On the Norms of Toeplitz Matrices with the Generalized Oresme Numbers

Abstract. In this article, we present results on Toeplitz matrices with Oresme numbers components.
First, the Toeplitz matrices with Oresme numbers components are created and then the Frobenius(Euclidian),
row and column norms of these matrices are found. Furthermore lower and upper bounds are obtained for
the spectral norms of these matrices. In addition, the upper bounds for the Frobenius and spectral norms
of the Kronecker and Hadamard product matrices of the Toeplitz matrices with the Oresme numbers are
calculated.
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1. Introduction

In recent years, many articles have been published on the norms of special matrices with the entry
of special cases of Horadam numbers. Solak [18] calculated the spectral norms of Toeplitz matrices with
Fibonacci and Lucas numbers. Akbulak and Bozkurt [1] obtained some special norms of Toeplitz matrices
given with Fibonacci and Lucas numbers and lower and upper bounds for the spectral norm. Later, Shen [17]
obtained some special norms for Toeplitz matrices with k-Fibonacci and k-Lucas numbers components, and
bounds for the spectral norms of these matrices, lower and upper bounds for the spectral norms of Hadamard
and Kronecker products of these matrices. Eylem G. Karpuz [11] made a study on the norms of Toeplitz
matrices whose elements are Pell numbers. Similarly, Dagdemir [6] gave a few special norms of Toeplitz
matrices such as Pell, Pell-Lucas and Modified Pell numbers, and lower and upper bounds for spectral
norm. Uygun, [25], obtained some special norms of Toeplitz matrices with Jacobsthal and jacobsthal-Lucas
numbers, lower and upper bounds for the spectral norm, and the upper bound of the Frobenius norm of the
Kronecker and Hadamard products of these matrices. Furthermore, Uygun [26] present a parallel study of

the k-jacobsthal and k-jacobsthal-lucas numbers.
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Now, in the light of previous articles, we present some special norms of Toeplitz matrices with Oresme
numbers and this study in which we obtained the bounds of these norms.
A generalized Oresme sequence {W,}, <o = {W, (Wy, W1)},,~ is defined by the second -order recurrence

relation

1
Wo =W = Was (1.1)

with the initial values Wy = ¢o, W1 = ¢ not all being zero.

The sequence {Wn}nzo can be extended to negative subscripts by defining
W_pn =4W_(n_1) —4W_(_9)

for n =1,2,3,---. Therefore, recurrence equation (1.1) holds for all integer n.
The first few generalized Oresme numbers with positive subscript and negative subscript are given in
the following Table 1.

Table 1. A few generalized Oresme numbers

n W, W_,

0 Wo Wy

1 71 AWy — 4W,

2 Wy — W 12Wy — 16W;

3 3w - 1W 32W, — 48W1

4 W= 2w, 80Wy — 128W)
5 ZWi- W 192Wy — 320W;
6 ZWi—2ZWo 448W, — T68W;
T EWL—EWo 1024W, — 17920,
8  EWi— LWy o 2304W, — 4096W;
9 2 Wi—4Wo o 5120W, — 9216W;

256
5 9
10 2 Wi — 12, Wy 11264W, — 204800,

For more information on generalized Oresme numbers, see for example, Soykan [19].

Modified Oresme sequence {Gy},,~ o, Oresme-Lucas sequence {Hy}, -, and Oresme sequence {O,}, <,

are defined respectively, by the second order recurrence relations;

1

Gn+2 = Gn+1 - ZGna GO = O7Gl = 13 (12)
1

Hpio = Hpp— Zan Hy=2H =1, (1.3)
1 1

OTL+2 - On+1 - Zon OO = 07 Ol - 5 (14)
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The sequences {Gn}, 5 > {Hn},>o and {On}, 5, can be extended to negative subscripts by defining
Gon = 4G_(n—1) —4G_(_2),

H ., = 4H—(n—1) _4H—(7’L—2),

Q
:
[

40,(n,1) — 40,(n,2) .

forn=1,2,3,--- respectively.

Therefore recurrence Equ. (1.2), Equ. (1.3) and Equ. (1.4) hold for all integer n.

