Three-Step Four-Point Optimized Hybrid Block Method for Direct
Solution of General Third Order Differential Equations

Abstract

This research work considers derivation of three step four point optimized hybrid block
method for solving general third order differential equations (odes) without reduction to
systems of lower order odes. A combination of power series and exponential function is used
as an approximate solution to the general third order ode problems. Continuous linear
multistep method is developed by interpolating the basis function at both grid and off-grid
points and collocating the differential function at only grid points. The unknown parameters
in the system of linear equations arising from the collocation and interpolation functions were
determined and the values substituted in the approximate solution to the problem. The
required continuous method is obtained after necessary simplification. The derived method is
tested and found to be consistent, symmetric and of low error constant. The results obtained

showed a better performance than the existing methods in literature under review.
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forms of ordinary differential equations
(odes) of different orders and forms. Most

1. Introduction

The use of Mathematics to understand the
physical world has been in use for
centuries, but the manner and degree to
which it can be used has drastically
changed in recent years due to the
intervention of computer and its ability to
perform  incredibly  complex  and
computational-intensive tasks. These tasks
is especially applicable in the study of
rocket launch trajectory analysis, airflow
over airplane bodies (aerodynamics),
transport and disposition of chemicals
through the body, immune-assay chemistry
for developing new blood tests, seismic
underwater acoustic signal processing,
eco-systems, psychology and the likes.
The modeling of these physical and
biological problems give rise to different

of the time analytic solution of such
equations and finding an exact solution
cannot be solved, therefore numerical
methods is applied for the solution. As a
result of our subject which is solving
general third order ordinary differential
equations, we will refer to some solution
methods which have been proposed in
recent years by other researchers to solve
the equations.



2. Derivation of the Method

In this work, the combination of power
series and exponential function of the form
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is considered as the basic function for the
development of the method, where C and
i are the number of collocation and

interpolation points respectively. @ 'S are
al
the parameters to be determined and 5T
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is the exponential polynomial.

The differential system arising from
equation (1) is as given below
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Interpolating the basic function (1) at all
the grid points

X=X, 1=0,1,812UV except the

point of evaluation and collocating the
differential system (2) at the four grid

points X=X.,;, 1=01,23 where
0<r,s<1 and 2<u,v<3 respectively
which give rise to a system of equations
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where



fn+i = f(xn+i1 Youio yr,1+i1 yr'1,+i) and
yn+i = y(XnH)’ Xn+i :Xn +ih, h is the

stepsize.

Solving for aJ-'S from equations (3) and

(4) and substituting the values back into
equation (1) gives the continuous hybrid
method:

k=1
y(X) = Zaj (X)yn+j + Tl(X) yn+r + TZ (X) yn+s
j=0
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Taking the values of r,s,u,v to be

EEZ§ and using the transformation

3333

in [13],
1 dt 1

t=— - y T = T k:31 the
h(x Knoir) dx h

continuous  coefficients ;'S 7;'s, B;'s

and their respective first and second
derivatives as functions of T are
respectively obtained as:
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Puttingt=1 in (5) and evaluate its first and second differentials
X=Xy X 0 X 5y Xgs Xypp X 70 X g,
M3 M "3 ™s  while the third derivative of (5)
Xn+3
points X=X ,, X ,, X ,, X 4 to produce the following discrete schemes
n+— n+— n+— n+—
3 3 3 3

matrix form: Y, = Ay, +h’b f,

at  points

is evaluated at

represented in
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Adopting matrix inversion method to solve (9),
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are determined and expressed as given below
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. | 45722880 " 1088640 1088640 45722880

n

[ 145373 377 893 757 }
fn + n+l fn+2 + fn+3
n+s | 1428840 8505 34020 357210



6541 ¢ 2801 559

Yo = Yo +N

583 }

i’ n Tt n+l 2 T oooran s
[ 62720 13440 13440 188160

y” —y”+h[4_63f +ﬁ +£f _£ :|
n+2 n 5880 n 105 n+1 420 n+2 490 n+3
; , | 74389 164983 154007 18571
y 7:yn+h fn+ ni1 Yo oooan T =557 an Thas
s | 933120 155520 155520 933120
y' =y +h 14044 - 9152 - 8032 - 4576 M} (10)
e | 178605 8505 8505 178605
" " 5133 927 927 5133
Yoz = Yo t h fn + fn+1 o= fn+2 +—oo7 This
62720 896 896 62720

