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Abstract. 
Forߤ௝to a positive Borel measure on the interval [0, 1). The Hankel matrix ℋఓೕ = ൫(ߤ௝)௡,௞൯௝ ,௡,௞ஹ଴

 
with entries (ߤ௝)௡,௞ = 	 ௡(௝ߤ) ௡ା௞, where(௝ߤ) 	= ∫ (଴,ଵ](ݐ)௝ߤ௡݀ݐ , the operator is formally induced 

෍
௝

ࣞℋఓೕ( ௝݂)(ݖ) = ෍෍෍
௝

൫(ߤ௝)௡,௞ܽ௞൯
ஶ

௞ୀ଴

ஶ

௡ୀ଴

(݊	 +  ௡ݖ(1	

in the space of each analytical function ௝݂(ݖ) 	= ∑ஶ
௞ୀ଴ ܽ௞ݖ௡  in the unit disc ॰. We classify positive 

Borel measures on [0, 1)as suchࣞℋఓೕ൫ ௝݂൯(ݖ) = ∫[଴,ଵ)
௙ೕ(௧)

(ଵି௧௭)మ
ଵାఢ(0ܪ for all in Hardy spaces (ݐ)௝ߤ݀ ≤

߳	 < ∞), and we describe those for which ࣞℋఓೕ  is a bounded* operator from ܪଵାఢ(0 ≤ ߳	 < ∞) into 
߳)ଵାଶఢܪ ≥ 0). 
Keywords:Hardy spaces; Carleson measure; derivative Hilbert operator. 
1. Introduction 

Forߤ௝ be a positive Borel measure on the interval [0,1). The Hankel matrix ℋఓೕ = ൫(ߤ௝)௡,௞൯௡,௞ஹ଴
 

with entries (ߤ௝)௡,௞ = ௡(௝ߤ) ௡ା௞, where(௝ߤ) = ∫[଴,ଵ) ݐ 
௡݀ߤ௝(ݐ),for analytic functions ௝݂(ݖ) = ∑௞ୀ଴

ஶ  ܽ௞ݖ௡ , 
the generalized Hilbert operator define as 

෍
௝

ℋఓೕ( ௝݂)(ݖ) = ෍ 
ஶ

௡ୀ଴

ቌ෍  
ஶ

௞ୀ଴

෍
௝

 ൫ߤ௝൯௡,௞
ܽ௞ቍݖ௡ .																																										(1) 

When the right side is logical and defines an analytical function in॰. 
In recent decades, the generalized Hilbert operator ℋఓೕ  which is induced by the Hankel matrix 

ℋఓೕhas been studied extensively. Galanopoulos and Peláez [7], characterized the Borel measure ߤ௝ for 
which the Hankel operator ℋఓೕ  is a bounded operator on ܪଵ . Then Chatzifountas, Girela, and Peláez [1] 
extended this with Hardy spaces ܪଵାఢ  with 0 ≤ ߳ < ∞. In [9], Girela and Merchán studied factorization 
that operates on certain fixed areas of analytic functions on disk,we follow S. Ye and G. Feng [16]. 

In 2021, Ye and Zhou [17] firstly used the Hankel matrix defined and the Derivative-Hilbert 
operator ࣞℋఓೕ  as 

෍
௝

ࣞℋఓೕ( ௝݂)(ݖ) = ෍  
ஶ

௡ୀ଴

ቌ෍  
ஶ

௞ୀ଴

 ෍
௝

௡,௞ܽ௞ቍ(௝ߤ) (݊ +  .௡ݖ(1

Another generalized Hilbert-integral operator related to ࣞℋఓೕ  denoted by ℐ(ఓೕ)భశച((1 + ߳) ∈ ℕା)is 
defined by 

෍
௝

ℐ(ߤ௝)ଵାఢ( ௝݂)(ݖ) = න  
[଴,ଵ)

෍
௝

௝݂(ݐ)
(1 − ଵାఢ(ݖݐ

 .(ݐ)௝ߤ݀

whenever the right Hanright-Handes sense and defines an analytic functions in ॰. We can easily see that 
the case ߳ = 0 is the integral representation of the generalized Hilbert operator. Ye and Zhou 
characterized the measure ߤ௝ for which ℐ(ߤ௝)ଶ and ࣞℋఓೕare bounded on Bloch space [17] and Bergman 
spaces [18]. 

We consider the operators 
ࣞℋఓೕ , ℐ(ఓೕ)మ ଵାఢܪ: → ଵାଶఢܪ , 0 ≤ ߳ < ∞, ߳ ≥ 0.
ࣞℋఓೕ , ℐ(ఓೕ)మ ଵାఢܪ: → ,ଵିఢܤ 0 ≤ ߳ < 1.