Next, we present the first few values of the modified Oresme, Oresme-Lucas and Oresme numbers with
positive and negative subscripts:

Table 2. The first few values of the special second-order numbers with positive and negative subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11
3 1 5 3 7 1 9 5 11
Go 0 1 1 3 3 6 16 7} 16 756 756 024
G, ... —4 —16 —48 —128 —-320 -—-T768 —1792 —4096 —9216 —20480 —45056
1 1 1 1 1 1 1 1 1 1
H, 2 1 3 1 3 6 32 81 ™ 256 512 1024
H., .. 4 8 16 32 64 128 256 512 1024 2048 4096
1 1 3 1 5 3 7 1 9 5 11
O 0 5 53 5§ 3 3 3 1m 32 512 512 3048
O, .. -2 -8 =24 —-64 -160 —-384 —896 —2048 —4608 —10240 —22528
Characteristic equation of generalized Oresme sequence {Wn}n20 is given as the quadratic equation
1
2
_ Z =0
x x + 1 R
whose roots are o, 8 and
1

Binet’s formula of Generalized Oresme sequence is given as

e (- L) ()

Binet’s formulas of modified Oresme, Oresme-Lucas and Oresme numbers are

_ n
G, = na"!'= T
1
_ n _
Hn = 2a" = 2”7717
n
0, = na":2—n,

and Binet’s formulas of modified Oresme, Oresme-Lucas and Oresme numbers at the negative index are
G_, = —4"G,=-nx2"",
H_, = 4"H,=2"t!

O, = —-4"0,=-nx2"
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2. Preliminaries

A matrix T = [t;;] € M, (C) is called a Toeplitz matrix if it is of the form ¢;; = ¢;_; for

to ty to -0ty

tl to tfl e t27n

T, = t2 i to -+ t3-n
th—1 th—2 Tn—3 -+ o

Now, we give some preliminaries related to our study. Let A = (a;;) be an m x n matrix. The £, norm of

the matrix A is defined by

All, = (ZZ |ai;|")® (1<p<o0).
i=1 j=1

If p = oo, then [|A[| , = lim, [|A]|, = max; ; as;] .

The well-known Frobenius (Euclidean) and spectral norms of the matrix A are defined respectively by

Al = <ZZ Jass [*)*

4l = fmax xd (2.1)

where the numbers \; are the eigenvalues of matrix A” A and the matrix A is the conjugate transpose of

and

the matrix A. The following inequality between the Frobenius and spectral norms of A holds.

1
N Al < Al < [|Allp - (2.2)
It follows that

[All, < 1Al < VR llAll, -

In literature, there are other types of norms of matrices. The maximum column sum matrix norm of

n x n matrix A = (a;;) is

1Al = 1r£1ja<xn Z |ai;] (2.3)
and the maximum row sum matrix norm is
14l = 1133<an |- (24)

The maximum column lenght norm ¢; (.) and maximum row lenght norm 4 (.) of on matrix of order m x n

are defined as follows

)= s (Sl ) = max [la]2 25)
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and

ri(A) = max 2":|aij‘2 = max H[aij]?le (2.6)

1<i<m F

respectively.
For any A, B € M,,, (C), the Hadamard product of A = (a;;) and B = (b;;) is entrywise product and
defined by A o B = (a;;b;;) and have the following properties

JAo Bl <11 (A)ex (B), 2.7)
and
[AeBll, < [[Ally 1Bl - (2.8)
In addition,
Ao Blp < AllpIBllg- (2.9)

Let A € My, (C), and B € M,,,, (C) be given, then the Kronecker product of A, B is defined by

anB -+ a1, B
[A® B| =
amiB - amnB
and have the following properties
[A®Bly = [Al;[Bl;, (2.10)
lA@Bllp = [AlpIBlg-

In the following theorem, we present some sum formulas of generalized Oresme numbers.

