
Abstract

Abstract:The main aim of this paper is to find new bounds of a
jump graph using some topological indices like Hyper Zagreb index,
Nirmala Index, VL Index and Forgotten topological index. Topologi-
cal Indices are used to convert molecular structure into a real value.

1 Introduction

Let G be a simple graph connected with vertices and edges. V(G) represents
vertices and E(G) represents edges set, the number of edges with u as an
end vertex is called degree of u and is denoted as degGpuq the minimum and
maximum degrees of graph are represented as δG and ∆G respectively.

2 Methodology

Hyper Zagreb Index:
In 2013, Shirdel et al intoduced distance based Zagreb indices named Hyper
zagreb index as

HZpGq “
ÿ

i,jPEpGq

pdi ` djq
2
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Nirmala Index:
Inspired by the work of Sombor indices, V R Kulli introduces the Nirmala
index of a graph G as

NpGq “
ÿ

i,jPEpGq

p
a

di ` djq

VL Index:
By the work of Zagreb index, Deepika T introduced the VL index of a graph
and is defined as

V LpGq “
1

2

ÿ

i,jPEpGq

rdi ` dj ` di ˚ djs

Forgotten Topological index:
Furtula and Gutman introduced Forgotten topological index and established
its some properties . This index is defined as

F pGq “
ÿ

i,jPEpGq

rd2i ` d2j s

3 Properties of Jump Graph

The graph has
piq.λ1 ` λ1η2 vertices

piiq.λ1pλ2 ` η2q `
λ1pλ1 ´ 1q

2
´

ÿ

i,jPEpGq

rdegpiq ` degpjq ´ 2s

2
edges

(iii). The degree of a vertex v P vpGq is given by

degGpiq “ degHpiq ` 1,if i P V pHq

degJpGqpiq ` η2, if i P V pJpGqq

. (1)

4 Preliminary results:

Results of Hyper Zagreb Index

HZpGq “
ÿ

i,j

P EpGqpdi ` djq
2

2
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Theorem 1: Let G and H be two simple connected graphs, then the bounds
for the hyper Zagreb index of jump graph given by

HZpGq ě 4λ1λ2p∆ ` 1q2 ` r∆H ´ 2∆G ` 2 ` λ1 ` η2s2`

rp
λ1pλ1 ´ 1q

2
´ λ1p∆G ´ 1qsr2λ1 ´ 4∆G ´ 2 ` 2η2s2

and
HZpGq ď 4λ1λ2pδ ` 1q2 ` rδH ´ 2δG ` 2 ` λ1 ` η2s2`

rp
λ1pλ1 ´ 1q

2
´ λ1pδG ´ 1qsr2λ1 ´ 4δG ´ 2 ` 2η2s2

Proof:

