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Number of Digits in Fractional Part of Arithmetic Operations of
Two Terminating Decimals

Abstract

By Defining the valid digits and the standard fraction form of a terminating decimal, this paper makes an
investigation on the number of digits in the fractional part of addition, subtraction, and multiplication of two
terminating decimals. It is proved that the number of the valid digits in the fractional part of addition or
subtraction of two terminating decimals does not exceed the maximal number of the valid digits of the two
operands while that of multiplication does not exceed the total of the two. Several theorems are proved in
detail mathematical deductions and a potential application is exhibited in integer factorization. The results in
the paper are helpful to understand the change of the number of digits in the related arithmetic operations.
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1 Introduction

Fractions and decimal numbers (or decimals) have been impressed in our minds ever since
primary school time. We have many times exercised their operations of addition, subtraction,
multiplication, and division; we also have known that a terminating decimal can be converted
into a fraction. Everyone is surely able to do arithmetic calculations very well. For example, we
can easily calculate the multiplication of two terminating decimals, x = 1.23 and y = 4.56789 ,
to obtain the product x-y = 5.6185047. Likewise, it is easy to multiply u = 1.24 with v = 4.56785
to obtain u-v = 5.6641340. However, few have noticed and cared about the difference between
the fractional parts of = - y and « - v in their forms of decimal fractions. Although the fractional
parts of xz - y and u - v have the same number of digits, 7 digits, their decimal fractions are
6185047 _ 6185047 44 6641340 _ 664134

10000000 = ~ 107 To000000 = 100+ respectively, showing that the rightmost digit of the
664134

fraction number 8185047 is at the ten-millionths place while that of the fraction number 2245

is at the millionths place. Note that the fractional parts of = and « contain the same number
of digits, 2 digits, and those of y and v also contain the same number of digits, 5 digits; it is
natural to raise a question: in what case do the fractional parts of the products = -y and u - v
have the same number of digits? Related to this question, there is another torn question: if
the number of digits in the fractional part of multiplication x - y is known, how are those with x
and y? For example, let z - y = 29.3159144; is there a way to determine the number of digits in
the fractional parts of = and y. Looking through kinds of literatures | can access, | have found
no answer to the questions nor a report related to the questions. Consequently, | have to do
the investigation myself. This paper presents the answers to the questions.

The paper consists of five sections. Except for this introductory section, section 2 gives
preliminaries including notations and definitions, section 3 shows the main results, section 4
proposes an application to integer factorization, and the last section presents the conclusions
as well as expectations.

2 Preliminaries

This section presents necessary definitions and fundamental knowledge for later investigation.
Subsections 2.1 and 2.2 demonstrate classical knowledge and notations, subsection 2.3 gives
new concepts and notations.

2.1 Classical Knowledge

The classical knowledge of this paper is related to the decimal, terminating decimal and
decimal fractions, mainly introduced in textbooks of primary schools and their aided-teaching
materials or websites. As fundamental mathematical tools, the floor function and the fractional
part function are also necessary for this paper to express the integer part, ie.,the whole
number, and the fractional part of a decimal. For reader’s convenience, we here list some
sources taken from certain professional books, school textbooks, and websites.
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1. Description, concept, and definition of the decimal number and terminating decimal can
be seen in books[1],[2],[3],[4], and web pages [5],[6],[7],[8].

2. Description, concept, and definition of the decimal fraction can be seen in books
[2],[3],[4], and web pages [9],[10].

3. Equivalence and conversation of a terminating decimal to a decimal fraction can be
seen in book [2] and web page [11].

4. The definition of trailing zeros can be seen on the web page [12].

5. The floor function, fractional part function and their properties are introduced in [13],[14],
and [15].

2.2 Classical Symbols

In this whole paper, symbol A = B means statement A can derive out statement B. Symbol
xrr.aias...a, Means a terminating decimal with x; being the whole number and 0.a1as...a,
being the fractional part. Symbols |z| and [z] are respectively the floor and ceil functions
suchthatz —1 < |z] <z < [z] <z+1lorx = |[z] +{z} = [z] — 1+ {z}, where {z} is the
fractional part of z.

2.3 New Definitions and Notations

Definition 1. The valid digits of a terminating decimal ¢ mean the digits of ¢ without trailing
zeros. The valid digits of the fractional part of a terminating decimal are the digits after the
decimal point and without the trailing zeros.

For example, the valid digits of 2.1400 are 2, 1, and 4 while those of the fractional part are
1 and 4, ignoring two digits 00.