THEOREM 1. For generalized Oresme numbers, we have following sum formulas:

a): [19, Proposition 26. a] If & (x — 2 2 0,7.e.,x # 2, then
1

(2.11)

Enj:c’“Wk _ (=)™ W, 2" T Wy + AW + 4 (W - Wo) @
(z —2)° '

(b): [19, Proposition 26. d] If (2x — 1)? # 0,i.e., z # %, then

z": FW = 4" IW g +4A(x — Da™ W, + Wy — daW
Al (22 — 1)2 '
c): [20, Proposition 2.1. o] If X (z —4 3 #£0,i.e.,x £ 4, then
64
ika,f = 7A
3
o (x —4)
where
A= (z—4)(x—8) 2" W2 + (x — 4)a" T W2_, + 16(x — )W — 16z(z — 4)(Wo — W7)? —
275 (W — 2W7)2 (22" — ™).
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(d): [20, Proposition 2.1. d] If (Ax —1)> # 0,i.e.,x # % then

Zka2 o A
(4x — 1)

where

A =16(4x — 1)z" W2, | +8(2z — 1)(4w — 1)a" W2 +

8(Wo — 2W1)2(22g™ — 1)

If we set x = 1 in the last Theorem, we have the following corollary.

COROLLARY 2. For generalized Oresme numbers, we have following sum formulas:

(a):
Wy, = —3W,, + W,_1 + 4W;.
k=0
(b):
n
S W =AW 1 + Wy — AW,
k=0
(c):
> owp= _ﬁ(zmﬂ W2 — 48W (2Wy — W) — 272745 (W, — 2W7)2(2%" — 1)).
k=0
(d):
Z w2, 48W2n+1 +24W?2 4 3WE — 48WE + 8(Wy — 2W1)% (22" — 1)).

3. Main Results

(4z — YWE — 16(4x — 1)zWE +

(2.12)

(2.13)

(2.14)

(2.15)

In this paper, we use the notation A =T (Wy, Wy,--- ,W,,_1) for the Toeplitz matrix with generalized

Oresme numbers, i.e.,

WO W_l W—2 s Wl—n
Wi Wo Wi - Wa,
A= Wy Wy Wo - Wi,

Wpot Wpe Wiz - Wy

For special cases, we get

Gy G G_o -+ Gi_, 0 —4

G1 Gy Gy - Go_y 1 0

A= G G Go - Gz | = 1 1

Gn-1 Gpo Gp-_z --- Go Gno1 Gpoo

—16

Gl—n
G2—n
G37n

(3.1)
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for the Toeplitz matrix A =T (G, G1,- -+ , Gp—1) with modified Oresme numbers and

Hy H, Hsy -+ H_, 2 4 8 -eo Hy_g
H, Hy H, --- Hy, 1 2 4 -+ Hy
A= Hy H,y Hy -+ Hz ., |= % 1 2 Hs_, (3.3)
Hn—l Hn—2 Hn—3 e HO Hn—l Hn—? Hn—S e 2
for the Toeplitz matrix A =T (Hg, Hy, -+ , H,—1) with Oresme-Lucas numbers and
Oo O.1 O_—3 -+ Oy 0 —2 -8 - Oi-p
0O, Op O_1 -+ Og_p % 0 -2 - Oq_py
A= O, 01 0Oy - Os_p |= 3 3 0 -+ Oszp (3.4)
On-1 Op—2 Onp_3 -~ O On-1 On—2 Op_3z --- 0
for the Toeplitz matrix A =T (Op, 01, -+ ,Op—_1) with Oresme numbers.

In the following theorem, we present the norm value of [|Al|; and [|A[| of the largest absolute column

sum and the largest absolute row sum of A.

THEOREM 3. Let A =T (Wy, Wy, .- , W, _1) be a Toeplitz matriz with generalized Oresme numbers then

the largest absolute column sum (1-norm) and the largest absolute row sum (oco-norm) of A are

AW — Wo + AW + Wy, if [Wop| > [Wi| and W_, <0 , keN,—ke N~

Al = |4l =
AW i1 + Wo —AWL = W_py , if [Wop| > |[Wi| and W_, >0 , keN,—ke N-

where k=i—75:4,7=0,1,--- ;n—1.
Proof. Consider A = T(Wy, Wy, -+ ,W,,_1) which is given as in (3.1). By the definitions of 1 — norm
and oo — norm and Equ. (2.3) and Equ. (2.4) and Equ. (2.13), we conclude that

(i): If |W_g| > |Wk|,k € N and W_;, <0,k € N, then we get

n

n
1Al, = fg&gnz laj| = max {ay;| + |ag;| + |az;| + -+ + lani|} = |ain]
SIS i—1
n—1
= |ain| + |agn| + |azn| + - - + |ann] :Z|W—k|
k=0

n—1 n
= =) Wo=-_ W —W_p)
k=0 k=0

= —AW_, 11 —Wo+4W1 +W_,
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and if |W_g| > |[Wg|,k € N and W_j, > 0,k € N, then we obtain