3. Analysis of the Method

This section examines the proposed main
approach in order to determine its validity.
The nature of the method's convergence is
revealed by these qualities, which include
order and error constants, consistency,
region of absolute stability, and zero
stability.

3.1 Order and Error constant

Consider the linear operator L be associated
with the 4-point schemes be defined as

10

L{y(x), h}= y(ka)—;

(11)
where «, and g, are not both zero and
y(x) is an arbitrary test function that is
continuous and differentiable in the interval
[a, b]. Expanding You | and
yo.;» J=0,1,..., m in Taylor series about x_

and collecting like terms in h and y gives;

L[y(%), h] = coy(x)+ Ghy' () + €,h2y@ (X) +...+ ¢ ,nPy P (x)

(12)

k ajy(xn+j)+ (le(xnﬂ) +T2y(xn+s)+
T3 y(Xn+u ) + Ty y(Xn+v )) + hsﬂj ym(XnJrj )

|



| y(x,) y(x,) y(x,) ]
(ihy'(x,) (rh)y'(x,) (sh)y'(x,)
(jhy?* ., (rh)* , (sh)? ,
ol y'(x,) o1 y'(x,) o1 y'(%,)
Q; +17, +7, +
(™ oo (rh)™?* . (sh)™® i3
7(p+2)!y" (%) 7(p+2)!y" (%) 7(p+3)!y" (%)
y(X,) y(X,) y(X,)
khy'(x,) (uh)y'(x,) (vh)y'(x,)
Ly k e Oy
L{y(x),h}=| . —Z T, ) +1, ) +
(G (uh)*® . (V)P s
(|0+2)!yp o) (p+3)!yp 00) (p+3)!yp ()
0
0 Coy(x,)
0 Cy'(x,)
) y"(x,) C,y"(x,)
h3Zﬁj =
(Uh)p+3 +3 C +3yp+3(xn)
_ 7(p+3)!y" (%) P |

Therefore, applying the linear operator L (11) to determine the order and error constant of the

main method.

19509355y, —134017173y , + 257536746y , 175049238y, +175049238y. ., —
"3

n+=
3

Yna = 19500355 | 257536746y  +134017173y |

3 3
h3

[10080f, — 670544 f,, —670544 f, +10080f, ]
3901871

(13)

Going by Omole and Ukpebor [14], the 3.2 Zero Stability

multistep method (13) has order p if The new block method is zero stable if the
first characteristic polynomial

L{y(x), h]=0(h""),

¢, =¢ =-~=c¢,=0,c,,,#0. Therefore c_, p(&)= =0 (14)

k
za(u)ém
i=0

is the error constant. The order of the o oo
_ o _ and satisfies |¢;|=1, the multiplicity must
proposed main method is eight while the

error constant is —7.0408x 10" not exceed the order of the differential

equation Omole and Ukpebor [14].

11



10000000 |
01000000
00100000
00010000
00001000
00000100
00000010
00000001

(0000010 ]
0000010
0000010
00020010
00006010
00000¢10
000000¢ 0

0000000 ¢ |

=¢"(¢-D=0

This implies A=(1-¢)¢7, £ =0,0,0,0,0,0,0,0,1. Therefore, the method is zero-stable.

3.3 Region of Absolute Stability

In this section, the regions of absolute

stability of the new methods are determined

in order to guide the choice of the stepsize

for the methods.