 

The aim is to study the boundedness of ℐ(ఓೕ)మ  and ࣞℋఓೕ . 
We characterize the positive Borel measures ߤ௝ for which the operator which ℐ(ఓೕ)మ  and ࣞℋఓೕ  is 

well defined in the Hardy spaces ܪଵାఢ . Then we give the necessary and sufficient conditions such that 
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operator ࣞℋఓೕ  is bounded from the Hardy space ܪଵାఢ(0 ≤ ߳ < ∞) into the space ܪଵାଶఢ(߳ ≥ 0), or from 
ଵାఢ(0ܪ ≤ ߳ < 1) into ܤଵିఢ(0 < ߳ < 1) (see [16]). 
2. Notation and Preliminaries 

For॰ denote the open unit disk of the complex plane, and let ܪ(॰) denote the set of all analytic 
functions in ॰. 
If 0 < ߳ < 1 and ௝݂ ∈  we set ,(॰)ܪ

෍
௝

ଵାఢ൫1ܯ − ߳, ௝݂൯ = ቌ
1

නߨ2  
ଶగ

଴
 ෍
௝

ห ௝݂൫(1 − ߳)݁௜ఏ൯ห
ଵାఢ

ቍߠ݀

భ
భశച

, 0 ≤ ߳ < ∞.

෍
௝

ஶ(1ܯ − ߳, ௝݂) = sup
|௭|ୀଵିఢ

 ෍
௝

| ௝݂(ݖ)|.

 

For 0 ≤ ߳ ≤ ∞, the Hardy space ܪଵାఢ  consists of those ௝݂ ∈  such that (॰)ܪ

∥ ෍
௝

௝݂ ∥ுభశച = def sup
଴ழఢழଵ

 ෍
௝

ଵାఢ(1ܯ − ߳, ௝݂) < ∞. 

We refer to [5] for the notation and results regarded Hardy spaces. 
For 0 < ߳ < 1, we let ܤଵିఢ [15] denote the space consisting of those ௝݂ ∈  for which (॰)ܪ

ቯ෍
௝

௝݂ቯ

஻భషച

= න  
ଵ

଴
෍
௝

߳ି
భషమച
భషചܯଵ(1 − ߳, ௝݂)݀(1− ߳) < ∞. 

The Banach space ܤଵିఢ is the "containing Banach space" of ܪଵିఢ , that is, ܪଵିఢ  is a dense subspace of 
ଵିఢܤ , and the two spaces have the same continuous linear functionals. (We mention [15] as general 
references for the ܤଵିఢ spaces.) 

The space ܣܱܯܤ consists of those functions ௝݂ ∈  ଵwhose boundary values limit the meanܪ
oscillation on∂॰ as defined by John and Niirenberg. There are many characterizations of ܣܱܯܤ 
functions. We mention the following (see [16]). 

For߮௔(ݖ) = ௔ି௭
ଵି௔‾௭

 be a Möbius transformations. If ௝݂  is an analytic function in ॰, then ௝݂ ∈  ܣܱܯܤ
if and only if 

ቯ෍
௝

௝݂ቯ

஻ெை஺

= def ෍
௝

| ௝݂(0)| + ෍
௝

∥ ௝݂ ∥∗< ∞. 

where 

ቯ෍ ௝݂
௝

ቯ

∗

= def sup
௔∈॰

 ෍
௝

∥∥ ௝݂ ∘ ߮௔ − ௝݂(ܽ)∥∥ுమ. 

The seminorm ‖ ‖∗ is conformally invariant. If 
lim

|௔|→ଵ
 ෍
௝

∥∥ ௝݂ ∘ ߮௔ − ௝݂(ܽ)∥∥ுమ = 0, 

then we say that ௝݂  belongs to the space VMOA (function analytic for vanishing mean oscillation). We 
refer to 8 for the theory of ܣܱܯܤ functions. 

We recall that a functions ௝݂ ∈  is said to be a Bloch function if (॰)ܪ

ቯ෍
௝

௝݂ቯ

ℬ

= def ෍
௝

| ௝݂(0)| + sup
௭∈॰

 ෍
௝

(1 − ଶ)ห|ݖ| ௝݂ᇱ(ݖ)ห < ∞. 

