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Abstract

Let G = (V(G), E(G)) be any finite, undirected, simple graph. The maximun size of a clique
containing a vertex z € V(G) is called the clique centrality of x, denoted by wg(z). A set
D C V(G) is said to be a pointwise clique-safe dominating set of G if for every vertex y € D¢
there exists a vertex € D such that zy € E(G) where w(py, (%) > w(pey,(y). The smallest
obtainable cardinality of a pointwise clique-safe dominating set of G is called the pointwise clique-
safe domination number of G, denoted by 7ypes(G). This study aims to generate some properties
of the parameter and to characterize the minimum pointwise clique-safe dominating sets of the
complement of some special families of graphs as well as their complementary prism.
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1 Introduction

The investigation of domination in graphs was first done through the study of games and recreational
mathematics. An attempt by De Jaenisch [1] to determine the number of queens required to cover
an n X n chess board was one of the domination-related problems that were introduced from more or
less a century before the formal study of domination in graphs. In 1962, the coefficient of external
stability was introduced by Claude Berge [2] which is known later as domination number. Also,
during this year, Oystein Ore [3] formally introduced the terms dominating set and domination
number. To date, numerous studies have been done in relation to domination in graphs.

A clique in G is a set W C V(G) such that the subgraph (W)¢ induced by W in G is complete.
In 1988, Cozzens and Kelleher [4] introduced the dominating cliques in graphs, where they defined
a clique dominating set as a set of vertices that dominates G and induces a complete subgraph of G.

In [6], Madriaga and Eballe introduced the clique centrality of a vertex v € V(G), denoted by
we(v), as the maximum size of a clique containing vertex v.

Another related study was done by Liwat and Eballe [7] in which they introduced the clique-safe
domination in graphs. They defined a clique-safe dominating set of G as a nonempty D C V(G)
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such that D is dominating and the size of the largest clique in (D)g is greater than or equal to
the size of the largest clique in (D)g. They also introduced the pointwise clique-safe domination
in graphs in [8] where they characterize the minimum pointwise clique-safe dominating set in some
special families of graphs.

This study investigates the concept of pointwise clique-safe domination in the complement and
complementary prism of some special families of graphs. It aims to generate some observable
properties of pointwise clique-safe domination in those special families of graphs and obtain their
corresponding pointwise clique-safe domination number.

Throughout this paper, every graph is considered in the context of being simple, finite and undirected.
Other terminologies not specifically defined in this paper may be found in [9].

2 Preliminary Notes
Some definitions of the concepts used in this study are included below.

Definition 2.1. [9] A graph G is said to be complete if every pair of distinct vertices are adjacent.
A complete graph of order n is denoted by K,,.

Definition 2.2. [9] A graph G is called a bipartite graph if the vertex-set V(G) of G can be
partitioned into two nonempty subsets Vi and V5, called partite sets of G, such that every edge in
G joins a vertex in V4 with a vertex in Va. If each vertex in Vi is adjacent to every vertex in Va,
then G is called a complete bipartite graph; in this case, G = K if |[Vi| = m and |V2| = n. A star
of order n + 1 is the complete bipartite graph Ki ».

Definition 2.3. [10] The star graph S,—1 is a tree on n nodes with one node having vertex degree
n — 1 which is called the apex vertex and the other n — 1 having vertex degree 1.

Example 2.1. Figure 1 below shows the complete graph K4, the complete bipartite graph Ks 4 and
the star graph Si.

U1 V2 ai a2

V4 V3 a4 as

Figure 1: The complete graph K4, complete bipartie graph K54 and star graph S

Definition 2.4. [9] The complement G of a graph G is that graph with vertex set V(G) such that
two vertices are adjacent in G if and only if these vertices are not adjacent in G.

Example 2.2. Figure 2 below shows a graph G and its complement.
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V2 U3 V2 U3

U1 Vg U1 V4

Figure 2: The graph G and G

Definition 2.5. [11] For a graph G = (V, E), the complementary prism, denoted GG, is formed

from the disjoin/t union of G and its complement G by adding an edge between corresponding
vertices u and u of G and G, respectively.

Example 2.3. Consider the graphs G and G in Figure 3, the complementary prism of G is given
below:

Figure 3: The complementary prism GG of the graph G

Definition 2.6. [5] Let G = (V(G), E(G)) be any finite, undirected, simple graph. A dominating
set of G is a nonempty set D C V(G) such that for every vertex y € D¢, there exists z € D adjacent
to y in G. The smallest cardinality of a dominating set of G is called the domination number of G
and is denoted by v(G). Any dominating set of G of cardinality equal to v(G) is called a minimum
dominating set of G or a y-set of G.