For the purpose of this paper, use symbol D¢(t) to denote the number of valid digits in the
fractional part of t. Hence by Definition 1,

D(2.1400) = 2

It is sure that Ds(t) = 0 if ¢ is an integer; otherwise, Df(t) > 0. Now consider a real
number x that is expressed by
v = |z] +{z} (2.1)

If {x} is a terminating decimal, it is equivalent to a decimal fraction and can be converted

to the form of i
=2z 2.2
{e} = 1 (2.2)
where o = D¢({z}) and 0 < d, < 10* are integers.
By such means and letting x; = |z], = can be expressed in the form

da
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Note that, « = Dy({z}) and {z} = 1%@ imply d, # 0( mod 10) since otherwise a contradiction
a # D¢({z}) is led to. For example, in terminating decimal 2.14 , {z} = 0.14 and D¢ ({z}) = 2.
If the restriction Dy({z}) = 2 is ignored, {4 might take 1%, 149 or an arbitrary equivalent
decimal fraction of 0.14 while actually only % is the perfect choice.
Definition 2. For a given terminating decimal =, under the restriction of (2.2), expression (2.3)
is called the standard fraction form of z. In another word, expression (2.3) is the standard
fraction form of x provided that integers z;, d, and « satisfy z; = [z, « = Ds(x) > 0,
d; # 0(mod10), and 0 < d, < 107,

From now on, the terms decimal fraction and terminating decimal are used without distinction
if they are of the standard fraction form unless specially mentioned.

3 Main Results

Let z and y be decimal fractions; then z &+ y and z - y of course lead to decimal fractions. We
obtain several results on the number of digits in the fractional part of z +y and « - y, as shown
in the following subsections.

3.1 Fundamental Properties

Lemma 1. Let x be a terminating decimal with standard fraction form = = z; + ff)—za; then

Dd(x) = Q.
Proof. The lemma is directly derived from (2) and what is said in Definition 2.
O

Lemma 2. Given an integer « > 0 and a terminating decimal z = 10%¢g + r, where ¢ > 0 is an
integer and 0 < r < 10% is a terminating decimal; then D(x) = Dy (r).

Proof. z = 10%¢ +r = 1j= = ¢+ 15=- By definition of the floor function and the fractional part
function, {{g=} = {1g=}, which says Dy(x) = Dy(r).

]

Lemma 3. Given an integer a > 0; then the inequality 0 < Dy (y5=) < a holds for an arbitrary
nonnegative integer z. If z # 0(mod10), D¢(1f=) = o
Proof. Consider two cases, a = 0 and « > 0. For the case a = 0, 2’s being an integer yields
10e = ¢ = Dy(x) = 0 = «, establishing the lemma.

The case a > 0 is also considered by two cases, x+ = 0(mod10%) and = # 0(mod10%).
The case z = 0(mod10) surely yields Dy (15=) = 0 for an arbitrary o > 0.

For the case = # 0(mod10%), let x = 10%¢ + r,where ¢ and r are integers satisfying ¢ > 0
and 0 < r < 10%; then by Lemma 2, it holds

T T

Df(mia):Df(ﬁ)
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This time, we still have to consider two cases. One is that r # 0(mod 10) ; the other is that,
there exists an integer o such that 0 < o < a, r = 0(mod10?) and r # 0(mod10°*1). The first
case obviously yields Dy (15=) = o by Lemma 1. The second case yields » = 107 s with s being
a positive integer and s # 0(mod10). Hence Dy (qga) = Dy(15a==). Note that, 0 < r < 10¢
leads to 0 < s < 10*77. By Lemma 1 this follows D(;55=) = a — o < a. Accordingly, the
inequality 0 < Dy (54=) < a holds and D (75=) = « in the case = # 0(mod10).

O

Lemma 4. Given an integer o > 0; then D(55) = « for an arbitrary positive odd integer .

Proof. Consider two cases, a = 0 and a > 0. The case a = 0 yields that 5% is an integer and
D¢(55) = 0 = a. Next use mathematical induction on « for the case o > 0. When a =1,
by (P31) in [13] it holds 5% = |45 | + 5 = Ds(35) = 1 = o. Assume Dy (%) = k for positive
integer k; it follows 5 = z7.a1a2...a,_15, where 0 < a; <9,1<i<k—-landz; = LQ%J Then

T zr  0.a1a0...a,_15 x5 0.a1090...01_1
igii,::72,+,444447§44444,::7§f+f444442?—44474—0.0”.025
k—1