The space of all Bloch functions is denoted by ℬ.The classic reference for Bloch's functions theory is [10, 
14]. The relationship between these spaces which we gave above is well known, 

ஶܪ ⫋ ܣܱܯܤ ⫋ ℬ, ܣܱܯܤ ⫋ ሩ  
଴ஸఢழஶ

ଵାఢܪ . 
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Let us recall the knowledge of the Carleson measure, which is a very useful tool in the study of Banach 
spaces of analytic functions. For 0 ≤ ߳ < ∞, a positive Borel measure ߤ௝ on ॰ will be called an (1 + ߳)-
Carleson measure if there exists a positive constant ܥ such that 

((ܫ)ܵ)௝ߤ ≤ ଵାఢ|ܫ|ܥ . 
The Carleson square ܵ(ܫ) is defined as 

(ܫ)ܵ = ൜ݖ = (1 − ߳)݁௜ఏ: ݁௜ఏ ∈ ;ܫ 1 −
|ܫ|
ߨ2 ≤ 1 − ߳ ≤ 1ൠ. 

where ܫ is an interval of ∂॰, ௝ satisfies lim|ூ|→଴ߤ If .ܫ denotes the length of |ܫ|  
ఓೕ(ௌ(ூ))
ூூ|భశച

= 0, we call ߤ௝ is a 
vanishing (1 + ߳)-Carleson measure. 

Forߤ௝ be a positive Borel measure on ॰. For 0 ≤ ߳ < ∞ we say that ߤ௝ is (1 + ߳)-logarithmic 
(1 + ߳)-Carleson measure, if there exists a positive constant ܥ such that 

	ቀlog((ܫ)ܵ)௝ߤ ଶగ
∣ூ
ቁ
ଵାఢ

ଵାఢ|ܫ| ≤ ܥ ܫ ⊂ ∂॰. 

If ߤ௝(ܵ(ܫ))ቀlog	 ଶగ
ூூ
ቁ
ଵାఢ

= |ܫ| as ,(ଵାఢ|ܫ|)݋ → 0, we say that ߤ௝ is vanishing (1 + ߳)-logarithmic (1 + ߳)-
Carleson measure 13, 18]. 

Suppose ߤ௝ is a (1 + ߳)-Carleson measure on ॰, we show that the identity mapping ݅ is well 
defined from ܪଵାఢ into ܮଵିఢ(॰, be the norm of ݅. For 0 (௝ߤ)ࣨ ௝). Letߤ < ߳ < 1, let 

(ݖ)ଵିఢ(௝ߤ)݀ = ߯ଵିఢழ|௭|ழଵ(ݐ)݀ߤ௝(ݐ). 
Then ߤ௝ is a vanishing (1 + ߳)-Carleson measure if and only if 

ࣨ൫(ߤ௝)ଵିఢ൯ → 0  as 1− ߳ → 1ି.																																																				(2) 
A positive Borel measure on [0,1) also can be seen as a Borel measure on ॰ by identifying it with the 
measure ߤ௝ defined by 

(ܧ)௝ߤ̃ = ሩܧ)௝ߤ [0,1)). 
for any Borel subset ܧ of ॰. Then a positive Borel measure ߤ௝ on [0,1) can be seen as a (1 + ߳)-Carleson 
measure on ॰, if 

,ݐ])௝ߤ 1)) ≤ 1)ܥ − ଵାఢ(ݐ , 0 ≤ ݐ < 1. 
Also, we have similar statements for vanishing (1 + ߳)-Carleson measures, (1 + ߳)-logarithmic (1 + ߳)-
Carleson and vanishing (1 + ߳)-logarithmic (1 + ߳)-Carleson measures. 

As usual, during this paper, ܥrefers to a positive constant that depends only on the displayed 
parameters but is not necessarily the same from case to case, for any given߳ > 0, ଵାఢ

ఢ
 will denote the 

conjugate index of 1 + ߳, that is, ߳ = 0 (see [16]). 
3. Terms such asऎ࢐ࣆare Well Defined in Solid Spaces 

We obtain the sufficient condition such thisࣞℋఓೕ  are well-defined in ܪଵାఢ(0 ≤ ߳ < ∞) and 
obtain that ࣞℋఓೕ( ௝݂) = ℐ(ఓೕ)మ( ௝݂), for all ௝݂ ∈ ଵାఢܪ , with the certain condition (see [16]). 