Example 2.4. Consider graph G in Figure 4. Let D = {v2}. Observe that every vertex in V(G)~D
is adjacent to ve. Hence, D is a dominating set of G and subsequently v(G) = 1.



U2 U3

U1 Vg

Figure 4: Domination in the graph G

Definition 2.7. [8] A set D C V(QG) is a pointwise clique-safe dominating set of G if D is a
dominating set of G and for every vertex y € D° = V(G) \ D there exists a vertex x € D such
that xy € E(G) where wipy, (x) > w(pey, (y). The smallest obtainable cardinality of a pointwise
clique-safe dominating set of G is called the pointwise clique-safe domination number of G, denoted
by Ypes(G). The set D in this case is called the vypcs—set of G.

Example 2.5. Consider the path P, in Figure 5. Let D = {va,v4}. Observe that D dominates
P, and that the (D)p, = Ka, (D°p, = K. It can be seen in the diagram that w(py, (v2) =
WDy, (va) = 1, wipey, (V1) = W(pey (v3). Clearly, D is a pointwise clique-safe dominating set of Py
and that vpes(Ps) = 2.

Figure 5: The pointwise clique-safe domination in path P

3 Main Results

This section contains some results involving the pointwise clique-safe domination in the complement
of some special families of graphs and their complementary prism.

Complement

Theorem 3.1. Let Ky be a complete graph of order n. A set D C ‘L(K”) is a pointwise clique-safe
dominating set of the complement K, of K, if and only if D = V(K,).

Proof. Notice that the complement of the complete graph K, is a null graph K., of order n. This
means that if D is the pointwise clique-safe dominating set of a null graph K,,, then D = V(K,,).
The converse is straightforward. |

Corollary 3.2. The pointwise clique-safe domination number of the complement K, of K, is given

by Ypes(Kn) = n.
Proof. This is a direct consequence of Theorem 3.1. |

Theorem 3.3. Let K, », be a complete bipartite graph of order m 4+ n with partite sets A and B
such that [A] = m and |B] =n. A set D C V(Km,5) is a pointwise clique-safe dominating set of
the complement K n of Km,n if and only if D = ~ypes—set of Kyp U ypes—set of K.
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Proof. Notice that the complement of the complete bipartite graph Ky, , will result to two complete
graphs .These complete graphs are (), = Ky and (B)g, =~ = K, in which for every vertex

v € Aand u € B, u,v ¢ V(Km,n). This implies that we must obtain the pointwise clique-safe
dominating sets of K,, and K,, respectively. Hence, D is the union of the pointwise clique-safe
dominating sets of K,, and K,,.

The converse is straightforward. |

Corollary 3.4. The pointwise clique-safe domination number of the complement K . n of Km.n 15

given by 'Vpcs(Km,n) = ’7%1 + [%]
Proof. Notice that by Theorem 3.3, Ypes(Km) = [2] and vpes(Kn) = [2]. Hence, Vpes(Km,n) =
2]+ 21, .

Theorem 3.5. Let Sn—1 be a star graph of order n with a as an apex vertez. A set D CV(Sp-1)
is a pointwise clique-safe dominating set of the complement Sn_1 of Sn—1 if and only if D is the
union of the pointwise clique-safe dominating set of Kn—1 and {a}.

Proof. Observe that all pendant vertices of S,,_1 will form a complete graph K,,_1 in S,_1. This
means that for every vertex v € V(Ky,—_1), a,v ¢ S,—1. This implies that the pointwise clique-safe
dominating set D of Sn_1 will contain the vertex a and the pointwise clique-safe dominating set of
K, 1.

The converse is straightforward. |

Corollary 3.6. The pointwise clique-safe domination number of the complement Sy_1 of Sn_1 is

given by ’chs(Sn—l) = "anl] +1.

Proof. Notice that by Theorem 3.5, the pointwise clique-safe dominating set with minimum cardinality

of S,—1 contains the ypcs—set of K,,—1 and the vertex a. Hence, vYpes(Sn—-1) = ]'"T*l] + 1. O

Remark 3.7. The pointwise cliqgue-safe domination of a self-complentary graph G is equal pointwise
clique-safe domination number of its complement.

Complementary Prism

Theorem 3.8. Let GG be the complementary prism of the graph G. A set D =V (G) C V(GG) is
the pointwise clique-safe dominating set of GG if and only if for corresponding vertices x € V(G)

and y € V(G), we have wa(z) > wg(y).