HZpGq “ λ1

ÿ

i,jPEpGq

rpdegHpiq ` 1q ` pdegHpjq ` 1qs2`

ÿ

ePV pJpGqq

ÿ

iPV pHq

rpdegHpiq ` 1q ` pdegJpGqpeq ` η2qs2

`
ÿ

e,tPEpJpGqq

rpdegJpGqpeq ` η2q ` pdegJpGqptq ` η2qs2

“ λ1λ2rpdegHpiq`1q`pdegHpjq`1qs2`λ1η2rpdegHpiq`1q`pdegJpGqpeq`η2s2`

rp
λ1pλ1 ´ 1q

2
q´λ1r

degGpiq ` degJpGq ´ 2

2
ssrpdegJpGqpeq`η2q`pdegJpGqptq`η2qs2

“ λ1λ2rdegHpiq`pdegHpjq`2s2`λ1η2rpdegHpiq`1q`rpλ1´1q´pdegGpiq`degGpjq´2q`η2s2`

r
pλ1pλ1 ´ 1q

2
q ´ λ1r

degGpiq ` degGpjq ´ 2

2
ss

rrpλ1´1q´pdegGpiq`degGpjq´2q`η2s`rpλ1´1q´degGpiq`degGpjq´2q`η2ss2

3

UNDER PEER REVIEW



ě λ1λ2r∆H `H `2s2 ` λ1η2rp∆H ` 1q ` rpλ1 ´ 1q ´ p∆G ` ∆G ´ 2q ` η2s`

rp
λ1pλ1 ´ 1q

2
q´λ1p

p∆G ` ∆G ´ 2

2
qsrrpλ1´1q´p∆G`∆G´2q`η2s`rpλ1´1q´p∆G`∆G´2q`η2ss2

ě λ1λ24p∆H ` 1q2 ` r∆H ´ 2∆G ` 2 ` λ1 ` η2s2`

rr
λ1pλ1 ´ 1q

2
s ´ λ1p∆G ´ 1qsrλ1 ´ 2∆G ´ 3 ` η2s ` rλ1 ´ 2∆G ` 1 ` η2ss2

ď λ1λ24pδH ` 1q2 ` rδH ´ 2δG ` 2 ` λ1 ` η2s2`

rr
λ1pλ1 ´ 1q

2
s ´ λ1pδG ´ 1qsrλ1 ´ 2δG ´ 3 ` η2s ` rλ1 ´ 2δG ` 1 ` η2ss2

Theorem 2: Let G and H be two simple connected graphs then the bounds
for the Nirmala index of a Jump graph is given by

NpGq ě
?
2λ1λ2p∆H ` 1q ` λ1λ2

a

∆H ´ 2∆G ` λ1 ` 2 ` η2`

rr
λ1pλ1 ´ 1q

2
s ´ λ1p∆G ´ 1qs

?
2
a

λ1 ´ 2∆G ` 1 ` η2

and

NpGq ď
?
2λ1λ2pδH ` 1q ` λ1λ2

a

δH ´ 2δG ` λ1 ` 2 ` η2`

rr
λ1pλ1 ´ 1q

2
s ´ λ1pδG ´ 1qs

?
2
a

λ1 ´ 2δG ` 1 ` η2

proof:
NpGq “

ÿ

i,jPEpGq

a

di ` dj

NpGq “ λ1

ÿ

i,jPEpGq

a

rpdegHpiq ` 1q ` pdegHpjq ` 1qs`
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ÿ

ePV pJpGqq

ÿ

iPV pHq

b

rpdegHpiq ` 1q ` pdegJpGqpeq ` η2qs

`
ÿ

e,tPEpJpGqq

b

rpdegJpGqpeq ` η2q ` pdegJpGqptq ` η2qs

“ λ1λ2

a

rpdegHpiq ` 1q ` pdegHpjq ` 1qs`λ1η2

b

rpdegHpiq ` 1q ` pdegJpGqpeq ` η2s`

rp
λ1pλ1 ´ 1q

2
q´λ1r

degGpiq ` degJpGq ´ 2

2
ss

b

rpdegJpGqpeq ` η2q ` pdegJpGqptq ` η2qs

“ λ1λ2

a

rdegHpiq ` pdegHpjq ` 2s`λ1η2
a

rpdegHpiq ` 1q ` rpλ1 ´ 1q ´ pdegGpiq ` degGpjq ´ 2q`η2s

`r
pλ1pλ1 ´ 1q

2
q ´ λ1r

degGpiq ` degGpjq ´ 2

2
ss

r
a

rpλ1 ´ 1q ´ pdegGpiq ` degGpjq ´ 2q ` η2s ` rpλ1 ´ 1q ´ degGpiq ` degGpjq ´ 2q ` η2ss

ě λ1λ2

?
2p∆H ` 1q ` λ1λ2

a

∆H ´ 2∆G ` λ1 ` 2 ` η2`

rrλ1p
λ1 ´ 1q

2
s ´ λ1p∆G ´ 1qsr

a

2pλ1 ´ 1q ´ 4p∆G ´ 1q ` 2η2

ď λ1λ2

?
2pδH ` 1q ` λ1λ2

a

δH ´ 2δG ` λ1 ` 2 ` η2`

rrλ1p
λ1 ´ 1q

2
s ´ λ1pδG ´ 1qsr

a

2pλ1 ´ 1q ´ 4pδG ´ 1q ` 2η2

Theorem 3: Let G and H be two simple connected graphs then the bounds
for VL index is given by

V LpGq ě
1

2
rrλ1λ2p4∆H ` ∆2

H ` 3q ` λ1η2pλ1 ´ ∆H ` η2 ` 2q`
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p∆H`1qrλ1´2∆H`1q`η2s`rr
λ1pλ1 ´ 1q

