E-Contraction in Controlled Metric Spaces

ABSTRACT

The goal of this study is to prove a fixed-point theorem for E-contraction in a completely
controlled metric space. Many previous findings in the literature are extended/generalized by

our findings. We also present examples that demonstrate the utility of these findings.
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1. Introduction and Preliminaries

The notion of E-contraction was introduced by Fulga and Proca [29]. Later, this concept has
been improved by several authors, e.g., [30-32].

Dassand Gupta [26] established first fixed point theorem for rational contractive type
conditions in metric space.

Theorem 1.1 (see [26]). Let (Y, d) be a complete metric space, and let 7:Y — Y be a self-
mapping. If there exist a, § € [0, 1) with @ + < 1 such that

[1 4+ d(&FE)]dw,TVv)

d(T¢,Tv) < ad(é,v) + B 1+d(&w)

(1.1)

forall ,v € Y, then 7" has-a.unique fixed point £* € Y.

Nazamet al. [27] proved a real generalization of Dass-Gupta fixed point theorem in the frame
work of dualistic partial metric spaces.

Czerwik [1] reintroduced a new class of generalized metric spaces, called as b-metric spaces,
as generalizations of metric spaces.

Definition 1 (see [1]) Let Y be a nonempty set and s > 1. A function d,,:Y x Y — [0, ) is
said to be'a b =metric if for all £,v,w €Y,

(b1).d,(¢,v) =0iffé =v

(02).d, (&, v) =d,(v,&)forallé,vey

(b3).dp (§, w) < sldp(§,v) +dp (v, w)]

The pair (Y,d},) is then called a b-metric space. Subsequently, many fixed-point results on
such spaces were given (see [2-7]).

Kamran et al. [8] initiated the concept of extended b-metric spaces.

Definition 2 (see [8])LetY be a nonempty set and p:Y xY — [1,)be a function. A
function d,: Y x Y — [0, o)is called an extended b -metric if for all ¢, v,w € Y,



(e1).d,(¢,v)=0iffé =v
€2).d,(¢,v) =d, (v,&)forallé,vey
(€3).d, (¢, w) < p(¢ w)d.(¢,v) +d.(v,w)]

The pair(Y, d,)is called an extended b-metric space.

Recently, a new kind of a generalized b-metric space was introduced by Mlaiki et al. [9].

Definition 3 (see [9])LetY be a nonempty set and p:Y xY — [1,00)be a function. A
function d,: Y x Y — [0, o)is called a controlled metric if forall ¢, v,w € Y,

(cl).d.(¢,v) =0iffé =v
(€2).d.(¢,v) =d (v,&)forallé,veyY
(€3). d.(§, w) < p(§,v)d.(§,v) + p(v, w)d (v, w)

The pair(Y, d,)is called a controlled metric space (see also [10]).

The Cauchy and convergent sequences in controlled metric type spaces are defined in this

way

Definition 4 (see [9]) Let(Y, d.)be a controlled metric space and {&,},-obe a sequence in D.

Then,

1.

The sequence {¢,} converges to some & in Y; if for every € > 0, there exists N =
N(e) € N such that d_(&,,¢) < efor all n = N. In this case, we writelim,,_, , &, = ¢.
The sequence {&,,} is Cauchy; if forevery £ > 0,there exists N = N (&) € Nsuch that
d.(&,,¢én) < eforallmym=N.

The controlled metric space (Y, d.)is called complete if every Cauchy sequence is

convergent.

Definition 5 (see [9])Let(Y, d.)be a controlled metric space. Let ¢ € Yand € > 0.

1.

The open ball B(¢, ¢) is

B, e)={ver:d. (v.i) <e}
The mapping I':Y — Y is said to be continuous at ¢ € Y; if for all € > O, there exists

8 > O'such thatl"(B(¢,€)) < B(T'¢, ).

This paper's main objective is to propose a fixed-point theorem for E-contractions in the

context of complete controlled metric spaces. Our finding broadens and generalises a few

established findings in the literature. We also provide examples to highlight the applicability

of the findings made in E-contractive circumstances.

2 Main Results

The following theorem is our main result.



Theorem 2.1. Let (Y, d,)be a complete controlled metric space, and I': Y — Y be a mapping

withA = % < 1(please qualify lambda and delta), and
d.(T¢,Iv) < 6ld.(§,v) +1d.(§,T§) — d.(v, )] (2.2)
forall &, v € Y. For eaché, € Y and each n, we leté,, = I'"*¢,.If

i p(fi+1’fi+z)l7(fi+1’fm)< -1
SUPma 1M =) A @2)

lim,_ . p(&,,&and lim,_ ., p(& &are finite, ands lim,_ p(¢, &,) < Lofor everyé €Y,

then I" possesses a unique fixed point.