All, = max Y la;| = max {|ay;| + |az;| + |az;| + - + |ani|} = |ain]

1<j<n 4 ‘
T =1 i=1

n—1
= |ain| + [azn| + lagn] 4+ + lann] = Y [W_i]
k=0

n—1 n
= ) Wa=> Wip-W.,
k=0 k=0
= AW_, 1 +Wo —4W; —W_,,.
(if): If [W_g| > |Wi|,k € N and W_; <0,k € N, then it follows that

n

n
1Al o max Y |ai;| = max {|ai1| + |aia] + |ais| + - + |ain|} =D |ag]
j=1

1<i<n

j=1
= |aui| + |ai2] + |a13| + - - + |a1n|

n—1 n

= =Y Wo=-_ Wi-W_p)
k=0 k=0

= —4W,n+1 —Wo+4W +W_,

and if |[W_g| > |Wy|,k € N and W_j, > 0,k € N, then we get
n

n
max Y |ai;| = max {|ai1| + |aio| + ais| + - + |ain|} =Y |ayy
j=1

HA||°° 1<i<n
Sisnim]

= aui| + |arz| + a1z + -+ + [a1n]
n—1 n
- SwaYw o,
k=0 k=0
= AW_, 1 +Wo—4W; —W_,,.
Thus, the proof is completed. [

REMARK 4. In the statement of the theorem 3 the condion on W,,, W_,, n € N is given to calculade
I.Il; and ||.|| o, norms of modified Oresme, Oresme-Lucas, Oresme numbers. The other cases can be handled

similarly.

From the last Theorem 3, we have the following corollary which present norm values of || A, and || A]| , of
A with modified Oresme numbers, Oresme-Lucas numbers and Oresme numbers, respectively, (set W,, = G,

with Go =0,G1 =1 and W,, = H,, with Hy =2,H; =1 and W,, = O,, with Oy =0,0; = %, respectively).
COROLLARY 5.

(a): For A = T(Go,G1,- -+ ,Gn_1), the values of norms of Toeplitz matrices with modified Oresme

numbers have the following property:

1Al = [Alle = =4G—ns1 + Gn + 4.
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(b): For A = T (Hy, Hy,--- ,H,_1), the values of norms of Toeplitz matrices with Oresme-Lucas

numbers have the following property:
[Ally = [|All o = 4H 41 — Hop — 2.

(c): For A = T(Op, 01, ,0,_1), the values of norms of Toeplitz matrices with Oresme numbers

have the following property:
1Al = Al = —40—p41 + O—pn + 2.

Next theorem presents the Frobenious (Euclidian) norm of a Toeplitz matrix A.

THEOREM 6. Let A =T (Wy, Wy, ,Wy_1) be a Toeplitz matriz with generalized Oresme numbers

components, then the Frobenious (Euclidian) norm of matriz A is

1Al = v

where

0 (96W2 —24W2 —15W2_| + 240W2n+1 + (72(2%7) +192(272") — 96)W¢ + (576 — 288(22") —
768(2*2”))W0W1 + (288(22") + 768(272") — 1056)W?).
Proof. The matrix A is of the form

Wo W_or W - Wi,
Wy Wo W_y - Wa,
A= Wo Wy Wo - Wi,
Wpot Wpee Wiz - Wy
Then we have
A2 = aWZ+(n—-1DW2 +(n-2)W2 +(n—-3)W2, +- -+ W2,

+n—1)WE+(n—2Wi+ (n—3)Wi+ - +W2_,

and so
7 n—1 1 n—1 16 n—1
2
A = @-nWE — LS W s S W kg > Wy,
k=1 k=1 k=1

8 16n 1
+§Zw2k+—ZWl 2Wo — Wh)

k=1
27 Z 2= 2k+o 2W1) (22k o 1)
k=1
1 — 6 - 202k
+5 —GZWI ZWO—2W1) (2% —1).
k=1 = k 1
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By using the equalities

