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On Fibonacci Range Labeling For Standard Shell Graphs

Abstract

A shell C[n, (n — 3)] of size n is a graph obtained by taking (n — 3) concurrent chords in a cycle
C, on n vertices. Deb and Limaye have conjectured that all multiple shells are harmonious. The
conjecture has prove to be true for uniform double shells, uniform triple shells and uniform quadruple
shells. Here, we prove for a non- uniform double shells with order m and n, where n = (m — 1) and
k-copies of a shell C[n, (n — 3)]* with a union of K> for n = 4, 2K, for n = 6 and 3K, for n = 8,
having a common end vertex joined to the apex of the shell are Fibonacci range labeling.
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1 Introduction

In 1967, Rosa (12) gave a varitation on 3 — labeling latter known as graceful labeling and showed
that n-cycles is graceful if and only if n = 0 or 3 (mod 4). Frucht (3) have shown wheels W,, = C,
+ K, are graceful. Delorme et al. (2) proved that any cycles with a chord is graceful and Koh et al.
(7; 8), defined a cycle with a P-chord is graceful when k = 3. In particular, Deb and Limaye (1), gave
harmonious labeling of cycles related graphs, such as shell graphs, cycles with maximum number of
concurrent alternate chords and some families of multiple shells. Jesintha and Hilda (5; 6), proved all
uniform bow graph are graceful and also proved for shell-flower graph C[n, (n — 3)]* when n = 4 are
graceful. For more survey on labeling we refer dynamic survey by Gallian (4), relevant reference and
conjecture are cited in Liu and Zhang (9), Liu RY (10) and Ma et al. (11). Here, a simple finite graph
G with p vertices and ¢ edges is said to be Fibonacci range labeling if there is an injective function
[ V(G) — {F, Fs, Fy4, ..., Fp41} such that the induced edge label are distinct and is in the form of
the golden ratio. When such type of labeling exist, it is said to be Fibonacci range labeling of a graph.
In this paper, we classify the class of shell graphs for k-copies of shell C[n, (n — 3)]* with a union of
K, forn =4, 2K, for n = 6 and 3K> for n = 8 having a common end vertex joined to the apex of the
shell are Fibonacci range labeling.
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2 On non-uniform shell graphs

Recall from Deb and Limaye (1), a shell graph is defined as a cycle C,, with (n — 3) chord sharing a
common end point called the apex vertex and is denoted by C[n, (n—3)]. A multiple shell is defined to
be a collection of edge disjoint shells that have their apex in common. Hence, a double shell consist
of two disjoint shells with a common apex vertex. Jesintha and Hilda (4), defined a bow graph to be a
double shell in which each shell has any order and shell-flower graph as k-copies of the union of shell
Cn, (n—3)] and K2, where one end vertex of K is joined to the apex of the shell. Further, we define
graph G = (V, E) is said to be a Fibonacci range graph if we label the vertices x € V with distinct
labels f( ) — {F%, F3, Fy, ..., Fp41} such that, when the edge e = («, 8) is labeled with f*(e = a3)

= fﬁ‘&i%’i lor f*(e=ap) =| fﬁ,‘g‘;)ﬁggg |, then the resulting edge gets unique label. Also the

ratio of each edge to the subsequent edge is in the form of the golden ratio given by R:(F; i+1) =

% ~ 1) (for larger i), where R.(E;;+1) is the ratio of the resulting induced edges (e1, e2), (€2, €3),
., (en—1,€,) and ¢ = 1.618 known as the golden ratio. If a graph G exhibit a Fibonacci range labeling

then it is defined to be a Fibonacci range graph.

Note: The Fibonacci numbers are {0, 1,1, 2, 3,5, 8,13, 21, 34,55, ...,} here, Fp, =0, F1 =1, F» = 1,
., but all the vertices label should be distinct, so we consider the label from F only.

Proposition 2.1. Consider a, 8 and [ be in Z+ with a < f3 then

() a< aﬂig <

. 1 +(1+2)2
(4t) l<%<l+2

2 2
(id) | < SHES- <1+3

. 124(145)2
(iv) l<%<l+5

2 2
() 1—1<EH- <1

Lemma 2.1. The generating function for Fibonacci labeling with o3 are, respectively:

o(x) =1 +xp +2%0

and

Corollary 2.2. For any graph G with corresponding vertices label as a series of Fibonacci number
> F, then the edge gets labeled between the values L2, L3, L4, ..., L, where L, is the Lucas

n=2
number and the relation between the vertices and edges gives

1,2 — 1 fori=1,j=1
2,3 =+ 3 fori=2j=2
3,56 — 4 fori=3,j=3
Vi, Viy1 = €5 =495,8 = 7 fori=4,j=4 (2.1)
8,13 — 11 fori=5,j="5
Fn_1,F, - E, fori=n,j=n

The above generate the relation E,, ~ [¢" + L | which is similar to the Lucas number identities.



UNDER PEER REVI EW

Theorem 2.3. The graph C[n, (n — 3) U K", forn = 4, where one end vertex of K- is joined to the
apex are a Fibonacci range labeling.