AOYm (r) B Ai ym (r)

Using the test problem in (17) for the block
mode (11) the method yields

BiFm(r)

h(r) :—[

j (17)

In doing this, let the test problem for the

methods be given as
y"+2%f =0

(15)

where f=f(x,y,Y,y") and A is complex.

- . . B Y ] _/\ N _h3 f ]
The stability polynomial of the derived U (¥)
continuous methods (6) given generally by
z(r,h)=p(r)—ho(r)=0 (16)
where p(r) and o(r) are the first and | Y| |B Vi f,
second characteristic polynomials (18)
- T 3.3 d3f
respectively, h=-A"h" and A =—. where
0 0 0 0 0 0 0 0
L . 0 0 0 0 0
162 1944
4 8 4 0 0 0 0
81 162 3645
1 0 6 -1 0 0 0 0
162 162 162
A= |23 o o 1 14 0 0 0
485 485
203771 0 2514251 20891 15749 0
19830258 5665788 2832894 4406724
240872270 13309632128 2589563160 163532262
47893220001 47893220001 47893220001 47893220001
10080 0 -670544 ~ 670544 0 10080
3901871 3901871 3901871 3901871

since h is given as h=h’1% and r=¢",
[15].

Adopting the method of

[16], the method is reformulated as

12




[ 10080 0 o 870544

3901871 3901871

203771 2514251

5 | 19830258 5665788
L o & 2
162 162 162
L 1 0

162 1944

[0 0

00

0001 f, 00

|00 0Ll ][00

0001 1o 00

0001 g 00

00

00

The elements A, B, U, V, M and | are
substituted into the stability matrix
M(z) =V +zB(M —zA)'U (19)
where M and | are identity matrix of
dimension 8 and 4 respectively, then
equation (19) is then substituted into the

stability function given as

O O O O O O o o

e

670544 0 0 10080 |
3901871 3901871
20891 15749 0
2832894 4406724
0 0 0 0
0 0 0 0
ol v ]
_ f y
f y
’ f (y) — n+1 , Y _ yn+1
n+2 yn+2
fa y 4
n+g n+g
f 8 y 8
n+5 n+—
L fn+3 a _yn+3 n
p(n, z) =det(nl —M(2)) (20)
Computing (20) gives the stability

polynomial f(z) and its derivative f'(z)
using Maple software. These are then
plotted in MATLAB (R2013a) environment

to produce the required region of absolute

stability of the method.

Imiz)

500 i i i i i

-400 -350 -200
Re(z)

-150

Figure 1: Region of the new, enhanced hybrid method's absolute stability. Figure 1 depicts the

area where the approaches are completely stable.

4. Numerical Examples
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Tables 1-5 demonstrate the results of using the developed method to solve linear and nonlinear
second order ordinary differential problems.

Problem 1.

m X

y =¢€,,

Exact solution is

y(x)=2+2x%+e*

y(0)=3, y'(0)=1, y"(0)=5, h=0.1

The absolute errors |ye - yc| obtained with the method for problem 1 is compared with that of

[8], 10-step and [15], 5-step and order of accuracy 8 and 9 respectively.

Table 1: Comparison of results for solving Problem 1 (h = 0.1)

X Yo A Ain Ainis) A inNewBM,
0.1 3.1251709180756477 3.1251709180756476 2.531308e-14 0.0000e-00 7.26456e-
18
0.2 3.3014027581601697 3.3014027581601699 1.612044e-13 2.8422e-13 2.03177e-
17
0.3 3.5298588075760033 3.5298588075760031 4.023448e-13 1.6729e-12 2.19073e-
17
0.4 3.8118246976412706 3.8118246976412702 7.536194e-13 2.9983e-11 1.10779e-
16
0.5 4.1487212707001282 4.1487212707001279 1.212364e-12 3.1673e-11 2.40794e-
16
0.6 4.5421188003905097 4.5421188003905085 1.780798e-12 9.1855e-11 4.94384e-
16
0.7 4.9937527074704775 4.9937527074704757 2.456702e-12 8.9511e-11 8.59898e-
16
0.8 5.5055409284924695 5.5055409284924663 2.212097e-11 1.9168e-10 1.32991e-
15
0.9 6.0796031111569526 6.0796031111569476 5.231993e-11 2.1110e-10 2.01568e-
15
1.0 6.7182818284590482 6.7182818284590423 8.860113e-11 4.9398e-10  2.90150e-
15