We show recall two results about the coefficients of functions in Hardy spaces. 
Lemma 3.1.[16], [5, p.98] If 

௝݂(ݖ) = ෍  
ஶ

௡ୀ଴

ܽ௡ݖ௡ ∈ ଵିఢܪ , 0 ≤ ߳ < 1, 

then 
ܽ௡ = ݋ ቀ݊

మషച
భషചቁ, 

and 
|ܽ௡| ≤ ݊ܥ

మషച
భషച|| ௝݂ ∥ுభషച  

Lemma 3.2.[16], [5, p.95] If 

௝݂(ݖ) = ෍  
ஶ

௡ୀ଴

ܽ௡ݖ௡ ∈ ଶିఢܪ , 0 ≤ ߳ < 2, 
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then ∑݊ିఢ|ܽ௡|ଶିఢ < ∞ and 

൝෍  
ஶ

௡ୀ଴

 (݊ + 1)ିఢ|ܽ௡|ଶିఢൡ

భ
మషച

≤ ෍ܥ
௝

∥ ௝݂ ∥ுమషച
ଶିఢ . 

 
Theorem 3.3. Suppose 0 ≤ ߳ < ∞ and let ߤ௝ be a positive Borel measure on [0,1). Then the power series 
in (1) defines a well-defined analytic function in ॰ for every ௝݂ ∈  ଵାఢ in any of the two following casesܪ
(see [16]). 
(a) The measure ߤ௝ is a ଵ

ଵିఢ
-Carleson measure, if 0 ≤ ߳ < 1. 

(b) The measure ߤ௝ is a 1-Carleson measure, if 0 < ߳ < ∞. 
Furthermore, in such cases, we have that 

෍
௝

ࣞℋఓೕ൫ ௝݂൯(ݖ) = න  
[଴,ଵ)

෍
௝

௝݂(ݐ)
(1− ଶ(ݖݐ ௝ߤ݀

(ݐ) = ෍
௝

ℐ൫ߤ௝൯ଶ൫ ௝݂൯(ݖ).																	(3) 

Proof First recall a well-known result of Hastings [11]: For 0 < ߳ < ௝ is a ଵାଶఢߤ,∞
ଵାఢ

-Carleson measure if 
and only if there exists a positive constant ܥ such that 

ቐන  
[଴,ଵ)

 ෍
௝

| ௝݂(ݐ)|ଵାଶఢ݀ߤ௝(ݐ)ቑ

భ
భశమച

≤ ෍ܥ
௝

∥ ௝݂ ∥ுభశച ,  for all ௝݂ ∈ ଵାఢܪ .																				(4) 

(a) Suppose that 0 ≤ ߳ < 1 and ߤ௝ is a ଵ
ଵିఢ

-Carleson measure. Then (4) gives 

න  
[଴,ଵ)

෍
௝

| ௝݂(ݐ)|݀ߤ௝(ݐ) ≤ ෍ܥ
௝

|| ௝݂ ∥ுభషച ,  for all ௝݂ ∈ ଵିఢܪ . 

Fix ௝݂(ݖ) = ∑௞ୀ଴
ஶ  ܽ ௞ݖ௞ ∈ |ݖ| with ݖ ଵିఢ andܪ < 1 − ߳, 0 < ߳ < 1. It follows that 

න  
[଴,ଵ)

෍
௝

| ௝݂(ݐ)|
|1 − ଶ|ݖݐ (ݐ)௝ߤ݀ ≤

1
߳ଶන  

[଴,ଵ)
෍
௝

 | ௝݂(ݐ)|݀ߤ௝(ݐ)

≤ ܥ
1
߳ଶ෍

௝

∥ ௝݂ ∥ுభషച.
 

This implies that the integral ∫[଴,ଵ)  
௙ೕ(௧)

(ଵି௧௭)మ
 uniformly converges and that (ݐ)௝ߤ݀

෍
௝

ℐ൫ߤ௝൯ଶ൫ ௝݂൯(ݖ) = න  
[଴,ଵ)

 ෍
௝

௝݂(ݐ)
(1 − ଶ(ݖݐ ௝ߤ݀

(ݐ)

= ෍  
ஶ

௡ୀ଴

 (݊ + 1)൮න  
[଴,ଵ)

෍
௝

  ௡ݐ ௝݂(ݐ)݀ߤ௝(ݐ)൲ݖ௡.
																	(5) 

Take ௝݂(ݖ) = ∑௞ୀ଴
ஶ  ܽ௞ݖ௞ ∈ ௝ is ଵߤ ଵିఢ. Sinceܪ

ଵିఢ
-Carleson measure, by [1] Proposition 1 and Lemma 3.1, 

we have that there exists ܥ > 0 such that 

෍
௝

ห(ߤ௝)௡,௞ห = ෍
௝

ห(ߤ௝)௡ା௞ห ≤
ܥ

(݇ + 1)
భ

భషച

|ܽ௞| ≤ ݇)ܥ + 1)
ಣ

భషച  for all ݊, ݇.