16 < 16
Z W1 2W0 — Wl) = 9 (n - 1)W1(2W0 — Wl)
k=1
1 1
k=1
16 = 16
9 wi = —g(n — )Wt
k=1
1= (Wo — 2W7)?
— N2 — oWy )2(2%F — 1) = 2T (3p25 4 27(2720 — 1),
27 — 81
n—1 2
8 8 (Wo — 2W1)
— — 2 2 22k — 1 = —_— 22n - -1
97 ];(Wo Wi)*( ) 31 ( 3n —1),
we obtain
16 n—1 n—l
P QZWl oWy — W) + ZWO——];Wl
1 8 n—1
9— 21<:+5 _9 92k _ 1y 4 © _9 2(92k _ 1
+27Z Wh)* (2% 1) + ;(Wo wa)?(2% - 1),
and it follows that
16 1 16
P o= 5 (n= DWW = W) + 5(n = HWG — o (n— )W}

Wy — 2W7)? S(Wy — 2W1)?
—I—M(Snf +27(27% — 1)) + M(QQ” —3n—1).
81 81
Moreover, we use equation 2.14 and equation 2.15 in Corollary 2
Therefore, we get

JA|I% = (2—n) Wg —

n— n—1 n—1 n—1
%Zk:%wﬂ‘*‘lz W+ e W i WE P
= 37 (96W2 —

24W2, — 15W2_, + 240W2, | + (72(22") + 192(272") —
768(2721)) W W1 + (288(22™) + 768(272") — 1056)W3).
This complates the proof. O

96)W2 + (576 — 288(2%") —

From the last Theorem 6, we have the following corollary which gives Frobenius norm formulas of
modified Oreme numbers, Oresme-Lucas numbers and Oresme numbers, respectively, (take W,, = G,,, with

Go=0,Gy=1and W, = H,, with Hy =2, H, =1 and W,, = O,,, with Oy =0,0; = %, respectively).

COROLLARY 7. For n > 0, Toeplitz matrices with the modified Oresme, Oresme-Lucas and Oresme
numbers, respectively have the following properties:

(@): [Allp = Vi
where A is given as in (3.2)

Qy = < (96G2 —24G?,, — 15G% | + 288(2%") + 768(27%") — 1056).
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(b): [l Allp = vQs

where A is given as in (3.3)
1
Q3 = ﬁ(96H§ —24H?  —15H?_| +240H?, | — 288).

(©): 1 Allp = v

where A is given as in (3.4)
1
Q= 5(96()3 —240%, — 1502 _; + 24007, 1 + 72(2*") + 192(27>") — 264).

In the following theorem, we present the lower and upper bounds of the spectral norms of the Toeplitz
matrices with the modified Oresme numbers, Oresme-Lucas numbers and Oresme numbers, respectively, (set
Wn = Gn with GQ = 0,G1 =1 and Wn = Hn with HO = 2,H1 =1 and Wn = On with OQ = 0,01 = %,

respectively).

THEOREM 8.

(a):  Consider A =T(Go,G1, -+ ,Gn_1) which is given as in (3.2). Let

1 G G_y -+ Gi_, 1 —4 -16 -+ Gi_,

1 Gy G_1 - Go_, 1 0 —4 o Go_y,

C = 1 G1 Go - Gs_yp, = 1 1 0 - Gs_y,

1 Gh2 Gn_3z -+ Go 1 Gho Gp_g --- 0
and

Go 1 1 1 0 1 1 1
G, 1 1 1 1 1 1 1
D = Go 1 1 1 = 1 1 1 1
Gp-1 11 -+ 1 G111 -+ 1

such that A = C o D (Hadamart Product of C and D).

(i):
1
4l 2 /=0
where Qo is as in Corollary 7.
(ii):
[l < Q5
where
1 1
Q5 = (52(48G%, ., — 3G?,, +32(2°" — 1) — 21))2 x ¢/n.

27



12 SEVDA AKTAS, YUKSEL SOYKAN

(b): Consider A =T(Hy, Hy,- - ,Hp_1) which is given as in (3.3). Let

1 H, H., --- H_, 1 4 8 .- Hi_,
1 Hy H., - Hy, 1 2 4 - He,
C= 1 H Hy --- Hz;, |=]1 1 2 --+ Hs_,
1 Hp2 Hp3 -~ Ho 1 Hypo Hp-3 - 2
and
Hy 11 --- 1 2 1 1 1
H, 11 --- 1 1 1 1 1
D=| H, 11 - 1 |= i 11 1
H,, 1 1 - 1 H,, 1 1 - 1

such that A = C o D (Hadamart Product of C and D).