10—10,
_ 10—12,
%10—14,

10—16,

1 —— Error in [8]
0.0 02 04 06 08 1.0 Error in [15]
New BM

Grid-values

Figure 2. Comparison curve log,,(error)in existing methods with the proposed method in
Problem 1 with h=10", x €(0.1,1.0).
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Problem 2. y"=3sinx, y(0)=1, y'(0)=0, y"(0)=-2,h=0.1

2

X
Exact solution is Y(X) =3cos x+? -2

The absolute errors |ye - yc| obtained with the method for problem 2 is compared with that of
[16] and [17] 2-step and 8-step respectively.

Table 2: Comparison of results for solving Problem 2 (h = 0.1)

X Yy Ye A inpel  Ainpr A in New
BM,
0.1 0.9900124958340770  0.9900124958340773 4.1078e-15 2.2204e-16 2.549756e-18
0.2 0.9601997335237251  0.9601997335237249 1.6875e-14 4.4409e-16 6.752039e-18
0.3 0.9110094673768181  0.9110094673768180 5.0848e-14 1.3323e-15 1.093288e-17
0.4 0.8431829820086554  0.8431829820086552 1.1779e-13 3.8858e-15 4.262390e-17
0.5 0.7577476856711178  0.7577476856711181 2.4081e-13 9.2149e-15 8.702609e-17
0.6 0.6560068447290348  0.6560068447290347 4.3709e-13 1.8985e-14 2.126558e-17
0.7 0.5395265618534650  0.5395265618534649 7.3708e-13 3.4084e-14 4.079019e-16
0.8 0.4101201280414957 0.4101201280414956 1.1662e-12 5.7343e-14 6.668432e-16
0.9 0.2698299048119925  0.2698299048119923 1.7587e-12 9.0095e-14 1.096853e-15
1.0 0.1209069176044184  0.1209069176044175 2.5166e-12 1.3678e-13 1.683625e-15

10-12;

10-132
3 10'142
% 10-152
- 10-162

10-172

10-18; R é—'—E”O”“”G]

0.0 0.2 0.4 0.6 0.8 1.0 Error in [17]

Grid-values New BM
Figure 3. Comparison curve log,, (error) in existing methods with the proposed method in Problem 2

with h=10", x € (0.1,1.0) .
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Problem3. y”+4y'=x, y(0)=0, y'(0)=0, y"(0)=1, h=0.1

Exact solution is y(x) = %(1— COS 2X) + %xz

In this example, the results of the new method of order 8 are compared with those of [18].

Table 3: Comparison of results for solving Problem 3 (h = 0.1)

A in[18] Ain the New
b TS b TS BM
5.0 46 1.20e-10 5.0 46 6.44e-16
56 3.69e-11 56 2.19e-14
88 2.44e-12 88 2.35e-13
10.0 61 5.54e-09 10.0 61 1.68e-15
91 5.04e-10 91 5.10e-14
136 4.53e-11 136 3.44e-13
15.0 76 2.67e-08 15.0 76 2.85e-15
91 2.91e-09 91 9.50e-14
180 1.52e-10 180 1.24e-13
20.0 91 5.29¢-08 20.0 91 1.10e-14
129 6.54e-09 129 1.50e-13
204 4.19e-10 204 3.26e-12

1010 ‘ ‘ ‘ ‘ ]
10-11 \

T 10712}
[} i
=} -13 |
10-14 |
10715 -
50 60 70 80 —— Error in [18]
s New BM

Figure 4. Comparison curve log,,(error)in existing method with the proposed method in
Problem 3 with h=10".
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Problem 4. Y"+2y"—y' -2y =¢€", y(0)=1 y'(0)=2 y"(0)=0,h=0.1

Exact solution is y(x) = %(43eX +9e™* —16e7 + 6xex)

This example is solved using the new method of order 8. This can be seen in Table 4.