 

Then it follows that, for every ݊, 



 

(݊ + 1)෍ 
ஶ

௞ୀ଴

෍
௝

  ห(ߤ௝)௡,௞ห|ܽ௞| ≤ ݊)ܥ + 1)෍  
ஶ

௞ୀ଴

 
|ܽ௞|

(݇ + 1)
భ

భషച

= ݊)ܥ + 1)෍ 
ஶ

௞ୀ଴

 
|ܽ௞|ଵିఢ|ܽ௞|ఢ

(݇ + 1)
భ

భషച

≤ ݊)ܥ + 1)෍  
ஶ

௞ୀ଴

 
|ܽ௞|ଵିఢ(݇ + 1)

ചమ

భషച

(݇ + 1)
భ

భషച

= ݊)ܥ + 1)෍  
ஶ

௞ୀ଴

 (݇ + 1)ି(ଵାఢ)|ܽ௞|ଵିఢ

 

and then by Lemma 3.2, we deduce that 

(݊ + 1)෍ 
ஶ

௞ୀ଴

෍
௝

௡,௞ܽ௞(௝ߤ)| ∣≤ ݊)ܥ + 1)෍
௝

∥ ௝݂ ∥ுభషച
ଵିఢ . 

This implies that ࣞℋఓೕ  is a well defined for all ݖ ∈ ॰ and that 

෍
௝

ࣞℋఓೕ൫ ௝݂൯(ݖ) = ෍ 
ஶ

௡ୀ଴

 (݊ + 1)ቌ෍  
ஶ

௞ୀ଴

෍
௝

௡ݖ௡,௞ܽ௞ቍ(௝ߤ) 

= ෍ 
ஶ

௡ୀ଴

 (݊ + 1)න  
[଴,ଵ)

 ෍
௝

௡ݐ ௝݂(ݐ)݀ߤ௝(ݐ)ݖ௡

= න  
[଴,ଵ)

෍
௝

  ௝݂(ݐ)
(1 − ଶ(ݖݐ ௝ߤ݀

.(ݐ)

																																(6) 

This give that ∑௝ ࣞℋఓೕ൫ ௝݂൯ = ∑௝ ℐ(ఓೕ)మ( ௝݂). 
(b) When 0 < ߳ < ∞, since ߤ௝ is a 1-Carleson measure, (4) holds, then the argument used in the proof of 
(a)gives that, for every ௝݂ ∈ ଵାఢܪ ,  .మ is well defined analytic function in ॰ and we have (5)(ఓೕ)ܫ
And since ߤ௝ is 1-Carleson measure by Theorem 3 in  [1], we know 

(݊ + 1)෍ 
ஶ

௞ୀ଴

෍
௝

൫ߤ௝൯௡,௞
ܽ௞ = (݊ + 1)න  

[଴,ଵ)
෍
௝

௡ݐ ௝݂(ݐ)݀ߤ௝(ݐ), 

which implies that ࣞℋఓೕ  is a well defined for all ݖ ∈ ॰, and ࣞℋఓೕ( ௝݂) = ℐ(ఓೕ)మ( ௝݂) (see [16]). 
4. Boundedness of Actingon Hardy Spaces 

We mainly characterize those measures ߤ௝ for which ࣞℋఓೕ is a bounded (resp., compact) operator 
from ܪଵାఢ  into ܪଵାଶఢ for some 1 + ߳ and 1 + 2߳. 
Theorem 4.1.[16]Suppose 0 ≤ ߳ < 1 and let ߤ௝ be a positive Borel measure on [0,1) which satisfies the 
condition in Theorem 3.3. 
(a) If ߳ > 0, then ࣞℋఓೕ  is a bounded operator from ܪଵିఢ  into ܪଵାఢ if and only if ߤ௝ is a ቀఢା(ଵିఢ)(ଵାଶఢ)

ఢ(ଵିఢ)
ቁ 

Carleson measure. 
(b) If ߳ = 0, then ࣞℋఓೕ is a bounded operator from ܪଵିఢ into ܪଵ if and only if ߤ௝ is a ቀଶିఢ

ଵିఢ
ቁ Carleson 

measure. 
(c) If 0 < ߳ < 1, then ࣞℋఓೕ is a bounded operator from ܪଵିఢ  into ܤଵିఢ if and only if ߤ௝ is a ቀଶିఢ

ଵିఢ
ቁ-

Carleson measure. 
Proof. Suppose 0 ≤ ߳ < 1. Since ߤ௝ satisfies the condition in Theorem 3.3, as in the proof of Theorem 
3.3, we obtain that 