()
4l > /0

where Q3 is as in Corollary 7.
(ii):
[Ally < €6
where

(% (48H?, | —3H2, — 117))% x \/n ., n>6

Q=
(—2-(48H2? — 3H2_| — 144))% x (5 (48H?, .| —3H2, —117))z , 0<n<6

(c): Consider A=T(0p,01,---,0pn_1) which is given as in (5.4). Let

1 04 O_p -+ O, 1 -2 =8 - O,
1 O O-1 - 05y 10 -2 - Oy
C=|1 O 0y -+ O3, |=]|1 1 0 - Oz
1 Op—a Op_z -+ Og 1 Op—o Op_z --- 0
and
Oy 1 1 1 0 11 1
O 11 1 ;3 11 1
D=| O0; 11 1| = i 11 1
Op1 11 -0 1 Op1 11 -+ 1

such that A = C o D (Hadamart Product of C and D).
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():
4l 2 /-0

where Uy is as in Corollary 7.

(ii):
[A]l, < Q7
where
1 1
0 = (5(4803%1 —30%, +15+8(2%" —1)))2 x /n.
Proof.
(a):
(i): We use equation (2.2).
(ii): By definition, we get
r(C) = max(}ley )t = ley)t = (1+ ZW? k
J Jj=1
1 1
= ( 7(48G2 ni1 — G2, — 24G3 — 48GT +8(Go — 2G1)?(2*" — 1)) + 1)=
- (27 (48G2,., —3G2, +32(22" — 1) — 21))2
and
ci(D) = max(3_|dyl*)?
= Vvn(0<G; <1, for (i>0and n>0)).
So, from inequality (2.7),
14l < ra(C)er(D) = 95 = (5 (48G% 0y — 3G2, + 3202 — 1) ~20)F x v
(b):

(i): We use equation (2.2).
(ii): We get

n

n—1
r(C) = max(Y_ley")E = O leyl)? = 1+ H2p)*
k=1

7 J=1

(NI

(48H2, ., —3H?, — 24H{ — 48H7 + 8(Hy — 2H1)*(2*" — 1)) + 1)

(27
A8H?, ., —3H?, — 117))%

(27(

LD , n>6
p (—%(48H2? —3H2_, —144)) , 0<n<6

13
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so by defination of Hadamard product and from inequality (2.7)

(F(8HZ, \ —3H2, —UT): xy/n , n=6
14, <n(@ab) =0y (CUSHI-3HL -1): ¢
X (37 (48H2, \, —3H?, —117))2

(c):
(i): We use equation (2.2).
(ii): We get

n

n—1
r(0) = max(Y]leyM) = (Y ley)F = (1+ )07
k=1

J j=1
1 .
= (27(45;()2;%1 —30?%, — 240% — 4807 4+ 8(0y — 201)%(2°" — 1)) + 1)2
1 ;
= (5=(4807%, ., — 302, + 15+ 8(2*" — 1)))2

27

and

ci(D) = max(y|dy[")*

= Vn(0<0;<1, for (>0 and n>0)).
so, from inequality (2.7)

L

14l < 71(C)er(D) = Q7 = (5

(4802, ., — 302, +15+8(2°" — 1)) x V/n.

This complates the proof. [

From the equation (2.10) and Corollary 7, we have the following corollary which gives the Frobenius

norms of the Kronecker products of the Toeplitz matrices with special cases of generalized Oresme numbers.
COROLLARY 9.

(a): Let A=T(Go,G1, - ,Gn_1) and B = T(Hy, Hy,- - , H,—1) be Toeplitz matrices with modified

Oresme numbers and Oresme-Lucas numbers, respectively, then we have the following property.

|A® Bl p 1Al 1Bl

SN GRYo»

where 5 and Q3 are as in Corollary 7 (a) and (b),
(set W,, = G,, with Go =0,G1 =1 and W,, = H,, with Hy = 2, H; = 1, respectively).

(b): Suppose that A = T(Gy,G1, -+ ,Gp—1) and B = T(Oy, 01, -+ ,0,_1) be Toeplitz matrices

with modified Oresme numbers and Oresme numbers, respectively, then we obtain the following
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property:

|A® B|g

Al 1Bl
= Q2
where Qg and 4 are as in Corollary 7 (a) and (c),
(set W,, = G,, with Go =0,G; =1 and W,, = O,, with Og = 0,071 = %, respectively).