2
s´λ1p∆G´1qsr2λ1´4∆G`2η2`2s`

rpλ1 ´1q2 ´4pλ1 ´1qp∆G ´1q`4p∆G ´1q2 `2η2pλ1 ´1q´2η2p∆G ´1q`η22ss

and

V LpGq ď
1

2
rλ1λ2p4δH ` δ2H ` 3q ` λ1η2pλ1 ´ δH ` η2 ` 2q`

pδH `1qrλ1´2δH `1q`η2s`rr
λ1pλ1 ´ 1q

2
s´λ1pδG´1qsr2λ1´4δG`2η2`2s`

rpλ1 ´ 1q2 ´ 4pλ1 ´ 1qpδG ´ 1q ` 4pδG ´ 1q2 ` 2η2pλ1 ´ 1q ´ 2η2pδG ´ 1q ` η22ss

Proof:

V LpGq “
1

2

ÿ

i,jPEpGq

rdi ` dj ` di ˚ djs

“
1

2
rλ1

ÿ

i,jPEpHq

rdegHpiq`1q`pdegHpjq`1q`pdegHpjq`1q`pdegHpiq`1q˚pdegHpiq`1q`

ÿ

ePJpGq

ÿ

iPV pHq

rpdegHpiq`1q`pdegJpGqpeq`η2q`pdegJpGqpiq`1qpdegJpGqpeq`η2qs`

ÿ

e,tPJpGq

rpdegJpGqpeq`η2q`pdegJpGqptq`η2q`pdegJpGqpeq`η2qpdegJpGqptq`η2qs

“
1

2
rλ1λ2rdegHpiq`1q`pdegHpjq`1q`pdegHpjq`1q`pdegHpiq`1qpdegHpiq`1qss`

λ1η2rpdegHpiq`1q`pdegJpGqpeq`η2q`pdegJpHqpiq`1q˚pdegJpGqpeq`η2qs`

rr
λ1pλ1 ´ 1q

2
s´λ1r

degGpiq ` degGpjq ´ 2

2
rpdegJpGqpeq`η2q`pdegJpGqptq`η2q`
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pdegJpGqpeq ` η2qpdegJpGqptq ` η2qs

1

2
rλ1λ2rdegHpiq ` degHpjq ` 2 ` degHpjqdegHpiq ` degHpjq ` degHpiq ` 1s

λ1η2rdegHpiq ` 1 ` rpλ1 ´ 1q ´ pdegHpiq ` degHpjq ´ 2s ` η2s`

rr
λ1pλ1 ´ 1q

2
s´λ1r

degGpiq ` degGpjq ´ 2

2
ssrrpλ1´1q´pdegGpiq`degGpjq´2q`η2s`

rpλ1´1q´pdegGpiq`degGpjq´2q`η2s`rrpλ1´1q´pdegGpiq`degGpjq´2q`η2s

rpλ1 ´ 1q ´ pdegGpiq ` degGpjq ´ 2q ` η2ss

“
1

2
rλ1λ2r4∆H ` ∆2

H ` 3s ` λ1η2rp∆H ` 1qppλ1 ´ 1q ´ 2∆H ` 2q ` η2s`

rr
λ1pλ1 ´ 1q

2
s´λ1p∆G´1qsrpλ1´1q´p2∆G´2q`η2s`rpλ1´1q´2∆G`2`η2s`

rpλ1 ´ 1q ´ 2p∆G ´ 1q ` η2qppλ1 ´ 1q ´ 2p∆G ´ 1q ` η2qs

ě
1

2
rλ1λ2r4∆H`∆2

H`3s`λ1η2pλ1´∆H`η2q`rp∆H`1qpλ1´2∆H`1q`η2s`

rr
λ1pλ1 ´ 1q

2
s ´ λ1p∆G ´ 1qsr2λ1 ´ 4∆G ` 2η2 ` 2s`
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rpλ1 ´1q2 ´4pλ1 ´1qp∆G ´1q`4p∆G ´1q2 `2η2pλ1 ´1q´2η2p∆G ´1q`η22ss