඲ ෍
௝[଴,ଵ)

| ௝݂(ݖ)|݀ߤ௝(ݐ) < ∞,  for all ௝݂ ∈ ଵିఢܪ  

Hence, it follows that 
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න  
ଶగ

଴
 න  

[଴,ଵ)
෍
௝

ቤ ௝݂(ݐ)݃௝൫݁௜ఏ൯
(1 − (1 − ߳)݁௜ఏݐ)ଶቤ ௝ߤ݀

ߠ݀(ݐ)

≤
1
߳ଶන  

[଴,ଵ)
෍
௝

  ห ௝݂(ݐ)ห݀ߤ௝(ݐ)න  
ଶగ

଴
ห݃௝൫݁௜ఏ൯ห݀ߠ

≤ ෍ܥ
௝

∥ ݃௝ ∥ுభ

߳ଶ < ∞, 0 < ߳ ≤ 1, ௝݂ ∈ ଵିఢܪ , ݃௝ ∈ ଵܪ .

																								(7) 

Using Theorem 3.3, (7) and Fubini's theorem, and Cauchy's integral representation of ܪଵ, we obtain 
1

නߨ2  
ଶగ

଴
෍
௝

ࣞℋఓj൫ j݂൯൫(1 − ߳)݁పఏ൯തതതതതതതതതതതതതതതതതതതതതതതതതതത݃௝൫݁௜ఏ൯݀ߠ

=
1

නߨ2  
ଶగ

଴
 ቌන  

[଴,ଵ)
 ෍
௝

j݂(ݐ)തതതതതത݀ߤ௝(ݐ)
(1 − (1− ߳)݁ି௜ఏݐ)ଶ

ቍ݃௝൫݁௜ఏ൯݀ߠ

=
1

නߨ2  
[଴,ଵ)

෍
௝

  j݂(ݐ)തതതതതതන  
ห௘೔ഇหୀଵ

 
݃௝൫݁௜ఏ൯݁௜ఏ

(݁௜ఏ − (1 − ଶ(ݐ(߳ ݀݁
௜ఏ݀ߤ௝(ݐ)

=
1

නߨ2  
[଴,ଵ)

 ෍
௝

j݂(ݐ)തതതതതത(݃௝൫(1 − ൯(1ݐ(߳ − (ݐ)௝ߤᇱ݀(ݐ(߳

=
1

නߨ2  
[଴,ଵ)

෍
௝

  j݂(ݐ)തതതതതത ቀ݃௝൫(1 − ൯ݐ(߳

+ (1 − ௝ᇱ൫(1݃ݐ(߳ − ൯ቁݐ(߳  (8)																															,(ݐ)௝ߤ݀
0 < ߳ ≤ 1, ௝݂ ∈ ଵିఢܪ , ݃௝ ∈ ଵܪ . 

(a) First consider ߳ > 0. Using (8) and the duality theorem [5] for ܪଵାఢ which says that (ܪଵାఢ)∗ ≅ ܪ
భశച
ച  

and ቀܪ
భశച
ച ቁ

∗
≅ ߳)ଵାఢܪ > 0), under the Cauchy pairing 

෍
௝

< ௝݂,݃௝ >=
1

නߨ2  
ଶగ

଴
෍
௝

j݂(݁పఏ)തതതതതതതതത݃௝൫݁௜ఏ൯݀ߠ, ௝݂ ∈ ଵାఢܪ ,݃௝ ∈ ܪ
భశച
ച .												(9) 

We obtain that ࣞℋఓೕ  is a bounded operator from ܪଵାఢ  into ܪଵାఢ  if and only if there exists a positive 
constant ܥ such that 

ቮන  
[଴,ଵ)

෍
௝

  j݂(ݐ)തതതതതത൫݃௝(ݐ) + ቮ(ݐ)௝ߤ൯݀(ݐ)௝ᇱ݃ݐ ≤ ෍ܥ
௝

∥ ௝݂ ∥ுభశച∥ ݃௝ ∥
ு
భశച
ച

,

௝݂ ∈ ଵାఢܪ ,݃௝ ∈ ܪ
భశച
ച . (10) 

Assume that ࣞℋఓೕ  is a bounded operator from ܪଵାఢ  into ܪଵାఢ. Take the families of text functions 

( ௝݂)௔(ݖ) = ቆ
1 − ܽଶ

(1− ଶቇ(ݖܽ

భ
భశച

, (݃௝)௔(ݖ) = ቆ
1 − ܽଶ

(1 − ଶቇ(ݖܽ

ച
భశച

, 0 < ܽ < 1. 

