INVESTIGATION OF LOWER AND UPPER BOUNDS OF A
JUMP GRAPH USING TOPOLOGICAL INDICES

Abstract

Abstract:The main aim of this paper is to find new bounds of a
jump graph using some topological indices like Hyper Zagreb index,
Nirmala Index, VL Index and Forgotten topological index.The Topo-
logical indices are mathematical techniques used to mathematically
correlate the relationship between the chemical structure and various
physical attributes, chemical reactivity, or biological activity.
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1 Introduction

Let G be a simple graph connected with vertices and edges. V(G) represents
vertices and E(G) represents edges set. Clearly, the number of vertices and
the number of edges are the two fundamental parameters in topological in-
dices. Numerous topological indices have been developed and used in recent
years for a variety of purposes, including chemical documentation, isomer
discrimination, molecular complexity research. In any graph,the number of
edges with u as an end vertex is called degree of u and is denoted by degg(u)
the minimum and maximum degrees of graph are represented as dg and Ag
respectively.




2 Methodology:

Topological indices based on vertex degrees have been used over 40years.
From those indices, few are listed below

Hyper Zagreb Index:

In 2013, Shirdel et al intoduced distance based Zagreb indices named Hyper
zagreb index as

HZ(G)= Y (di+d;)’
1,jeE(Q)

Nirmala Index:
Inspired by the work of Sombor indices, V R Kulli introduces the Nirmala
index of a graph G as

N@G)= D (Vdi+d))
1,jeE(Q)

VL Index:
By the work of Zagreb index, Deepika T introduced the VL index of a graph
and is defined as

1
VLG) == > [di+d;+d;-dj]
1,jeE(G)

Forgotten Topological index:
Furtula and Gutman introduced Forgotten topological index and established
its some properties . This index is defined as

F(G)= > [df +d3]
1,jeE(Q)

3 Properties of Jump Graph

The graph has
(1).A1 + Aima vertices

(i6)- A (Ao + 1) + 2D 3 ) e dea @A e
(7i7).The degree of a vertex, ve v(G) is given by

dega(i) = degu (i) + 1, ifie V(H)
dng(G)(i) + 19, ifie V[J(G)]



4 Preliminary results:
Results of Hyper Zagreb Index
HZ(G) =) € E(G)(d; + d;)°
‘7j
Theorem 1: Let G and H be two simple connected graphs, then the bounds
for the hyper Zagreb index of jump graph given by

HZ(G) = 4\ (A + 1)? + [Ag — 206 + 2+ A + m2]*+

MM —1
[1(12) -\ (AG — 1)] [2)\1 —4Aq — 2+ 2772]2
and
HZ(G) < 4\ Aa(8 + 1)% + [0 — 206 + 2+ A1 + 1]+
A(A—1
[1(12) — )\1(5G — 1)] [2)\1 — 45 — 2 + 2772]2
Proof:

HZ(G) =M Y, [(degu(i) +1) + (degu(j) + 1)]*+
1,jeE(Q)

Y 2 [(degr(i) +1) + (degcy(e) +m2))?

eV (J(G)) ieV (H)

+ [(degicy(e) +m2) + (degycy(t) + m2)]?
e e B(J(G))

= MAo[(degp (i)+1)+(degr (7)+1)1*+ M2 (degr (i) +1)+ (deg () () +n2]*+

=D, IO E G =2 gy )+ (deg sy ()

= MAo[degr (i)+(degr () +212+ M2l (degr (i) +1)+[ (A —1)— (dega (i) +dega () —2) +n2)*+



(A —1)

[ : dega (i) + dega(j) — 2]]

) = A 5

[(A\1—1)—(dega (i) +dega(j)—2) +n2]+[ (M —1)—dega (i) +dega () —2) +n2]]?

> MX[Ag +m 427 + Mme[(Ag + 1) + [(A — 1) — (Ag + Ag — 2) + n2]+

ALy (B B6 =2y 1) (Ag+ Ag—2) 4D —(Ag+ Ag—2) ]l
> MAd(Ay + 1)+ [Ay — 286 + 2+ M\ + 2]+
[[)‘1()‘12_1)] —M(Ag = D][M —2A¢ =3+ 2] + [M — 2A¢ + 1 + n2])?