(c): Given A = T(Hy,Hy, -+ ,H,—1) and B = T(0Og, 01, ,0,_1) be Toeplitz matrices with

Oresme-Lucas numbers and Oresme numbers, respectively, then we get the following property:

1A ® Bl g 1Al I[Bll

= VOV

where Q3 and €4 are as in Corallary 7 (b) and (c),

(set W,, = H,, with Hy =2,Hy =1 and W,, = O,, with Oy = 0,0, = %, respectively).

Proof. (a), (b) and (c) follows from equation (2.10) and Theorem 6 and Corollary 7. O

From the above inequality (2.9) and Theorem 6 and Corollary 7, we have the following result, which
gives an upper bound for the Frobenius norm of Hadamard products of Toeplitz matrices by exclusive cases

of generalized Oresme numbers.
COROLLARY 10.

(a): Let A=T(Go,G1, -+ ,Gpn—1) and B =T(Hy, Hy,--- ,H,_1) be Toeplitz matrices with modified

Oresme numbers and Oresme-Lucas numbers, respectively, then we have the following property:

|[AoBllp < [AlglBllg
< Vv Qs

where Q3 and Q3 are as in Corollary 7 (a) and (b),
(set W,, = G,, with Gy = 0,Gy =1 and W,, = H,, with Hy = 2, H; = 1, respectively).

(b): Suppose that A = T(Go,G1, -+ ,Gp—1) and B = T(Oy, 01, -+ ,0,_1) be Toeplitz matrices
with modified Oresme numbers and Oresme numbers, respectively, then we obtain the following
property:

[AoBllp < [Allp|Bllp
< VY
where Q5 and 4 are as in Corollary 7 (a) and (c),

(set W,, = G,, with Go =0,G; =1 and W,, = O,, with Og = 0,07 = %, respectively).
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(c): Assume that A = T(Hy, Hy,--- ,H,—1) and B =T(0q, 01, - ,0,_1) be Toeplitz matrices with

Oresme-Lucas numbers and Oresme numbers, respectively, then we have the following property:

[AoBllp < |AlglBlg
< VO3

where 3 and 4 are as in Corollary 7 (b) and (c),
(set W,, = H,, with Hy =2, H; =1 and W,, = O,, with Oy = 0,07 = %7 respectively).
In the last inequality (2.8) and Theorem 8, we have the following Corollary, which gives an upper bound
for the spectral norm of Hadamard products of Toeplitz matrices with special cases of generalized Oresme

numbers.
COROLLARY 11.

(a): Given A =T(Go, Gy, ,Gp-1) and B =T(Hy, Hy,- -+, H,_1) be Toeplitz matrices with mod-

ified Oresme numbers and Oresme-Lucas numbers, respectively, then we have following property:
||AOBH2 < Q5 X QG

where Q5 and g are as in Theorem 8§,
(take W,, = G,, with G = 0,G; = 1 and W,, = H,, with Hy = 2, H; = 1, respectively).
(b): Let A =T(Go,G1,-+ ,Gp—1) and B =T(0p, 01, ,0p_1) be Toeplitz matrices with modified
Oresme numbers and Oresme numbers respectively, then we have the following property:

||AOBH2 S Q5 X Q7

where Q5 and 27 are as in Theorem 8§,
(set W,, = G,, with Go =0,G1 =1 and W,, = O,, with Oy =0,0; = %, respectively).
(c): Suppose that A =T (Hy, Hy, - ,Hp—1) and B =T(0p, O1,- - ,0,—1) be Toeplitz matrices with

Oresme-Lucas numbers and Oresme numbers respectively, then we get the following property:
||AO.B||2 < Q(g X Q7

where Qg and 27 are as in Theorem 8§,
(set W,, = H,, with Hy =2, H; =1 and W,, = O,, with Oy = 0,07 = %, respectively).
Proof. For (a), (b) and (c) see inequality (2.8) and Theorem 8.0J
From the related equation (2.10) and Theorem 8, we have the following Corollary which gives an upper
bound for the spectral norm of Kronocker products of Toeplitz matrices with special cases of generalized

Oresme numbers.

