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COMMON FIXED POINT THEOREM FOR (¢, §)-MULTI-VALUED MAPPINGS
IN CONE b-METRIC SPACES OVER BANACH ALGEBRA

Abstract

In the present paper, we introduced the concept of generalized multi-valued contraction
mappings, via the class functions ® and W. Also we proved some fixed point results for (¢, &)-
multi-valued mappings on cone b-metric spaces over Banach algebra 2. The conditions for
existence and uniqueness of the fixed point are investigated. We give an example to support
our main result.
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1 Introduction

In 1922, Stefan Banach [3] proved a fixed point theorem for contractive mappings in
complete metric spaces. In 1969, Nadler [12] Introduce the concept of Multivalve function.
Later, Czerwik [5,6] initiate the concept of b-metrics which generalized usual metric spaces.
After his contribution, many results were presented in [B-generalized weak contractive
multifunction’s and b-metric spaces. In 2007, Huang et al. [10] introduced cone metric space
with normal cone, as a generalization of metric space. In 2012, Aydi et al [2]. Reformulate the
b-metric space. Many researcher work in this area of research of multivalued function and b-
metric spaces [1,4,7,8,9,15]. Liu and Xu [12] introduced the notion of cone metric space over
Banach algebras, replacing Banach spaces by Banach algebras as the underlying spaces of cone
metric space. They improved the fixed point theorems for (¢, &)-multi-valued mappings on
cone b-metric spaces over Banach algebra, via the class functions @ and V.

Let 2 be a real Banach algebra, i.e. 2 is a real Banach space in which an operation of
multiplication is defined, subject to the following properties:

Forall o,c,u eADER

) else) = (e9)s

(i)  e(s+¢e) =ec+oeand (¢ + Qe = e +¢g;

(i) d(eg) = (ae)s = a(bg);

@iv) llesli<lhollllgl.

We shall assume that the Banach algebra 2 has a unit, i.e., a multiplicative identity e

such that ep = ge = o for all o € UA. An element g € A is said to be invertible if there is an
inverse element ¢ € A such that o = ¢o = e. The inverse of g is denoted by o~1.
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Let A be a real Banach algebra with a unit e and o € 2. If the spectral radius p(o) of o
is less than 1, that is

1 1
p(@ =lim [l @"lln=inf [l "IN < 1
n—oo n=1

then e — o is invertible. Actually,

(e—07'= i Q;-
i=0

A subset 8 of 2 is called a cone of U if
i {0,e} c B,
. P2 = PP c P, PN (—P) = {63,
ii. PP+BPcPVDHLER,

For a given cone P < A, we define a partial ordering < with respect to B by o < ¢ if and only
if g— 0 € B; 0 < gwill stand for ¢ < g and g # ¢, while g < g stand for ¢ — o € int3, where
intP denotes the interior of PB. If intP + @, then P is called a solid cone. Write || . || as the
norm of 2. A cone P is called normal if there is a number 9t > 0 such that v o, ¢ € U, we have
f<e<sc=lleaoll=MIigl.

The least positive number satisfying above is called the normal constant of 3. Note that, for
any normal cone 8 we have 9t > 1.

In the following we suppose that 21 is a real Banach algebra with a unit e, 9B is a solid
cone and < with respect to .

2 Preliminaries
Lemma 2.1

(see [12]) If € is a real Banach space with a cone B and ifd < sbwithdb ePand 0 < § < 1,
thend = 6.

Lemma 2.2

(see [12]) If € is a real Banach space with a solid cone B and if 8 < u « ¢ for each 6 «< ¢,
thenu = 6.

Lemma 2.3

(see [12]) Let B be a cone in a Banach algebra 2l and K € ‘B be a given vector. Let {u,} be a
sequence in P. If Vg >0, 3N, du, K¢ Vn> PNy, then Ve, » 0, AN, 3 Ku, K
G Vn> mz.

Lemma 2.4.

(see [12]) If € is a real Banach space with a solid cone B and {o,,} < B is a sequence with ||
On I O(n = 0),thenV 8 < ¢, 3t € N3 n>Jwehave, o, K ci.e., {0} IS a c-sequence.
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Lemma 2.5

(see [14]) Let A be a Banach algebra with a unit e, 1, 7 € . If 4« commutes with 4, then
pti+7) < p)+p@), plig) < p(Dp(H).

Remark 2.6

(see [14]) If p(@) < 1,then|l o, Il 0asn — oo.