This time, if z; is even, it follows

0. Qe 0. Qe
7213_1 — %_‘_w+0‘w25ipﬂ%+o‘omo25> — k1

and x; being odd yields

T zr  0O.a1a0...ap_1 0.a1a9...ak_1

T =g Ty 10.0.025 = D05+ 5 4+0.0..025) =k + 1
k—1 k-1

Consequently, D(557) = k + 1 and the proof is established.
O

Lemmas5. Let x = x; + g—g be a terminating decimal, where 0 < z; = |z], « > 0 are integers
and 1 < d, < 2%is an odd integer ; then Ds(x) = .
Proof. Converting = to the standard fraction form leads to

5%y
10

xr=x5+

Since d, is odd, 5%d, is also odd, showing 5%d, # 0(mod10). Meanwhile 1 < d, < 2¢
yields 5% < 5%d, < 10*. By Lemmas 1 and 3, it holds that D;(z) = .
O
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3.2 Arithmetic Operational Properties

Theorem 1. Let x = z; + loa and y = yr + be standard fraction forms of two decimal

fractions; then

1013
Dy(z % y) < max(a, )
Proof. Without loss of generality , consider two cases, a > 3 and a = (3. Since =

1oa
0.a1as...a, and dy _ 0.b1bs...bg, it follows
108 B

d dy
:ciy:x[iy[—i—ﬁiloﬁ x; £yr +0.a1a2...aq £ 0.01b2...bg

Let S = L +

105> then for the case o > §, it is known that

S = 0.8182...85(15_,.1...6@

where 0 < s; < 9,1 <7< 6.
Hence
D¢(z+y) =«

For the case o = (3, it holds that
S = 0.8182...85

If there are trailing zeros in S, Ds(x £ y) < «; otherwise D¢(x = y) = . Consequently,
each case leads to Dy (r & y) < max(a, j3).
U
Theorem 2. Let z = z; + & and y = y; + - be standard fraction forms of two decimal
fractions; then

1013
0< Dy(zy) <a+p
Proof. Direct calculations yield

x[dy y[dx d$ dy
108 10> 10vt8

Ty = TrYyr + (3.1)

By Lemma 3, 0 < Df(x’ody) B, 0 < (%Cff) < aand 0 < Df(l‘f)’gcfﬁ’ﬁ) < a+ B, By
Theorem 1 it is immediately known that

0< Dy¢(zy) <a+p
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Example 1. Take x = 0.125 and y = 0.8;then D¢(z) = 3,D¢(y) = 1. Check zy = 0.1 =
D¢(xy) = 1 and validate 0 < D¢(xy) < 4.

Example 2. Take = 1.25 and y = 2.4;then D(z) = 2,D¢(y) = 1. Check 2y = 3 = Dy(zy) =
0 and validate 0 < Dy(xy) < 3.

Example 3. Take x = 2.125 and y = 3.8;then D(z) = 3,D¢(y) = 1. Check zy = 8.075 =
Dy¢(xy) = 3 and validate 0 < Dy(xy) < 4.

Example 4. Take » = 2.17865 and y = 13.456;then D¢(x) = 5,Df(y) = 3. Check zy =
29.3159144 = Dy (zy) = 7 and validate 0 < Dy(zy) < 8.

Example 5. Take z = 2.17867 and y = 13.456;then Ds(x) = 5,Df(y) = 3. Check zy =
29.31618352 = D;(zy) = 8 and validate 0 < D(zy) < 8.

Theorem 3. Letz = x1+§l—2 andy = y1+‘2’l—§ be two terminating decimals, where 0 < z; = |z ],
0<yr=|yl,0<a,0<pareintegers, d, and d, are odd integers satisfying 1 < d, < 2“ and
1 < dy < 27;then

0< Dy(zy) <a+p

Proof. Converting x and y to their standard fraction forms yields

| 5%, | 5%,

r =X =T

I 9aga = M1 T
5y 5

Yy=Uyr gana Yyr 102

Then it follows
N 54, oy e 598d,d,
Ty =X X
Y Y1 I 10° yr 10° 10048

By Theorem 2, this immediately leads to

0< Dy(zy) <a+p

O
Example 6. Take = = 2.4375 = 2+ .5 and y = 13.5390625 = 13 + $2; then Dy (z) = 4,D4(y) =
7. Check xy = 33.00146484375 = D¢(xy) = 11 and validate 0 < Dy (xy) < 11.