< MAd(0y +1)% + [0 — 206 + 2 + M1 + m]*+
A(A —1
A=) MGG — DI = 206 = 3+ ] + [ = 20 + 1+ ]

Theorem 2: Let G and H be two simple connected graphs, then the bounds
for the Nirmala index of a Jump graph is given by

N(G) = V2 M (A +1) + AMda/Ag —2Ag + A + 2 + 1o+

1= M(Ag — DIV2y/AL — 286 + 1+ 1

and

N(G) < \/5)\1)\2((5]{ + 1) + )\1)\2\/(5[{ — 20+ A+ 2+ 0+

PN =y 6 - 0VRYA 286 T L




proof:
N(G) = >, di+d;
1,j€E(G)

NG =x Y V(degu(i) + 1) + (degu (j) + )]+
1,jeE(G)

>0 y/[(deg(i) + 1) + (deg a(e) +n2)]
eV (J(G)) ieV (H)

+ V1(degray(e) +m) + (degy(t) +n2)]
e teE(J(G))

= Mdo/[(degin (i) + 1) + (degn () + D]+ Mim2y /[(degu (3) + 1) + (deggy(e) + m]+

)\1()\1 - 1) deg(;(i) + dng(G) -2

[(F—) =Nl : T/ [(deg e + 1) + (degyey(®) + )]

= MA2y/[degr (i) + (degu (5) + 2]+ M2/ [(degm (i) + 1) + [(A\r — 1) — (degg (i) + dega () — 2)+m2]

+[()\1()\21 - 1)) B Al[degG(i) + ;legc:(j) - 2]]

[VIOw = 1) = (dega(i) + dege(7) — 2) + m2] + [(M — 1) = dega(i) + dega () — 2) + 2]

> MAV2(Ag + 1) + MAan/Ag — 286 + A\ + 2 + o+

) XA - DIV - 1)~ (e - 1) + 2

< )\1)\2\/5(5]{ +1)+ )\1)\2\/51{ —20Gg + A1+ 24+ nm+



) e~ DIV 1)~ 400 1) + 20

Theorem 3: Let G and H be two simple connected graphs , then the bounds
for VL index is given by

1
VL(G) = 5[[)\1/\2(4AH + A%{ + 3) + )\1772(/\1 — Ay + N + 2)+

A(Ar—1)

(AH+1)[)\1—2AH+1+?72]+[[ 5

]—)\1 (Ag—l)] [2)\1—4A0+2ﬂ2+2]+

(A —1)2 =4\ —1)(Ag—1) +4(Ag—1)2 + 22 (A1 — 1) = 2m2(Ag — 1) + 73]

and

1
VL(G) < 5[)\1)\2(451{ + 64 +3) + Mme(A — 0 +m2 + 2)+

A(A—1)

(5H+1)[)\1—25H+1+’O2]+[[ 5

| =M(6c—1)][2M1 — 46+ 2m2 + 2]+

(A —1)? =4\ —1)(6g — 1) + 4(6¢ — 1) + 2n2 (A1 — 1) — 22 (0 — 1) + n3]]
Proof:

1
VL(G) = 5 1 i+ dj + di  dj]

1,jeE(Q)
=%[/\1 Y, [degu(i)+1+(degn (j)+1)+(degr (j)+1)+(degu (i)+1)*(degr (i) +1)+

i,jeE(H)

DT> [degr(i)+1)+(degc)(€)+n2) +(deg ) (i) +1)(deg.(cy(e) +m2) |+
eeJ(G) eV (H)

> [(deg () +n2)+(deg ya)(t)+n2)+(deg.ycy(€)+n2) (deg ey (t) +n2))]
eteJ(G)

[)\1>\2[d€9H( )+1+(degn (5)+1)+(degn (5)+1)+(degn (i)+1)(degr (i) +1)]]+



Ai[(degn (i) +1) + (deg () (€) +n2) + (deg () (4) + 1)  (deg gy (€) +m2) ]+

[[A1()\12— 1)]_>\1[d690(i) + 621690(]') - 2[(

deg () (e)+n2)+(degyq)(t)+m2)+

(degscy(e) + n2)(deg ) (t) + n2)]

%[AlAz[degH(i) + degp (j) + 2 + degp (j)degn (i) + degr () + degr (i) + 1]