Definition 2.7

(see [11]) Let X be a non-empty set, w = 1 be a constant and 2l be a Banach algebra. A function
D,: X x X — U is said to be a cone b-metric provide that, for all g, g, € € X,

(d1) Dy(e,¢) = Oif andonlgif e = g;

(d2) Dyp(e,6) = Dyp(S 0);

(d3) Dp(e.€) < w[Dy(e,6) + Dy(s €]
A pair (X, Dy,) is called a cone b-metric space over Banach algebra 2.

Example 2.8.

Let A = C[d, &] be the set of continuous functions on the interval [d, &] with the supermom
norm. Define multiplication in the usual way. Then 2 is a Banach algebra with a unit 1. Set
P={oeWo(t) =>0,te[dbH]} and X =R. Defined a mapping D,:X XX - A by
D,(0,9)(1) = | — g|Pet V 0,6 € X, where p > 1 is a constant. This makes (X, D,,) into a cone
b-metric space over Banach algebra 2 with the coefficient b = 2P~1, but it is not a cone metric
space over Banach algebra since the triangle inequality is not satisfied.

Definition 2.9

(see [11]) Let (X, D;,) be a cone b-metric space over Banach algebra 2, o € X, let {o,} be a
sequence in X. Then
I. {0} converges to o whenever for every ¢ € A with 6 « c¢ there is natural number
1y 3 Dy (04, 0) K ¢,V 1 = ny. We denote this by lim g, = o.
n—>0o0
ii. {o.} is a Cauchy sequence whenever for every ¢ € 2 with 6 « ¢ there is natural

number ny, 3 Dy (0., 01p) K ¢,V 1, m > 1.
iii. {o, Dy} is complete cone b-metric if every Cauchy sequence in X is convergent.

Remark 2.10

(see [13]) Let (X, D,) be a cone b-metric space over Banach algebra 2 with the coefficient
w =1, denote
N(X) = {A: A is non emptg subset of X}and s(p) = {g € C:p < g} forq eV,
5(0,8) = Ugens(Dp(®d,4)) = Ugen{o € W Dy, (d, ) < @} ford € X and B € N(X).
For A, B € N(X) we denote (A, B) = (Nyer 5(0,B)) N (Ngegp s(f, A)).
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Remark 2.11

(see [13]) Let (X, Dy,) be a cone b-metric space over Banach algebra 2, with the coefficient
w=1. If A=R and P =R then (X,D,) is a metric spac. Moreover, for A, B €
CB(X), H (A, B) = infs(A, B) is the Housdorff distance induced by D,.

Definition 2.12

(see [13]) Let (X, D) be a cone b-metric space over Banach algebra 2. Amap 3: X — €B(X)
is said to be multi-valued contraction if 3 0 < s < 1 such that H (S, J5) < s D, (o, ¢), for all
0,GEX.

Lemma 2.13

(see [13]) If A,B € EB(X)and d € A, then for each € > 0, there exists 4 € B such that
Dy(d,6) < H(A,B) +e€.

Lemma 2.14

(see [11]) Let € be a real Banach space with a solid cone B
1) If dy,0,,053 € €and d; < D, K b3, then d; K d3.
2) Ifb; € Pand db; K b foreach by > 6, thend, = 6.

Lemma 2.15

(see [11]) Let B be a solid cone in a Banach algebra 2. Suppose thath € B and {p,} € Bisa
c-sequence. Then {ho,.} is a c-sequence.

Lemma 2.16

1
(see [11]) Let U be a Banach algebra with a unite e, € U, then lim || " [ exists and the
n—0o
spectral radius p(b) satisfies
1 1
p(p) = lim 119" Ifx = inf |l 5" |
If, then (6e — b) is invertible in A, moreover,
- w b
(66 - b) 1 = 21’:0 Sit1?

where § is a complex constant.
Definition 2.18

(see [07]) Let3J, £:X — X be a mappings on set X.
1) If w = Jo = Lo for some o € X, then g is called a coincidence point of 3 and £, and
w is called a point of coincidence of J and £.
2) The pair (J,2) is called weakly compatible if I and £ commute at all of their
coincidence points, that is, 320 = L3V 0 € C(J,8) = {0 € X : Jo = Lo}.

Lemma 2.19

(see [07]) Let 3 and £ be weakly compatible self-maps of a set X. If 3 and £ have a unique
point of coincidence w = Jp = Lo, then w is the unique common fixed point of J and L.

4
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3 MAIN RESULTS

We prove a unique fixed point for generalized (¢, &)- multi-valued mappings via the
class functions @ and ¥.