Proof. Recall that D = V(G) is a pointwise clique-safe dominating set of the graph G. Now, if D =
V(G) is also a pointwise clique-safe dominating set of GG then every vertex y € V(@) is pointwise
clique-safe dominated by its corresponding vertex z € G. This implies that for corresponding

vertices © € V(G) and y € V(G), we have wa(x) > wg(y).
The converse is straightforward. g

The next results are of the complementary prisms of some specific special families of graphs.

Theorem 3.9. Let Kn.K. of order 2n be the complementary prismjf the complete graph K,. A
set D C V(K,Ky) is the pointwise clique-safe dominating set of K, Ky if and only if D takes one
of the following forms:



a.) D=V(K,);

b.) D =WuU{v;} such that W is a pointwise clique-safe dominating set of K,, and v; € K., does
not corresponds to a vertexr in W.

Proof. Part a is an application of Theorem 3.8. For part b, let W be a pointwise clique-safe
dominating set of K,. Notice that if D is a pointwise clique-safe dominating set of K, K, then D
must also pointwise clique-safe dominate K,. This means that D must contain W. This implies
that D must also contain those vertices in K, that were not pointwise clique-safe dominated by W.
Hence, D = W U {v;} such that v; € K,, does not corresponds to a vertex in W.

The converse is straightforward. ]

Observe that the pointwise clique-safe dominating set D in parts a and b in Theorem 3.9 have the
same cardinality. Hence, the next result is obtained.

Corollary 3.10. The poitwise clique-safe domination number of the complementary prism KK,
s given by Ypes(KnKn) = n.

Proof. Part a of Theorem 3.9 shows that |D| = n while part b of the same theorem asserts that
|D| = |[W| 4 |{v:}|. This implies that if |W|= [%] then |{v:}| = |5 ]. Hence,

Dl =W+ |{u}l = [51+ 5] =n (3.1)

O

Theorem 3.11. Let Ky n K m.n withn, m > 2 be the complementary prism of the complete bipartite
graph K, n and W be the pointwise clique-safe do@nating set of Kmmn. A set D CV(KmnKmn)
is the pointwise clique-safe dominating set of Kpm nKm,n if and only if D = vpes—set of Ky n UW.

Proof. Notice that we need W and the v,.s—set of Ky, »n to pointwise clique-safe dominate Km,n?m,n
since W only will not pointwise clique-safe dominate those vertices that do not correspond to its
elements. Hence, D = ypcs—set of Ky, UW.

The converse is straightforward. |

Corollary 3.12. The pointwise clique-safe domination number of the complementary prism Km,n?m,n

of Km,n is given by Ypes(KmnKmn) =[5+ [5]+2.
Proof. This is a direct consequence of Theorem 3.11. ]
For the complementary prism Sn_1Sn_1 of the star graph S,,_1, notice that Sn_1 will have a

complete subgraph K, _i. This information will be used in the next result.

Theorem 3.13. Let Sp,_1Sn_1 be the complementary prism of thg star graph Sn—1 with a as an
apex vertex and W be a pointwise clique-safe dominating set of Sn_1. A set D is a pointwise
clique-safe dominating set if and only D takes one of the following forms:

a.) D = pes-set of Kn—1 U{a}U{v:} such that v; is a pendant vertex of Sn—1;
b.) D =W U{a}.



Proof. Notice that vpes—set of K, _1 will also pointwise clique-safe dominate those vertices in S, 1
that correspond to its vertices. Now, observe that the clique centrality of those vertices that are not
pointwise clique-safe dominated by the vpcs—set of K, —1 is equal to 2. This means that we need
at least two adjacent vertices to pointwise clique-safe dominate those vertices in which the apex
vertex a of S;,—1 happens to be one of these adjacent vertices since it is adjacent to every vertex
not pointwise clique-safe dominated by the ~ypcs—set of Kn—1. If a is paired with a pendant vertex,
then this shows part a. Moreover, if a is paired with its corresponding vertex, then this shows part
b.

The converse is straightforward. O

Corollary 3.14. The pointwise clique-safe domination number of the complementary prism Sy, _1Sn_1
of the star graph Sn_1 is given by Ypes(Sn—1Sn—1) = [25] + 2.

Proof. Observe that the minimum pointwise clique-safe dominating set D in parts a and b of
Theorem 3.13 has equal cardinality. Part a asserts that

—1
D] = Ypes(Kn-1) +1+1 = [”T1 +2. (3.2)
Now for part b, we have

< —1
|D| = Ypes(Sn—1) +1 = |.n 1+1+1= ’_n

; 1] +2. (3.3)

4 Conclusion

In this study are some generated properties of the parameter as well as charaterizations of the
minimum pointwise clique-safe dominating sets of the complement of some special families of graphs
and their complementary prism. Furthermore, the corresponding expressions for the pointwise
clique-safe domination number of those aforementioned graphs are determined. The parameter
introduced in this paper may be explored further to address some relevant problems as done in
other research works, such as in [12], [13], [14], [15], [16], [17], [18] and [19].