ď
1

2
rλ1λ2r4δH `δ2H `3s`λ1η2pλ1 ´δH `η2q`rpδH `1qpλ1 ´2δH `1q`η2s`

rr
λ1pλ1 ´ 1q

2
s ´ λ1pδG ´ 1qsr2λ1 ´ 4δG ` 2η2 ` 2s`

rpλ1 ´ 1q2 ´ 4pλ1 ´ 1qpδG ´ 1q ` 4pδG ´ 1q2 ` 2η2pλ1 ´ 1q ´ 2η2pδG ´ 1q ` η22ss

Results of Forgotten index:

Theorem: Let G and H be two simple connected graphs the the bounds
for the forgotten index of a Jump graph is given by

F pGq ě 2λ1λ2p∆H ` 1q2 ` λ1η2r∆2
H ` 2∆H ´ 2∆G ` 3λ1 ` η2s2`

rr
λ1pλ1 ´ 1q

2
s ´ λ1p∆G ´ 1qsrλ1 ´ 2∆G ` η2 ` 1s2 ` rλ1 ´ 2∆G ` η2 ` 1s2

F pGq ď 2λ1λ2pδH ` 1q2 ` λ1η2rδ2H ` 2δH ´ 2δG ` 3λ1 ` η2s2`

rr
λ1pλ1 ´ 1q

2
s ´ λ1pδG ´ 1qsrλ1 ´ 2δG ` η2 ` 1s2 ` rλ1 ´ 2δG ` η2 ` 1s2

Proof:
F pGq “

ÿ

i,jPEpGq

rd2i ` d2j s

F pGq “ λ1

ÿ

i,jPEpGq

rpdegHpiq ` 1q2 ` pdegHpjq ` 1q2s`

ÿ

e,tPEpGq

rpdegHpiq ` 1q2 ` pdegJpGqptq ` η2q2s`
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ÿ

ePvpi,jq

ÿ

iPvpGq

rpdegHpiq ` 1q2 ` pdegJpGqpeq ` η2q2s

“ λ1λ2rpdegHpiq ` 1q2 ` pdegHpjq ` 1q2s`

λ1η2rpdegHpiq ` 1q2 ` pdegJpGpeq ` η2q2s`

rr
λ1pλ1 ´ 1q

2
s´λ2r

degGpiq ` degGpjq ´ 2s

2
ssrdegpJpGqpeq`η2q2`pdegJpGqptq`η2q2s

“ λ1λ2rpdegGpiq ` 1q2 ` pdegHpjq ` 1q2s`

λ1η2rpdegHpiq ` 1q2 ` rpλ1 ´ 1q ´ pdegGpiq ` degGpjq ´ 2q ` η2s2`

rr
λ1pλ1 ´ 1q

2
s ´ λ1r

degGpiq ` degGpjq ´ 2

2
ss

rpλ1´1q´rdegGpiq`degGpjq´2s`η2s2`rpλ1´1q´rdegGpiq`degGpjq´2s`η2s2

ě λ!λ2rp∆H`1q2`p∆H`1q2s`λ1η2rp∆H`1q2`ppλ1´1q´p∆G`∆G´2q`η2s2`

rr
λ1pλ1 ´ 1q

2
s ´ λ1r

∆G ` ∆G ´ 2

2
ssrpλ1 ´ 1q ´ p∆G ` ∆G ´ 2q ` η2s2`

rpλ1 ´ 1q ´ p∆G ` ∆G ´ 2q ` η2s2

ě 2λ1λ2p∆H ` 1q2 ` λ1η2r∆2
H ` 2∆H ` 3λ1 ´ 2∆G ` η2s2`
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rr
λ1pλ1 ´ 1q

2
s´λ1p∆G´1qsrλ1´2∆G´1qsrλ1´2∆G`η2`1s2`rλ1´2∆G`η2`1s2

ď 2λ1λ2pδH ` 1q2 ` λ1η2rδ2H ` 2δH ` 3λ1 ´ 2δG ` η2s2`

rr
λ1pλ1 ´ 1q

2
s´λ1pδG´1qsrλ1´2δG´1qsrλ1´2δG`η2`1s2`rλ1´2δG`η2`1s2

5 Conclusion:

In this article we considered four topological indices to determine the lower
and upper bounds. In the same way researchers can consider other topolog-
ical indices and determine their bounds for the graph.
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