Lemma 3.1
Let A be a Banach algebra with a unite e, € ¥, if & is a complex constant and p(p) < |6],
then p((6e —Hh)™1) <

81— p(b)
Proof. Since p(h) < |4], it follows by lemma 2.16 that (§e — b) is invertible and
@e-p =32 L
Set w = Y2 06li1,w = Xi- 051+1’ then w, = w(n — ) and w, commutes with w V1. It

follows immediately from lemma 2.5 that
plwy) = plwy —w + w) < p(w — wy) + p(w) = pwy) — p(w) < p(w — wy),
p(w) = p(w —w; + w) < p(w —w,) + plw,) = p(w) - pw,) < plw— wy),
Which imply that
lp(wy) — p(W)] < plw — wp) Sl w —wy 12 plwy) = p(w)(n - o).
Thus again by lemma 2.5,
p((be—=p))=p ( 5?+1> p(w) = lim p(wy)

i—0

oo lmF 1
-&mZ 5 18] = p(o)’

Lemma 3.2

Let 2 be a Banach algebra with a unit e and 8 be a solid cone in 2. Lety € A and g,, = y". If
p(y) < 1, then {g,} is a c-sequence.

1 1
Proof. Since p(y) =lim | y" "< 1,then 37> 03 lim || y" [Ir < T < 1. Letting n be big
n—aoo n—>0o

enough, we obtain || y™ ||% < t, which implies that || y" lli <t"->0n-o).Solly"ll—-0,
i.e., Il oy = 0(n — o). Note that V ¢ >> 6, there is § > 0 such that

Ul,B) ={e€E:lg—cl<p}cP.
In view of || g, II= 0(n — ©0),3 9t 3 o, II< BV 1> N. Consequently, Il (c—o,) —cl=Il
o, I< B, thisloads to ¢ — o,, € U(¢, B) < B, that is, ¢ — g, € intP, thus g, K ¢V 1 > N.
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Definition 3.3

Let A be a Banach algebra and B = R¢ be a cone in A. A mapping §: B — P such that
1) & is non-decreasing and continuous;
2) lim §*(t) = 0 for all (t € PB),t > 0, where " stands for the nt" iterate of F;

3) &) <tforeacht> 0;
4) ) =06.

Definition 3.4

Let A be a Banach algebra and ¢ = R be a cone in 2. A mapping ¢: B — B such that:
1) ¢ is monotone non-decreasing and continuous i.e.,8 <t; <t, = ¢(t,) < ¢(t,);
2) {¢™"(1)} (t > 0) isa c-sequence in P;
3) If {u,}isac-sequence in B, then {¢p(u,)} is also a c-sequence in PB;
4) ¢(t) = Kt, for some (K € ), X > 0.

Theorem 3.5

Let (X, D,) be a cone b-metric space over Banach algebra I and B be a solid cone in 2 with
the coefficient w > 1. h; €P (i =1,2,..5,) be a generalized Lipschitz constant with
2wp(Hs) + (w + 1)p(hy + b, + w b3 + wh, ) < 2. Suppose that hs commutes with b; +
b, + w h3 + wh, and the mappings J, L : X - EB(X) be generalized multi-valued (¢, &)-
contraction mapping, satisfies that

D(H(I0,26)) < FPM Q) cevovrnn... (1.1)
where,
_ Dp(e30) Dp(6,L5) Dp(0.26) Dp(5,3Q)
M(o,5) =1, 14D, (0,30) + b, 14D (5,99) + bs 14D, (0.8 O) + b, 14D, (430) + 5D, (0,6)

Where, & € ¥, ¢ € ® such that vV o, € X. Moreover, if 3 and L are weakly compatible, then
J and L have a unique common fixed point.

Proof. Fix any o € X. Define g, = g and let o; € Joy, 0, € L0, suchthat 0,41 = JI02n,
02n+2 = L02n+1, DY lemma 2.13, we may choose g, € L9, such that

@(Dp(e1,02)) < 9(H (S0, Le1)) + (b1 + bs + wh3)

Dp(00,300) Dp(01,801) Dp(@o,L01)
ol o b1 1+Dp(00,.300) + b2 1+Dp(01,201) D3 1+Dp(00.801) \
< Dp(01,300)
(p(Db (1, Qz)) = +h, % + bs5Dp, (o, 01)
+(b; + b5 + whs) /
Dp(Q0,01) Dp(01,02) Dp(Q0,02)
/w b1 1+Dp(Qo,01) + D2 1+Dp(e1,02) +Ds 1+Dp(Q0,02) \
= ¢ Dp(01,01)
+by oy T bsDp, (o, 01)
+(H; + bs + wh3)

" <QD (leb (o, 01) + b2Dp (01, 02) + 3Dy (o, Qz)))
+94Dp (01, 01) + HsDp (o, 01)
+(b1 + bs + wh3)