Acknowledgment

The authors would like to thank the anonymous referees for helpful and valuable comments. Also,
to the DOST-SEI STRAND for the scholarship which contributes greatly to the development of
this study.

Competing Interests

The authors declare that they have no competing interests.

References

[1] C. F. De Jaenisch, Applications de I’Analyse mathematique an Jen des Echecs, (1862)


DELL
Highlight

DELL
Highlight


ESREOR

[15]

[16]
[17]
18]

[19]

C. Berge, Theory of Graphs and its Applications, Methuen, London (1962)
O. Ore, Theory of Graphs, American Mathematical Society Collogium Publications , 38 (1962)

M. B. Cozzens, and L. L. Kelleher, (1990). Dominating Cliques in Graphs. Discrete
Mathematics, 86(1990), 101-116. http://dx.doi.org/10.1016/0012- 365x(90)90353-j

Alikhani, S. & Yee-Hock, P. (2009). Dominating sets and domination polynomials
of paths. International Journal of Mathematics and Mathematical — Sciences.
https://doi.org/10.1155/2009 /542040

G. J. Madriaga and R. G. Eballe, Cligue Centrality and Global Clique Centrality of
Graphs. Asian Research Journal of Mathematics.19 (2), 9-16, (2023). https://doi.org/
10.9734/ARJOM /2023 /v19i2640

JM. R. Liwat, and R. G. Eballe, Introducing the Clique-Safe Domination
in  Graphs.Asian  Research  Journal of Mathematics.19 (4), 31-38,  (2023).
http://dx.doi.org/10.9734/arjom /2023 /v19i4651

JM. R. Liwat, and R. G. Eballe, Pointwise Clique-Safe Domination in
Graphs.Asian ~ Research ~ Journal of  Mathematics.19  (9), 254-272, (2023).
http://dx.doi.org/10.9734/arjom/2023/v19i9717

G. Chartrand, L. Lesniak, and P. Zhang, Graphs & Digraphs (6th ed.), Chapman and Hall,
2015. https://doi.org/10.1201/b19731

F. Harary, Graph Theory , Addison-Wesley, 1969. https://doi.org/10.1201/9780429493768

A. 1. Alhashim . Roman Domination in Complementary Prisms.. Electronic Theses and
Dissertations. Paper 3175, (2017).

T. W. Haynes, S. Hedetniemi, and P. Slater, Fundamentals of Domination in Graph (1st ed.),
CRC Press, 1998. https://doi.org/10.1201/9781482246582

Eballe, R. G., Cabahug, I. S., (2021). Closeness Centrality in Some Graph
Families. International Journal of Contemporary Mathematical Sciences.16 (4), 127-134.
https://doi.org/10.12988 /ijcms.2021.91609

Militante, M. P., Eballe, R. G., (2021). Weakly Connected 2-domination
in  Some  Special Graphs. Applied Mathematical Sciences, 15(12),  579-586.
https://doi.org/10.12988/ams.2021.914590

Ortega, J.M. E., Eballe, R. G., (2022). Harmonic Centrality in Some Graph
Families. Advances and Applications in Mathematical Sciences .21 (5), 2581-2598.
https://doi.org/10.5281/zenodo.6396942

Damalerio, R.J. M., Eballe, R. G. (2021). Triangular Index of Some Graph Products. Applied
Mathematical Sciences.15 (12), 587 - 594. https://doi.org/10.12988 /ams.2021.914561
Miranda, A. T., Eballe, R. G. (2021). Domination Defect for the Join and Corona of Graphs.
Applied Mathematical Sciences.15 (12), 615 - 623. https://doi.org/10.12988 /ams.2021.914597
Canoy, S. Jr., Eballe, R. G. (2011). The Essential Cutset Number and Connectivity of the Join
and Composition of Graphs. Utilitas Mathematica.84 (1), 257 - 2644.

Eballe, R. G., Llido, E. and Nocete, M. T. (2007). Vertex Independence in Graphs under some
Binary Operations. Journal of the Mathematical Society of the Philippines.30 (1), 37 - 40.
https://doi.org/10.12988 /ams.2021.914561

©2023 Liwat, JM. R. & Eballe, R. G.; This is an Open Access article distributed under the terms
of the Creative Commons Attribution License http://creativecommons.org/licenses/by/4.0 which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


http://creativecommons.org/licenses/by/2.0

	Introduction
	Preliminary Notes
	Main Results
	Conclusion