COROLLARY 12.
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(a): Let A=T(Go,G1,--+ ,Gn—1) and B = (Hy, Hy,- -+ , H,—1) be Toeplitz matrices with modified

Oresme numbers and Oresme-Lucas numbers, respectively, then we have the following property:
|A® By, < Q5 x Q6

where Q5 and g are as in Theorem 8,
(set W,, = G,, with Gg =0,G; =1 and W,, = H,, with Hy = 2, H; = 1, respectively).
(b): Let A =T(Go,G1, - ,Gpn—1) and B =T(0p, 01, ,0,_1) be Toeplitz matrices with modified

Oresme numbers and Oresme numbers respectively, then we get the following property:
IA® Bll, < Q5 x Q7

where Q5 and €7 are as in Theorem 8§,
(set W,, = G,, with Go =0,G; =1 and W,, = O,, with Og = 0,07 = %, respectively).
(c): Let A=T(Hy,Hy, - ,H,—1) and B =T(Op,O1,- -+ ,0,_1) be Toeplitz matrices with Oresme-

Lucas numbers and Oresme numbers respectively, then we obtain the following property:
||A®B||2 S QG X Q7

where Qg and - are as in Theorem 8,
(set W,, = H,, with Hy =2,H; =1 and W,, = O,, with Oy =0,0; = %7 respectively).
Proof. For (a), (b) and (c) see equation (2.10) and Theorem 8.0

4. Conclusions

The sequences of numbers were widely used in many research areas, such as physics, engineering, ar-
chitecture, nature and art. Recently, there have been so many studies of the sequences of numbers in the
literature that concern about subsequences of the Horadam numbers which have second order recurrence
relations. Generalized Oresme numbers are special cases of Horadam numbers.

In this paper, we obtain results on Toeplitz matrices with Oresme numbers components.

e In chapter 1, We present some known results on Oresme numbers such as recurrence relation,
characteristic equation and Binet’s formulas.

e In chapter 2, We give some basic definitions and result of special norms of the Toeplitz matrices
and find sum formulas of Toeplitz matrices with Oresme numbers.

e In chapter 3, We obtain special norms of Toeplitz matrices with Oresme numbers and find upper
and lower bounds for spectral norms of Toeplitz matrices with Oresme numbers components.

Linear recurrence relations (sequences) have many applications. Now, we present some applications of

second order sequences.

e For the applications of Gaussian Fibonacci and Gaussian Lucas numbers to Pauli Fibonacci and

Pauli Lucas quaternions, see [2].
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For the application of Pell Numbers to the solutions of three-dimensional difference equation sys-
tems, see [4].

For the application of Jacobsthal numbers to special matrices, see [29].

For the application of generalized k-order Fibonacei numbers to hybrid quaternions, see [10].

For the applications of Fibonacci and Lucas numbers to Split Complex Bi-Periodic numbers, see
[27].

For the applications of generalized bivariate Fibonacci and Lucas polynomials to matrix polynomi-
als, see [28].

For the applications of generalized Fibonacci numbers to binomial sums, see [24].

For the application of generalized Jacobsthal numbers to hyperbolic numbers, see [21].

For the application of generalized Fibonacci numbers to dual hyperbolic numbers, see [22].

For the application of Laplace transform and various matrix operations to the characteristic poly-
nomial of the Fibonacci numbers, see [7].

For the application of Generalized Fibonacci Matrices to Cryptography, see [15].

For the application of higher order Jacobsthal numbers to quaternions, see [16].

For the application of Fibonacci and Lucas Identities to Toeplitz-Hessenberg matrices, see [8].

For the applications of Fibonacci numbers to lacunary statistical convergence, see [3].

For the applications of Fibonacci numbers to lacunary statistical convergence in intuitionistic fuzzy
normed linear spaces, see [12].

For the applications of Fibonacci numbers to ideal convergence on intuitionistic fuzzy normed linear
spaces, see [13].

For the applications of k-Fibonacci and k—Lucas numbers to spinors, see [14].

For the application of dual-generalized complex Fibonacci and Lucas numbers to Quaternions, see
[23].

For the application of special cases of Horadam numbers to Neutrosophic analysis see [9].

For the application of Hyperbolic Fibonacci numbers to Quaternions, see [5].
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