<
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IA

H1Dp (@0, 1) + H2Dp(01,02)
Y| @ | +hzw [Dy(Qo, 01) + Dp(e1,02)]
+bsDp (o, 01) /
+(by + bs + wh3)

(b1 + wbs + bs) Dy (o, 01)
< v (fp ( +(b2 + wh3)Dp (01, 02) >>>
+(H1 + hs + wh3)

which implies that

(e =D — wb3)‘P(Db (01, Qz)) < <(b1 Ths Wby ((p(Db (2o, QlD)) (1.2)
+(by + bs + wh3)
Then,

(Dp(02,01)) < ¢( H(Le1,300)) + (b2 + bs + wh,)

b Dp(e1,801) +9 Dp(0,300) +9 _Dp(e1,3e0)
ne L 14Dp(01,201) | 72 14Dp(00300) | 73 1+Dp(1,300)
¢(Dp(02,01)) < | Dp(@ofer) /I

04 T teecery T D50 (01, 0)
\ +(b2 + hs + why)

b Dp(01,02) +9 Dp(Qo,01) +9 Dp(01,01)
. L14Dp(01,02) 72 14Dp(00,01) 3 1+Dp(01,01)
= | ¢ Dp(Q0,02) |

+b, TiDy(000s) + bs5Dp, (o, 01)

+(b2 + bs + why)

" ((p I)1Db(91 2) + b2D5(Q0, 01) + b3Dp (01, Q1)>>
94D (@0, @2) + HsDp (@0, 01)

+(Dz + bs + whs)

I)1Db(Q1 z2) + H2Dp (o, 01) \
@ +I)4(U [Dp, (o, 01) + Dp(01,02)]
+bsDp, (@0, 01) )

+(b2 + bs + why)

(p (bz + bs + wha) Dy (Qo, Q1)>>
= +(b1 + whs) Dy (@2, 01)
+(b2 + bs + why)

14

IA

which implies that

(e _ bl _ OUI)4)(P(Db (Qz; Ql)) < <(b2 + bS + (I.)I')4)l/) ((p(Db (QO' Ql)))) (13)
+(b2 + bs + why)
Adding inequalities (1.2) and (1.3), we obtain ¢ (D, (04, 02)) Where,

2hs + b1 + by

(2e = by — b, — whs — wh,)@(Dy(e1,02)) < (<+w s+ ) ¥ (#(PoCeo Qﬂ))) (1.4)
+(2hs + by + b, + 0 h3 + wh,)

Denote b, + b, + w b3 + wh, = b, then (1.4) yields that

(2e = B)p(Dy(01,02)) < (b5 + )9 (¢(Dy(0,01))) + (25 +b)  (L5)

Similarly, it can be shown that, there exists o, € J0;, 03 € £0, such that

7



UNDER PEER REVI EW

®(Dy(02,03)) < w(H(S01,802)) + (b2 + bs + wh,)?
b Dp(e1,301) +h Dp(02,802) +5 Dp(01,802)
L14Dp(e1,301) 72 14Dp(02,202) 72 1+Dp(01,202)

Y <p<
D ( ) ) < | Dp(02,301)
@(Dp (02, 03)) b4—1+Db(QZJQ) bsDp (01, 02)

+(b1 + bs + wh3)?

b Dp(01,02) +h Dp(02,03) +5 Dp(01,03)
vl o L14Dp(01,02) 72 14Dp(02003) = 3 14+Dp(01,03)
= | )

Dp(02,02)
I)‘l- 1+Db(Q Q ) bsDb(Ql’ QZ)

+(b; + bs + wh3)?

1p<p

leb(Ql 2) + b2Dp (2, 03) + b3Dp (01, 93)>>
+94D5 (02, 02) + bsDp (01, 02)

+(b1 + bs + wh3)?

I)1Db(Q1 2) + 2D, (02, 03) ) \

14

IA

) +I)3(U [Dp(@1,02) + Dp(Q2,03)] |
+b5Dp (01, 02)

+(b1 + bs + wh3)? /

(b1 + whs + bs) Dy (1, Qz))))

¢<p

< +(b2 + wh3)Dp (2, 03)

+(h1 +bs + wb3)

which implies that

(bl +bhs+w b3)21/) ((p(Db (QO' Ql)))) (16)