Table 4: Numerical solution for problem 4, k =3, p=8,h=0.1

X Yae Ye A
0.1 1.2008137983659488 1.2008137983659530 4.06850e-15
0.2 1.4063738319947532 1.4063738319947635 1.02746e-14
0.3 1.6211125663343329 1.6211125663343186 1.41049e-14
0.4 1.8492349517044135 1.8492349517043517 6.16797e-14
0.5 2.0948300925243477 2.0948300925242221 1.25670e-13
0.6 2.3619703731235764 2.3619703731233539 2.21776e-13
0.7 2.6548012251017639 2.6548012251014190 3.44204e-13
0.8 2.9776242436411247 2.9776242436406358 4.88114-e13
0.9 3.3349759807254564 3.3349759807247930 6.61704e-13
1.0 3.7317044453680683 3.7317044453672050 8.61546e-13
3.54
.
5257 —

1

Figure 5. Numerical finding of the new method on problem 4 with h=10"", x €[0,1] .

5

0.4

1
0.5

Step mze

I
0.6

0.7 0.8 0%

17

1.0

vcomputed




Problem 5. Y" =-6(y)*, y=-1, y)=-1 y'0)=-2 h=0.05

Exact solution is Y(X) =

(x-2)

This example is solved using the new method of order 8. This can be seen in Table 5.

Table 5: Numerical solution for Problem 5, k =3, p=8,h=0.1

X Yo Y, A t,(s)
1.05 -1.0526315789473684 -1.0526315789467432 6.20520e-12 0.021
1.10 -1.1111111111111112 -1.1111111111532876 4.21764e-11 0.025
1.15 -1.1764705882352944 -1.1764705886745383 4.39244e-10 0.029
1.20 -1.2500000000000002 -1.2500000003728135 3.72813e-10 0.030
1.25 -1.3333333333333337 -1.3333333337923525 4.59019e-10 0.030
1.30 -1.4285714285714290 -1.4285714243045637 7.33135e-10 0.033
1.35 -1.5384615384615392 -1.5384615361267500 2.33479e-09 0.033
140 -1.6666666666666676 -1.6666666635672367 3.09943e-09 0.033
1.45 -1.8181818181818195 -1.8181818196378920 1.45607e-09 0.034
1.50 -2.0000000000000018 -2.0000000047281456 4.72814e-09 0.034
v 1.5
s veomputed

3 0 W s

Figure 6. Solution obtained for problem 5 using the proposed method on Problem 5 with

h=10" x e[0,1.5].

Step size
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5. Conclusions

A new three-step four-point block method
for solving general third-order ordinary
differential equations directly has been
presented in this paper. To acquire the
hybrid the

points at y- function,

collocation and interpolation points were
chosen. The inclusion of several offstep
locations permitted the use of a linear
multistep technique to avoid the "zero
stability barrier” and the "problem
dependent barrier,” and as a result improved
the method's order of accuracy.

In comparison to Kuboye and Omar [8],
(2015), Awoyemi et al. [15](2014), Adoghe
and Omole [17] (2019), and Adeyeye and
[18](2019), the hybrid block

technique has shown improved accuracy

Omar

with fewer steps.

Furthermore, when compared to past higher-
order techniques, the unique hybrid block
strategy outperforms them. For further
comparisons, Tables 4 and 5 show the utility
of the new hybrid block strategy. When
compared to the existing approaches under
consideration, the results show that the
method is superior. As a result, this new
problem-independent method can be used to

numerically integrate general third-order

20

initial value problems involving ordinary

differential equations.
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