A calculation shows that ൛( ௝݂)௔ൟ ⊂ ଵାఢܪ , ൛(݃௝)௔ൟ ⊂ ܪ
భశച
ച  and 

sup
௔∈[଴,ଵ)

  ∥ ௝݂ ∥ுభశച< ∞ and sup
௔∈[଴,ଵ)

  ∥ ݃௝ ∥
ு
భశച
ച

< ∞, 

It follows that 
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∞ > ܥ sup
௔∈[଴,ଵ)

 ෍
௝

∥ ௝݂ ∥ுభశച sup
௔∈[଴,ଵ)

 ෍
௝

∥ ݃௝ ∥
ு
భశച
ച

≥ ቮන  
[଴,ଵ)

෍
௝

൫ j݂൯௔(ݐ)തതതതതതതതതത ൬൫݃௝൯௔(ݐ) + ൫݃௝൯௔ݐ
ᇱ ൰(ݐ) ቮ(ݐ)௝ߤ݀

≥ න  
[௔,ଵ)

෍
௝

ቆ
1 − ܽଶ

(1 − ଶቇ(ݐܽ

భ
భశച

ቌቆ
1 − ܽଶ

(1 − ଶቇ(ݐܽ

ച
భశച

+
ଶݐ2߳

1 + ߳
൭

1 − ܽଶ

(1 − (ݐܽ
భశయച
ച

൱

ച
భశച

ቍ݀ߤ௝(ݐ)

≥
1

(1 − ܽଶ)ଵାఢ෍
௝

,ܽ]௝൫ߤ 1)൯

(11) 

This is equivalent to saying that ߤ௝ is a (1 + ߳)-Carleson measure. On the other hand, suppose ߤ௝ is a 

(1 + ߳)-Carleson measure,it is well known that any functions݃௝ ∈ ܪ
భశച
ച  [5] has the property 

ቮ෍
௝

݃௝(ݖ)ቮ ≤ ܥ
∑௝ ∥ ݃௝ ∥

ு
భశച
ച

(1 − (|ݖ|
ച

భశച
.																																																							(12) 

By the  Cauchy formula, we can obtain that 

ቮ෍
௝

݃௝ᇱ(ݖ)ቮ ≤ ෍ܥ
௝

∥ ݃௝ ∥
ு
భశച
ച

(1 − (|ݖ|
భశమച
భశച

.																																																												(13) 

Let ݀(ݐ)ߥ = ଵ

(ଵି௧)
భశమച
భశച

is an ߥ Using Lemma 3.2 of [12], we obtain that .(ݐ)௝ߤ݀ ଵ
ଵାఢ

-Carleson. 

This together with (12) and (13) we obtain that 

ቮන  
[଴,ଵ)

 ෍
௝

ఫ݂(ݐ)തതതതതത൫ ௝݃(ݐ) + ቮ(ݐ)݆ߤ൯݀(ݐ)୨ᇱ݃ݐ ≤ ෍ܥ
௝

∥ ݃௝ ∥
ு
భశച
ച
න  

[଴,ଵ)
  | ௝݂(ݐ)| ൭

1

(1− (ݐ
ച

భశച
+

ݐ

(1− (ݐ
భశమച
భశച

൱݀(ݐ)݆ߤ

≤ ෍ܥ
௝

∥ ݃௝ ∥
ு
భశച
ച
න  

[଴,ଵ)
  | ௝݂(ݐ)|݀(ݐ)ߥ

≤ ෍ܥ
௝

∥ ݃௝ ∥
ு
భశച
ച
∥ ௝݂ ∥ுభశച , ௝݃ ∈ ܪ

భశച
ച ௝݂ ∈ ଵାఢܪ .																						(14)

 

Hence (10) holds and then ࣞℋఓೕ  is a bounded operator from ܪଵାఢ  into ܪଵାఢ . 
(b) We shall use Fefferman's duality theorem, which says that (ܪଵ)∗ ≅ ∗(ܣܱܯܸ) and ܣܱܯܤ ≅ ଵܪ , 
under the Cauchy pairing 

෍
௝

< ௝݂ ,݃௝ >= lim
ଵିఢ→ଵష

 
1

නߨ2  
ଶగ

଴
෍
௝

j݂((1− ߳)݁పఏ)തതതതതതതതതതതതതതതതതത݃௝൫݁௜ఏ൯݀ߠ, ௝݂ ∈ ଵܪ ,

݃௝ ∈  (15)																																																																									.(ܣܱܯܸ		.resp)ܣܱܯܤ
Using the duality theorem and (8) it follows that ࣞℋఓೕ  is a bounded operator from ܪଵାఢ into ܪଵ if and 
only if there exists a positive constant C such that 