Proof. Let C[n, (n—3)U K", where n = 4 be the shell graph with union of K- where one end vertex
is joined to the apex of the shell (see figure 3). The order of the graph (order exclude the apex) is p =
k(n — 1) + k and size ¢ = k(n + 2). Define the labeling function f, we label the vertices of the graph
as follows, f(uo) =1 and f(v;) = fi+2 , where 1 < i < n. From the above vertex labeling operation
the edge gets label as

(’L) f(uovi) = f(’l)z) — 1, fori =1
fluovi) = f(v;), otherwise

For 15* k-copies

(i) f(viva), f(vavs) =2, 4
For 2" k-copies

(Z) f(va_l) = f(lh) + F;, fori = 56
For m*" k-copies

(Z) f(vn_zvn_l) = f(Un_g) + F_o, form = (n — 2), (n — 1)
From the above computations, by observation the edge values are distinct. Hence, we conclude that
the graph C[n, (n — 3) U K»]*, for n = 4 is a Fibonacci range labeling. The calculated ratio of the
induced edge values for C[4, (4 — 3) U K23, here k = 3

Ri(eieiy1) = 3, 1.666, 1.625, 1.615, 1.619, 1.618, ...,

Ri(efefy1) =2.00, Re(ejel ) =1.611, Ry(eje},,) = 1.618

eg

vg @ 7 0y

Figure 1: C[n, (n — 3) U Ky)¥, forn = 4
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Figure 2: Fibonacci range graph for C[4, (4 — 1) U K3

We observe from the calculated values converges to ~ 1.618 = ¢ but restricted only for larger
(i,4,k, ...,). Hence, the graph C[n, (n — 3) U Ks]*, for n = 4 with one end vertex of K- joined to the
apex converges to i) only when taken for higher order of k-copies of the shell.

Theorem 2.4. The graph C[n, (n — 3) U 2K>]" forn = 6, where two end vertex of 2K is joined to the
apex are Fibonacci range labeling.

Proof. Let C[n, (n — 3) U 2k2]* where n = 6 be the shell graph with union of 2K end vertex joined
to the apex of the shell. The order of the graph (order exclude the apex) is p = kn + k and size ¢ =
k(2n — 2) + k. Define the labeling function f then we label the vertices of the graph when n = 6 as
follows, f(uo) =1 and f(v;) = fiy2, Where 1 < i < n from the above vertex labeling operation the
edge get labels as

(i) f(uovi) = f(vs) —1,fori=1
fuowi) = f(v:), otherwise

For 1°* k-copies

(@) f(vive) =2

(#i1) f(vivigr) = f(v;) + Fy, fori=2,3, 4
For 2"¢ k-copies

(i) f(vjvj41) = f(vj) + Fy, for j=8,9,10, 11
For 3'" k-copies

() f(vrvksr) = f(vg) + F, for k = 15,16,17, 18
For m!" k-copies

(vi) f(vn—3vn—2) = f(vn-3) + Fr_3,form = (n — 6), (n = 5), (n — 4), (n — 3)
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Figure 3: Generalised graph C[n, (n — 3) U 2K,)* for n = 6

Figure 4: Fibonacci range graph for C[6, (6 — 3) U 2K5)?
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By observation the edge values are distinct by the above operation. The calculated ratio of the
induced edge values for C[6, (6 — 3) U 2K>]? here k =2

Ri(eieir1) = 3, 1.666, 1.6, 1.625, 1.615, 1.619, 1.618, 1.618, ...,
Ri(eleiyr) =2,1.75,1.60
Ri(e3e3,,) =1.618,1.618,1.618

As in the case of the calculated values it converges to ~ 1 but only when taken for higher order
of (,4,...,). Therefore, the graph Cn, (n — 3) U 2K>]* for n = 6, with two end vertex of 2K> joined to
the apex converges to ¢ only when taken for higher order of k-copies of the shell.

Theorem 2.5. The graph C[n, (n — 3) U 3K3)*, for n = 8 of a Shell graph where three end vertex of
K is joined to the apex vertex are Fibonacci range labeling.

Proof. Let C[n, (n — 3) U K2]* where n = 8 be the shell graph with union of 3K, end vertex joined to
the apex of the shell (see figure 7). The order of the graph (order exclude the apex) is p = kn + 2k
and size g = k(2n — 2) + 2k. Define a function f then we label the vertices of the shell graph when n
= 8 as follows, f(uo) =1 and f(v;) = fi+2, where 1 < ¢ < n from the above vertex labeling operation
the edge gets label as

(1) f(uovi) = f(v;) —1,fori=1
Fluovi) = f(vi), otherwise

For 1°* k-copies

(i) f(vive) =2

(iii) fvvier) = f(vi) + Fi, fori=2,3,4,5,6
For 2" k-copies

(iv) f(vjvi41) = f(v;) + Fj, for j = 11, 12, 13, 14, 15, 16
For 3" k-copies

(v) f(orvesr) = fve) + Fy, for k = 21, 22, 23, 24, 25, 26
For m*" k-copies

(vi) f(vn—avn-3) = f(vn-a) + fo-a,form=(n—-09), (n—-28),(n—-7),(n—6),(n—5), (n—4)

From the above computations, the edge values are distinct by the above operation.
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Figure 6: Fibonacci range graph for C[8, (8 — 3) U 3K3)?

The calculated ratio of the induced edge values for C[8, (8 — 3) U K2]?, here k = 2
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Ri(eieisr) = 3, 1.666, 1.6, 1.625, 1.615, ...,
Ri(elely,) =2,1.75,1.60, 1.636, 1.611, ...,
Ri(e2e2,,) = 1.618, 1.618, 1.618, 1.618, ...,

Therefore, the graph C[n, (n — 3) U 3K,]* for n = 8, with three end vertex of 3K> joined to the

apex converges to i) when taken for higher order of k-copies of the shell.

3

CONCLUSION

In this article, we presented a brief result related to Deb and Limaye conjecture that all multiple shells
are harmonious. We generalised the class of shell graphs and have proved that multiple shells with
non-uniform order and shell graph with union of K, for n = 4, 2K, for n = 6, 3K» for n = 8 are
Fibonacci range graphs. We hope that the generalised result leads to better understanding of the
conjecture of Deb and Limaye on multiple shells which yields a distinctive result on such class of
graphs with the framing of Fibonacci range labeling.
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