3.3 More Other Properties

Theorem 4. Let x and y be two terminating decimals; assume \ = % is also a terminal decimal
satisfying 1 < A <2and 0 < Dy(X\) = 1;then

Dy(x) < Dy(y) < Dy(z) +1
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Proof. Without loss of generality, let = = z; + {& be the standard fraction form of = and

A=1+ % with 0 < d) < 10 being an integer. First consider d, # 0; it follows Df(z) = « and

oy dy  dady
o N 3.2
y=Ar =+ =0+ 100 T pert (3.2)

Note that, by Lemma 2,0 < Dy(%21) < 1, Dy(%) = e and 0 < Dp(:2%) < a + 1.

Obviously, if dyd, # 0(mod 10), Dy(:24%) = a+1 = Dy(y) = a+1. If dyd, = 0(mod 10), due
to d, # 0(mod10) it must hold that d, = 2%s or d,, = 5%t with s and ¢ being odd integers, a > 0
and b > 0 being integers.

If d, = 2%, it yields

Dr(gerr) _{ a+1,dy#5

If d, = 5, it follows

Oz—2,d)\ =38
dady ) a—1,dy =4,
Dr({gavt) =\ a,dy = 2,6

a+1,d,1,3,5,7,9
Note that, when d, = 0 = Dy(x) = 0,equality (3.2) turns to be

dyxy
10

y=Ar=x5+

showing 0 < Dy(y) < 1.
Overall, it holds
Dy(z) < Dy(y) < Dy(z) +1

0

Corollary 1. Let = and y be two terminating decimals and £ = 2; then

Dy(z) =1 < Dy(y) < Dy(x)

Proof. Let z = z/ + {4
it follows

be the standard fraction form of x; then d, = 0 = Dy(y) = D¢(x) and

2d,
Yy = 2r = 2.73[ -+ W
saying
[ a—1,d, = 0(mod5)
Dyly) = { a,  dy = /0(modb)

That is Df(x) —1< Df(y) < Df(l‘)
g
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Corollary 2. Let 2 and y be odd positive integers; then for an arbitrary integer o > 0, it holds

2
Proof. The case o = 0 yields Dy(55) = Dy(5%) = 5D(55%) = 0. When o > 0, by Lemma 4,
Dy(5%) = Dy(55) = o and Df(Q—y) = 2a, saying Ds(5%) = Dy(s%) = 1Df(ﬂa).
O

Theorem 5. Let z , yo be odd positive integers and « > 0 be a given integer. Assume z and
y are terminating decimals originated from z = 5§ and y = gg, where 8 > 0 is an integer ;
then

Dy¢(ry) =20 & B =«

Proof. The relationship 5 = a = D¢(zy) = 2« is what Corollary 2 declaims. Now by Lemma
4, D¢(x) = o, Dy(y) = B and D¢(zy) = a + . This immediately yields

D¢(zy) =2a= B =«

4 A Potential Application

Given a composite odd integer ¢ = zy, where x and y are odd integers; by Corollary 2 and

Theorem 5, = or y can be found by converting c to be of the form ¢ = 55 ,where a > 0 is

an integer because ¢ must be a multiplication of two terminating decimals, « and v, such that
\QQ, v > \/ and Dy(u) = D¢(v) = a. Finding out u that satisfies Dy(u) = o and (2%u)|c

can accompllsh the factorization of c¢. The following examples show a demonstration to such

a method.

Example 7. Let ¢ = 4171. Then 57 = 260.6875 =4 - 55. Since % = 16.14581989, it is found

that u = 11.25 satisfies 22u = 43 to be a divisor of 4171.

Example 8. Let ¢ = 65869 . Then 5z = 1029.203125 =55 - 3. Since Y& — 32.08119581, it is

23
found that « = 24.875 satisfies 23u = 199 to be a divisor of 65869.

5 Conclusions and Future Work

Knowing the relationship dealing with the number of digits in the result of an arithmetic operation
and in the operands joining the operation is helpful for knowing the numbers related to the
operation. The study of this issue is meaningful and valuable in the case that a multiplication
is known while the operands forming the multiplication are not known. | proved in paper [16]
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that the two divisors of an RSA number must be of the same decimal digits via such studies.
That is useful to exclude the candidates with different decimal digits in solving the problem of
factoring the RSA numbers. Theorem 5 of this paper, tells us that, for a terminate decimal
t = 5%, the two factors of ¢ must be of the same number of the valid digits in their fractional
parts. This also can help us to exclude the candidates with different number of the valid digits
in their fractional parts in finding the factors of ¢. Either paper [16] or this paper reaches
the same point though the two papers focus on different kinds of numbers. The potential
application introduced in section 4 might break out a new way for integer factorization, which
forms our future work. Hope more younger people to concern it.
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