(e — by — wh3)e(Dy(e1, 02)) < (
+2(b1 +bs + 0)173)2

Then,

‘P(Db(Q3: Qz)) < fﬂ( H(QQZ;SQJ) + (b, +bs + wh,y)?
Dp(2,802) Dp(01,301) Dp(02,301) >

y (p(bl 1+Dp(02,202) + D2 1+Dp(01,301) D3 1+Dp(02,.301)
D ( ) ) < Dp(01,802)
¢ (Dy(e3,02)) k 04 o5 s + D5 Dy (2, €1)

+(b; + bs + why)?
b _Dp(e203) +5 Dp(01,02) +5 Dp(Q2,02)
" (p L14Dp(oz03) = 72 14Dp(e1.02) = 3 1+Dp(oz, Q2)>

_Dp(e1.03)
b‘l- 1+Db(Q ,03 ) bS b(QZ’ Ql)

k +(b2 + bs + why)?
” <q) I)1Db(92 3) + 52Dy (01, 02) + H3Dp (02, Qz))))

IA

+94Dp (01, 03) + H5Dp (02, 01)
+(b, + bs + why)?

I)1Db(Qz 03) + H2Dp (01, 02) \
Yl o +b4w [Dp(1,02) + Dp(@2,03)]

IA

+bsDp (@2, 01) )
+(b, + bs + why)?

8
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+(b1 + whs)Dy (02, 03)
+(b, + bs + why)?

(b2 + bs + why)Dp (@1, 2)
lp< ( 1,02 ))

which implies that

(e — b1 — wba)9(Dy (03, 05)) < ((bz +9s + b (o(Duleo, 91)))) (1.7)

+2(h, + b5 + why)?
Adding inequalities (1.6) and (1.3), we obtain ¢ (D, (04, 0,)) Where,

2b5 + by + b2
(26’ — b - bz)fﬂ(Db(Qz;Qs)) < (_:)5) 'I|)‘31)+ :fi) Y ((P(Db(QO'Ql))) (1.8)

—W )
b = s +2(2bs + by + b + wh; + wh,)>
Denote h; + b, + w b3 + wh, = b, then (1.8) yields that

(2e = ))p(Dy(21,02)) < (25 +5)% (9(Dy (00, 01)) ) + 2(2b5 + B> (1.9)
Continuing this process, we obtain by induction a sequence {o,} such that g,,,; €
302, Q2n+2 € £0zn41 SUCH that

(P(Db (Q2n+1/ QZn+2)) < (P(H(SQZn,EQZnH)) + (b2 + bs + why)*"*!

b Dp(Q2n,302n) +h Dp(02n+1,802n+1) Dp(Q2n.202n+1)
L 14Dp(02n.S02n) 2 14Dp(02n+1,802n+1) 3 14Dp(02n.202n4+1)

Ve +h, Dp(02n+1,302n)

1+Dp(e2n+1,302n)

+(0; + bs + wh,y)?" !

IA

+ bs5Dp (Q2ns Q2n+1) /l

b Dp(02n,02n+1) Dp(@2n+1,02n+2) +9 Dp(2n,02n+2)
l/) ® 11+Db(92n»92n+1) 21+Db(92n+1192n+2) 31+Db(92nr92n+2)

_ Dp(@2n+1,02n+1) + Hs5Dp (020, 02n+1) /l

+
Da 1+Dp(Q2n+1,02n+1)
+(bz + bs + why)*"*T

51D (Q2n, Q2n+1) + D205 (Q2n+1, Q2n+2)
Y| @| +h3w[Dy(Q2n, Q2n+1) + Db (Q2n+1, Q2n+2)] )

IA

+b5Dp (Q2ns Q2n+1)

+(b2 + bs + why)?H!

(1 + bs + wb3)Dp (@20, Q2n+1)
v <(p ( + (b2 + wh3) Dy (Q2n+1, Q2n+2) )>

+(b, + bs + why)?H

which implies that

(B + b5 + wh)yY ((P(Db (Q2n, 92n+1)))> (1.10)

(e — by — wh3)9(Dy(Q2n+1, Q2n42)) < < il
+(b2 + bs + why )"

Also,
(P(Db (Qzn+2s Q2n+1)) < @(H(L2n+1,I020)) + (b2 + bs + why)?™
b Dp(02n+1,802n+1) Dp(2n,302n) Dp(Q2n+1,302n)
vl o L 14Dp(02n+1.802n4+1) 2 14Dp(02n.302n) 3 14Dp(2n+1,302n)
< Dp(e2n.L02n+1)
+h, 1+ D5 (@an. 20omes) + bsDp (Q2n+1, Q2n) /
+(b2 + bs + why)*"
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Dp(Q2n,02n+2)
+I)4 1+Zb(292nr292:1-2+-2) + I)SDb (92n+1' QZn)
+(b2 +bs + wb4)2n+1

D1Dp(Q2n+1, Q2n+2) + D205 (Q2n, Q2n+1)
Y| @ +haw[Dp(2n, Q2n+1) + Dp(Q2n+1, Q2n+2)]

b Dp(Q2n+1,02n+2) +9 Dp(Q2n,02n+1) +9 Dp(Q2n+1,02n+1)
l/) ® 11+Db(92n+1'92n+2) 21+Db(92nr92n+1) 31+Db(92n+1’92n+1)

IA

+95Dp (Q2n+1, Q2n) /
+(b2 + bs + why) 2!