Proof.Let &, € Ybe an initial point. Define the sequence {&,}byé;.; =Té, VneN.
Obviously, if there existsn, € Nsuch thaté,, ., = &,,, then I'é, "= ¢&,,, and we are done.

Thus, we assume that &,,, # &, for eachn € N.Thus, by(2.1), we'have
do(§n éne1) = do(T$na1,TER)
< 8d:(§n-1,6n) +61d.(§n—1, Tén—1) =d.(&n TE)I
= 6d.(§n-1,8n) +6ldc(§no1,6n) — de(§niéngn)1(2.3)
If d,(&p_1.8n) < d(&p, Ensr) TOFSOME, then from (2.3), we have
de(§n §ne1) < 6ldelSn-1.$0n) — do(§n1.8n) + do(§n. $ni )] = de(§n $nin),
which is a contradiction. Henced,, (&1, £,) > d. (&, £ns1), and so from (2.3), we have

dc(€n7€n+1) < S[dc({:n—b {:n) + dc(fn—b {:n) - dc({:n! {:n+1)]

The last inequality gives

Ao Enet) < 2o do(Ener,6n) = Ad(Enoy, £2)(2.3)

1468

Thus, we have
de(§nine1) < Ade(§n-1,$n) < 22d(§n2,8n-1) <+ < 27d(§0,§1)(2.4)
For all n,m € Nand n < m, we have
de(€nr&m) < P €nr)de(Eni Snrn) + P (v ) de(§ng §m)
< P(n Ene1)de(€n. $nrn) + PEnsrs EndP(Ensas $ne2) de(€nin, Ena2)



(&1 $ndP Gz Em) e Gz, $m)
< P $na)de(n Snar) + P(Ensns EndP(Enn $ns2) de(Enins $nse2)
P (Ene1s Em)IPEnras EndIPEnras Ena3)de (Gniz, $nrs)
+P(nr1 )Pz EmIP(Enrs $m)de(§nis §m)
< p(n. $n+1)de (€ nva)

+ ’iz (ﬁ p(fj,fm)>29('fi,'fi+1)dc('fi,'fi+1)

i=n+1 \j=n+1

+ H:Z;Lil p({:j! Em) dc (Em—l! {:m) (25)
This implies that

dc({:m Em) < p({:n7 €n+1)dc(§n7 €n+1)

+ 'iz (ﬁ p(fj.fm)>29('fi,'fi+1)dc('fi,'fi+1)

i=n+1 \j=n+1

m-1

« [T 76 6n) deno )

i=n+1

< p('fn! {:n+1)lndc({:07 {:1)

+ Z (1—[ p({:j!{:m)>p(€i7€i+1)lidc({:0!{:1)

i=n+1 \ j=n+1

m-1

+

—

p(&)$m) A™71d (S0, 1)

i=n+1

< p(fn! En+1)lndc({:07 {:1)

+ Z:Z;l:}kl(n;=n+1 p({:j! Em)) p(fi! Ei+1)Aidc({:07 El) (26)
Let
Ny = Z?ZO(H;"ZO p({:]! {:m)) p({:h €i+1)Aidc(€O! {:1) (27)

Consider



Ui = Z?:o(l’[ﬁ-:o P(f]n {:m)) p(&, fi+1)/1idc(fo7 §1). (2.8)

Then by condition (2.2) and by the ratio test, the series Y;u; is convergent, that

islim,,_, , NneXists. Hence, the sequence {n,,} is Cauchy. Now, by (2.6), we have
de (&, &m) < do(§o, EDIA"P (60, $nin) + (M1 — 10)1(2.9)

Note thatp(&,v) > 1. Letting n,m — oo in (2.9), we obtain

My moeo de(€n,ém) =0 (2.10)

This shows that the sequence {£, }is Cauchy in the complete controlled metric space (Y, d.).

