cancer patients. 

Although most tumor cells die under hypoxic condi- 

tions, some can adapt  and survive for days or months 

in a dormant state.  Dormant tumor  cells are charac- 

terized  by cell cycle arrest  in the  G0 phase  and  low 

metabolism,  and are refractory  to current chemother- 

apy,  causing  metastasis. Dormant  cells are  then  the 

source of metastasis. The  development  of metastasis 

is the  leading  cause of death  in cancer  patients. As 

science begins to  learn  more about  the  formation  of 

the  metastatic process  of cancer,  it  therefore  seems 

reasonable  and  necessary that  we propose a method 

for estimating  dormant cells and  the  rate  at  which 

cancer  cells enter  dormancy.  In  the  Section  III  we 

presented  a mathematical method to estimate  the 

different types of cells that  the tumor  mass contains. 

In the  Section IV-B, we have shown that  our results 

from the  Section  III can  reproduce  the  dynamics  of 

a cancer,  thus  helping  practitioners in their  decision 

making. We hope that  the results  obtained  from this 

estimation  method  will facilitate  the  design  of dor- 

mant cancer  clinical trials  and  accelerate  the  design 

of effective and robust  tumor  therapies. 
 
 

V.  Conclusion 

 
In  this  work, we propose  an  original  approach  to 

estimate   all  cancer  cells  in  a  patient  with  cancer. 

Our estimation  approach  applies in large populations 

and  better  reveals the  dynamics  of cancer  cells that 

are not  observed clinically. It  is based  on the  theory 

of control through  the design of a linear observer 

unknown input. Comparison with experimental data is 

promising at the moment.  The numerical simulations 

are based on the results of existing work. More precise 

experimental   data   will be  needed  in  the  future  to 

adjust  the  dynamics  of tumor  cells obtained  through 

our model. 
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