" (fp ((bz + b5 + wby) Dy (020, 92n+1)))>

+(b1 + whe) Dy (Q2n+1, Q2n+2)
+(b2 + bs + why)*"

(bz + b5 + (1)[)4,)1,0 ((P(Db (QZTU QZTL+1)))) (111)

(e —b, + wb4)(ﬂ(Db(QZn+2' QZn+1)) = ( 2n+1
+(bz + bs + why)*"*

Add up (1.10) and (1.11) yields that

e 2hs + by + b,
(36(1)1) bl_ wgz) @(Dp(Q2n+1,Q2ns2)) < ( Fwhs + why )1/1 (QU(Db ez an+1))) (1.12)
3 4 +(2bs + by + b, + whs + wh,) !

Denote h; + b, + w b3 + wh, = b, then (1.12) yields that

(26 _ b)(p(Db (an+1, an+2)) < ((st + b)lp ((p(Db (QZn' QZn+1)))> (113)
+(2bs + >+t

Therefore,
®(Dp(n,0n+1)) < @(H(S0n-1,20,)) + (2bs + by + b, + whs + wh,)"

2hs + b, + bz) " ((p(Db (Qn-1, Qn)))> w1
1.14

(oo ans) #Os(emna) < < (hins a()lz)gs by’

+wh; + why
Denote h; + b, + w b3 + wh, = b, then (1.14) yields that

(2e = ))@(Dy(@n @ne1)) < (25 +5) (@(Dy(@nors00)) ) + (2b5 + H)"  (1.15)
Note that
2p(h) < (w+1)p(H) < 2wp(hs) + (w+1)p(h) < 2
p(h) <1 < 2, then by lemma 2.16 it follows that (2e — b) is invertible. Furthermore,

RN
(26 - b) t= L 2i+1
By multiplying in both sides of (2.15) by (2e — )1, we get
2e —h)71(2 Dy (01, 0n
(Do aner)) < (( R (2(DsCen-1.0 )))) (L16)
+(2e — )7 (2hs + H)"
Lety = (2e — )~ 1(2hs + b), then by (1.16) we get
@(Dp(2n s 2n+1)) < P P(Dp(Qn-1,22))) +¥"

<y (V‘P(Db(Qn—z : Qn—l))) +2y"

10
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=1 (V2<p(Db(Qn_z. Qn—l))) +2y"

<y (o(Ds (0, 21))) + mp™

Since b commutes with b, it follows that

(2e — )" (20s +5) = (E20557) (2bs + )

=2 ( i=0 2?+1) bs + (Zl 0 2“’1)
= 2[) (Zl 0 21+1) + b (21 0 2?:1)

= (295 +9) (Z2030) = (205 +D)2e =)
then, (2e — h) ! commutes with (25 + §). Note by Lemma 2.5 and Lemma 3.1 that
p() = p((2bs +H)(2e —p) ™)
< p((Ze -5 p((2bs + b))
[2p(Hs) + p(B)]

= oo [2P0s) + p(b1 + by + @ bs + why)]

<=, [since 20p(hs) + (@ + 1) (p(01) + p(h2) + @ p(h3) + w p(bs)) < 2]
which establishes that (e — wy) is invertible and || y™ [l- 0(m — o0). Hence, forany m > 1,
p=1landy € B with p(y) < % we have that

¢ (Db(QmJ Qm+p)) < 1/)(¢w [Db (@msQm+1) + Dy (Qm+1' Qm+p)])
< (0 ane) +o (0] 00
/w¢(¢Db (em) Qm+1)) + w2¢(¢Db (Qm+1s Qm+2))
+w3¢(¢Db (Qm+2s Qm+3)) + e
= L +0" 9 (@ Dy (Qmro-2 Q1))
+‘Up_1¢ (¢Db (Qm+p—1' Qm+yp ))
me¢(¢Db (Qo, Q1)) + wzym+1¢(¢Db (Qo, 91))
+w3y ™ 2P (pDy (o, 01)) + - w
+wP Y™ P2 (9D, (o, 01)) /
+wPy™ 1Y (PpDy (o, 01))
= wy™[e + wy + w?y? + -+ (W) 1Y (PDy (o, 1))
< wy™(e — wV)_1¢(¢Db (Qo» Q1))-
In view, Il wy™p(¢pDy(eo,0)) I<Il wy™ Il Y(¢pDy (o, 01)) 1= 0 (m — 00), by lemma
2.4, we have {wy™p(dD, (0o, 01))} is a c-sequence. Next by using Lemma 3.2 and lemma