Thus, there exists¢* € Y such that

limy, e, d: (0, §7) =0, (2.11)

that is, &, — &*as n — oco. Now, we show that {*is'a fixed point of I'. By (2.1) and

condition (iii), we have
d.(§".I&) < p(§", 6ns )A€ Enr1) + P(§rs 1, 1) A (041, TEY)
=P éne1)dc (€ $np1) + D1 T8I0, TE)
< p(§"$n11)do(§" §nia)
+D(§ni1, [N, § )+ 1d (8, [60) — A (§ TS

< p(€" nr)de (€7 §nsa)
+p(&ni1, 1)1, &) + |do(Gn §nia) — de(§, T
(2.12)
Since lim,,_,., p(&,, &)and lim,,_, ., p(&, &,) are finite, by (2.10), (2.11) we have
d.(&,1¢) < [61im,_, o p(&nsq, TE)1d (6%, Fo*). (2.13)
Suppose that &* # I'¢*, having in mind that [ lim,,_,. p(&n41, T€)] < 1, we have
0 <d(&",7&") < [61iMy_seo p(Es1, (€)1 (0", Fo*) < d (0", Fo*)(2.14)

This is a contradiction. Thus, we must haveé* = I'é*. Next, we show that £* is unique.Let

v*be another fixed point of I" in Y, then I'v* = v*. And so, by (2.1), we have

d.(§"v?) =d.(r§", 1rv’)



<old.(&",v?) +1d.(§". 1§") —d.(v*, I'vY)l]
= 6[d (&, v") +1d.(§7,§7) —d. (v, v)I]
= &d.(¢*,v*)(2.15)
This is a contradiction. Thus,* = v*. This completes the proof.

3 Example

Now we furnish some examples to demonstrate the validity of the hypotheses of generality of
our result.

Example 3.1LetY = {0,1,2}. Take the controlled metric d, defined as

d.(0,0)=d.(11)=d.(2,2) =0,

1 11 3
dc(011) - dc(]‘!O) - E! dc(072) - dc(270) - %ldc(]ﬂz) o dc(271) - %1

wherep: Y x Y — [1, ) is symmetric such that

p(00) = p11) = p(2:2) = p(12) =1,p(02) = 2,p(01) =
GivenT': Y — Y as
ro=2andri=r2=1.

Ify = % Then

A= == % = i <1
T1+y 142 5
3
Take &, =0, then & =2, and ¢, =1, for all n> 2, we havelim,_., p(¢,, &)and
lim,_, s p(¢,&,) exist, are finite, and y lim,,_,., p(¢,&,) < 1 forevery & € Y. Also

. p(€i+17'§:i+2)p({:i+17€m) 5
sup lim =l<-=21
mze i—co p(&, &) 4

We consider the following cases.
(1) Leté = v = 0O,then

d.(T¢,I'v) =0 < vyld.(§,v) +[d.(§,TE) — d.(v. V)]



(2) Let & = v =1, then
d.(T¢,I'v) =0 <vy[d.(§,v) +1d.(§,T§) — d.(v, V)]
(3) Let & = v =2, then
d.(T§,rv) =0 <vy[d.(§v) +1d.(§,T§) — d (v, V)]

(4) Leté =0,v =1, then

d.(T¢,rv) = d.(ro,ri1) =d.(21) = 3

20
<51G)+1Gs) - @]
- ;[dc(o,l) +1d,(02) — d @Dl

= Y[dc(oyl) + |dc(0, FO) N dc(lyrl)l]
= Y[dc({:! V) + |dc(€7 Ff) - dc(V, FV)l]

(5) Leté =1,v =0, then

d.(T&Tv)y=4d,(1,ro)=d.(12) = 3

20
21/1 11
<3(6) @)
= 6[d.(1,0) +|d.(1,1) — d.(0,2)]
= 6[d.(1,0) + |d,(1,T1) — d.(0, r0)|]
= Y[dc({:! V) + |dc({:7 F{:) - dc(vy Fv)l]

(6).Leté = 0,v = 2, then

3
do(T§, I'v) = do(10,I2) = d,(2.1) = 7

< Y[dc({:! V) + |dc({:7 F{:) - dc(vy Fv)l]

(7) Leté = 2,v =0, then

3
d.(T¢, rv)=d.(r2,ro)=d.(1,2) = 20



<vyld.(v) +1d.(§,T§) —d.(v, [V)I]
(8) Leté = 1,v = 2, then

d.(T&,Iv) = d.(T'1,I2) = d.(11) = 0

<vyld.(v) +1d.(§,T§) —d.(v, [V)I]
(9) Let ¢ =2,v =1, then

d.(T&,Iv) = d.(I2,I'1) = d.(11) = 0

< Y[dc({:! V) + |dc({:7 F{:) - dc(v1 Fv)l]

Clearly, (2.2) is satisfied. On the other hand, note that (2.1) holds for all £, v € Y. All other

hypotheses of Theorem 2.1 are verified, and so I" has a unique fixed point, which is £* = 1.
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