AMnzldegu (i) + 1+ [(Ar — 1) — (degu (i) + degr (j) — 2] + n2]+

AR 200 I06U) = 213 1)— (degoi)+ega () -2) -l +

[(AM1—1)—(dege (i) +dega () —2)+ne]+[[(M—1)—(dega (i) +dega (5) —2) +n2]

[(A1 — 1) = (dege (i) + dega(d) — 2) + n2]]

1
= §[A1A2[4AH + AL + 3]+ Mmp[(Ag + 1)(M — 1) = 2A5 +2) + 2]+

A(Ar—1)
2

1l

=AM (Ag—1)][(M—1)—(2Ag—2)+m2]+[(AM1—1)—2Ag+2+12]+

(A1 =1) =2(A¢ = 1) +m2) (M — 1) = 2(Ag — 1) + m2)]



> —[MAa[4An+ AL +3] AN —Ag+m2) +[(Ag+1) (A —2A 5 +1) +12]+

N | —

A=D1 5 (A - Dli2h - 486 + 2m ¢ 20+

[(M—1)?—4(M —1)(Ag—1) +4(Ag— 1)+ 22 (A1 — 1) = 2m2(Ag — 1) +n3]]

< —[MA2[40m + 0% +3] + M2 (M — 0 + 1) + [0 +1) (A1 — 265 +1) + 2]+

N

M =D\ (5~ D)i2v — 406 + 2 + 20+

1l

[\ =1)% =4\ = 1)(d6 — 1) +4(5c — 1)* + 22 (M — 1) = 2n2(66 — 1) + 3]
Theorem 4: Let G and H be two simple connected graphs the bounds for
the forgotten index of a Jump graph is given by

F(G) = 201 0a(Ag + 1)2 + Mmp[A% + 285 — 2Ag + 30 + m2]*+

[[)\1()\12_1)] = M(Ag = DI\ = 286 +m + 17 + [M = 246 +m + 1)°

F(G) <20\ (0g + 1)% + Mima[6% + 20 — 20¢ + 3\ + 2]+

A(Ar—1)

2 ]*)\1(56**1)][)\1*25g+772+1]2+[)\1*25g+772+1]2

i



Proof:

F(G)= > [df +d3]
1,j€E(Q)

F(G) =M\ ), [(degu(i)+1)* + (degu(j) + 1)°]+
i,JEE(G)

D1 [(degr (i) + 1) + (deg e (t) + m2)*]+
e,te E(Q)

D1 [(degr (i) + 1) + (deg ) (e) + 12)°]

eev(t,j) tev(Q)

— MAo[(degy (i) + 1)% + (degr(§) + 1))+

Ma(degr (i) +1)° + (degyc(e) + m2)*]+

[[Al(Al - 1)]—A [degG(i) + degG(j) B 2]]][

5 2 5 deg(s(c)(€)+n2)*+(degy(c) (t)+m2)*]

= MA2[(degg (i) + 1)? + (degp (5) + 1)%]+

Mma[(degr (i) + 1) + [(A\L — 1) — (degg (i) + dega(§) — 2) + n2]>+

[[)\1()‘12_ 1)] _ )\l[degG(i) + gegG(j) — 2]]

[(M—1)—[dega (i) +dega () —2]+n2)*+[(M—1)—[dega (i) +dega () —2]+n2)?

> )\!)\2[(AH+1)2+(AH+1)2]—l—)\lng[(AH+1)2+((Al—l)—(Ag—FAg—Q)+772]2+



D) B2 TR0 1)~ (g + A —2) 4wl

[(A—1) = (Ag + Ag — 2) + n2)?
> 20 A (An + 1)2 + Mmp[A% + 2A5 + 3M1 — 2A¢ + po]*+

[[MA;_D]—A1<AG—1>][Al—ma—l)][A1—2Ac+nz+1]2+[M—?AG*W“V

<2\ (85 + 1)? + Mina[63 + 201 + 3A1 — 20 + ma]*+

[[MA;D]—A1<6G—1>][A1—25G—1>][Al—26c+nz+112+D1—25G+772+”2

5 Conclusion:

In this article we considered four topological indices to determine the lower
and upper bounds. In the same way researchers can consider other topolog-
ical indices and determine their bounds for the graph.
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