2.15, we conclude that {o,,} is a Cauchy sequence. Since (X, D;) is complete, there exists s €
X such that o,, — s. We shall prove that s is a common fixed point of 3 and £.

@(Dy(5,39)) < Y(p(w [Dy(5 02n+1) + Dp(Q2n+1,39)])

11
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< lp((p(w [Dp (5, 02n+1) + H(Q2n+1s 35)]))
@(Dy(5,25)) < Y(@(w [Dy (s, 02n+1) + Dp(Q2n+1,29)D))  (1.17)
< lp((P(w [Dp (5, Q2n+1) + H(Qz2n QS)]))

Where,
Dp(2n,3021) Dp(s,8s)
bi————————+0h
14+Dp(2n,302n) 1+Dp(s,85)
(p(}f(QZn; 35)) < 1/) @ (_'_b Dp(027,85) + b Dp(53020) + b D ( ) (118)
314D (0ants) | O T4Dp(sezn) | 00 V027

Using (1.18) in (1.17) and letting as n — oo, we obtain,
(D (5,89)) < Y (¢(w Dp(s,9))

Dp(s,5) Dp(5,85) Dy (5,85)
< lp ol w I)l 1+Dp(s5,9) T bz 1+Dp(5,89) + b3 14+Dp(5,89)
- +By 22 1 D) (s, 9)

1+Dp(5,5)
— lp <(p ((1) [leb(S, 5) + szb(S, ‘85) + b3Db(5'Q’S) >>

+94Dp(5,5) + hsDy (5,5)
= P(p(@ [5,D5(5,25) + 3Dy (5, 25)]))
<9 (p(w (b +53)D, (5,29)))
Which implies that
Y(¢pDy(s,25)) <0
Then by Lemma 2.2, we deduce that (¢ D, (s, 85)) = 0, that is 8(s) = s. Similarly, 3(s) = s.

Hence J3s = 8s =1. In the following we shall prove £ and 3 have a unique point of
coincidence. Such that s # s* then from (1.1) we have

@(Dp(5,59) < @(H(Is5,85))

Dy (s,J9) D, (5", 8s%) Dy (s, 8s")
<y 11+Db(s,Ss)+ 21+Db(s*,535*)+ 31+Db(s,535*)\
- D, (s*,3s) i

+b4m + 95Dy (5,5%) /

b1Dp(5,38) + h2Dy, (5%, 85™) + h3Dp (5, L")
=¥ <<p ( +9,D5,(5",33) + hsDy(s,5%) >>
<9 (p(5aDy(5,5) + 4Dy (5,5) + Dy (5,5)))
= (b3 + by + bs)¢(¢Db (s, 5*))
Set (b3 + by + bs) = ¢, then it follows that
(p(Db(SJ 5*)) < le ((p(Db(S' S*))) <o =< fnlll ((p(Db(S' 5*))) (119)
Because of

2p(bs) + 2p(h) < 2wp(bhs) + (w + 1)p(h) < 2,
It follows that p(hs) + p(H) < 1. Since hs commutes with b, then by Lemma 2.5,

p(hs +5) < p(hs) +p(h) < 1.

12
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Accordingly, by Lemma 2.5, we speculate that {(hs + H)"} is a c-sequence. Noticing that
{ <bhs+hleadsto (™ < (hs + b)", we claim that {¢™} is a c-sequence. Consequently, in view
(1.19), it easy to see (D, (5,5%)) = 0, thatis s = 5",

Finally, if (T, 2) is weakly compatible, then Lemma 2.19, we claim that £ and J have
a unique common fixed point.

Corollary.3.6

Let (X, D,) be a cone b-metric space over Banach algebra 2 and B be a solid cone in 2 with
the coefficient w > 1. h; € P (i =1,2,..4,) be a generalized Lipschitz constant with
2wp(hy) + (w + Dp(h; + w h, + wh3 ) < 2. Suppose that b, commutes with b, + w b, +
wbh; and the mappings 3,8 : X - CB(X) be generalized multi-valued (¢, §)-contraction
mapping, satisfies that

P(H (I, £9)) < Fp(M (2, 9))
where,

— Dp(@,30) Dp(0,25) Dp(5,30)
M(Q! Q) - bl 1+Db(Q;SQ) + bz 1+Db(Q:£ g) + b3 1+Db(§,SQ) + b4Db (QI g)

Where, & € ¥, ¢ € ® suchthat vV o, € X. Moreover, if 3 and £ are weakly compatible, then
J and £ have a unique common fixed point.

Proof. Choose h; = b3 = b, = b = hand h, = 0 in theorem 3.5, the proof is valid.
Corollary.3.7

Let (X, D,) be a cone b-metric space over Banach algebra I and B be a solid cone in 2 with
the coefficient w > 1. 5H; € B (i =1, 2,...4,) be a generalized nonnegative real constant with
2w(hy) + (W +1)(H; + w b, + wh3 ) < 2. Let mappings J, L : X — EB(X) be generalized
multi-valued (¢, &)-contraction mapping, satisfies that

P(H(3e,29)) < F(P(H1Dy(0,I0) +b2Dp (0, £5) + h3Dy, (5, I0) +baDp (e, )
Where, § € ¥, ¢ € ® suchthat vV g, € X. Moreover, if J and £ are weakly compatible, then
J and £ have a unique common fixed point.

Proof. Taking by, b3, b, bs € R* in theorem 3.5, we obtain the desired result.
Corollary.3.8

Let (X, D,) be a cone b-metric space over Banach algebra 2 and B be a solid cone in 2l with
1

w2+’
that the mappings 3, £ : X — €B(X) be generalized multi-valued (¢, &)-contraction mapping,
satisfies that

the coefficient w > 1. H; € B be a generalized Lipschitz constant with p(h) < Suppose

P(H (30, L5)) < F(D®(Dy (0, L9) + Dy (5,30))
Where, § € ¥, ¢ € ® such that vV o, € X. Moreover, if 3 and & are weakly compatible, then
J and L have a unique common fixed point.

Proof. Putting h; = b, = h; = 0 and h; = b, = b in theorem 3.5, we complete the proof.

13



UNDER PEER REVI EW

Example 3.9

Let X =[0,1] and U be the set of all real valued functions on X which also have continuous
derivatives on X with the norm || @ lI=Il @ Il +Il @' Il and the usual multiplication. Let B{o €
A :(t) =0,t € X}. Itis clear that P is a non normal cone and 2 is a Banach algebra with a
unit e = 1. Define a mapping D,: X X X — A by

Dy (2, 9)() = @ — /%€
We make a conclusion that (X, D;) is a complete cone b-metric space over Banach algebra 2
with the coefficient w = 2. Now define the mappings 3, £: X — X by

~ e

3@=5 2=
Taking b; = % + %t,bz = % + itand b =bh, = 0,5 = % + %t. Show that all conditions of
Theorem 3.5 are satisfied. Theorem, 0 is the unique common fixed point of ¥ and £.

N[

Example 3.10

Let X = [0,1]. Define a function Dy: X x X - A by D, (o,5) = |e — g|. Clearly, (X,D;) is a
complete cone b-metric space over Banach algebra 2 with coefficient ~ w = 2. Now define
Y:P - P byy()=tforall t > 0. Then p € W. Also define ¢:B - B by ¢(t) = Kt for
all t > 0. Then v is a continuous comparison function.

Define the mapping 3, 2: X — EB(X) by 3(e) = ¢ , 2(c) = > forall ¢, € X. Then,
¢(H(I0,L6)) < FP(M(2,9))

where,
_ Dp(0,30) Dp(5,86) Dp(0,8¢) Dp(5,30)
M(o,6) =b; —1+Db(g.SQ) + b, —1+Db(§ a0 + b3 —1+D ©L0 + by 14D (cS0) L (650) + 5Dy (0, )
lo—30| [s—Lq] [o—Lg|
by + b, + 03—
~ 1+|e—3J¢| 1+[g—Lg| 1+[e—Lg|
P(H(Se L)) <y| ¢ o=l
+bh, 14—l + hsle — gl

S S
Mg g g
Al -l

R sl

sw( Ie—cl

<y zle—cl

S%IQ—§| for 0<u<1
<E Mg =L ¢(M(a )

< P(eM(e %)

Chooseh; =h, =h3 =0, =0, = é Note that 3 and £ commute at the coincidence point

o = 0. The pair (3, 2) is weakly compatible, it is easy to see that all the conditions of theorem
3.5 holds trivially good and 0 is the unique common fixed point of J and L.

14
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