ቮන  
[଴,ଵ)

෍
௝

  j݂(ݐ)തതതതതത ቀ݃௝൫(1 − ൯ݐ(߳ + (1 − ୨ᇱ൫(1݃ݐ(߳ − ൯ቁݐ(߳ ቮ(ݐ)௝ߤ݀ ≤ ෍ܥ
௝

∥ ௝݂ ∥ுభశച∥ ݃௝ ∥஻ெை஺,

0 < ߳ ≤ 1, ௝݂ ∈ ଵାఢܪ , ݃௝ ∈ .ܣܱܯܸ

(16) 

Suppose that ࣞℋఓೕ  is a bounded operator from ܪଵାఢ into ܪଵ. Take the families of text functions 

( ௝݂)௔(ݖ) = ቆ
1 − ܽଶ

(1− ଶ(ݖܽ
ቇ

భ
భశച

, (݃௝)௔(ݖ) = log	
݁

1 − ݖܽ
, 0 < ܽ < 1. 

A calculation shows that ൛( ௝݂)௔ൟ ⊂ ଵାఢܪ , ൛(݃௝)௔ൟ ⊂  and ܣܱܯܸ
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sup
௔∈[଴,ଵ)

 ෍
௝

∥ ௝݂ ∥ுభశച< ∞  and sup
௔∈[଴,ଵ)

 ෍
௝

∥ ݃௝ ∥஻ெை஺< ∞. 

We let 1 − ߳ ∈ [ܽ, 1), and obtain 
∞ > ܥ sup

௔∈[଴,ଵ)
 ෍
௝

∥ ௝݂ ∥ுభశച sup
௔∈[଴,ଵ)

  ∥ ௝݃ ∥஻ெை஺

≥ ቮන  
[଴,ଵ)

෍
௝

  ൫ j݂൯௔(ݐ)തതതതതതതതതത ൬൫ ௝݃൯௔൫(1− ൯ݐ(߳ + (1 − ൫݃௝൯௔ݐ(߳
ᇱ
൫(1− ቮ(ݐ)௝ߤ൯൰݀ݐ(߳

≥ න  
[௔,ଵ)

 ෍
௝

ቆ
1− ܽଶ

(1− ଶ(ݐܽ
ቇ

భ
భశച

ቆlog
݁

1− ܽ(1− ݐ(߳
+

ܽ(1− ݐ(߳
1 − ܽ(1− ݐ(߳

ቇ (ݐ)௝ߤ݀

≥
1

(1− ܽଶ)
మశച
భశച

෍
௝

,ܽ]௝൫ߤ 1)൯.

						(17) 

This is equivalent to saying that ߤ௝ is a ቀଶାఢ
ଵାఢ

ቁ-Carleson measure. 

On the other hand, suppose ߤ௝ is a ቀଶାఢ
ଵାఢ

ቁ-Carleson measure. It is well known that any 
functions݃௝ ∈ ℬ [14] has the property 

ቮ෍
௝

݃௝(ݖ)ቮ ≤ ෍ܥ
௝

∥ ݃௝ ∥ℬ log	
݁

1 − |ݖ| ,  and ቮ෍
௝

୨݃
ᇱ(ݖ)ቮ ≤ ෍ܥ

௝

∥ ݃௝ ∥ℬ
1 − |ݖ|  for all ݖ

∈ ॰.	(18)  
Let ݀(ݐ)ߥ = ଵ

ଵି௧
is an ଵ ߥ then ,(ݐ)௝ߤ݀

ଵାఢ
-Carleson. Using (16), (18) and ܣܱܯܤ ⊂ ℬ, Theorem 5.2 in [8], 

we obtain that 

ቮන  
[଴,ଵ)

෍
௝

  j݂(ݐ)തതതതതത൫݃௝((1 − (ݐ(߳ + (1− ୨ᇱ((1݃ݐ(߳ −  ቮ(ݐ)௝ߤ൯݀(ݐ(߳

≤ ෍ܥ
௝

∥ ݃௝ ∥ℬ න  
[଴,ଵ)

  ห ௝݂(ݐ)ห ൬log
1

1 − ݐ +
ݐ

1 − ௝ߤ൰݀ݐ
(ݐ)

≤ ෍ܥ
௝

∥ ݃௝ ∥஻ெை஺ න  
[଴,ଵ)

  ห ௝݂(ݐ)ห݀(ݐ)ߥ

≤ ෍ܥ
௝

∥ ݃௝ ∥஻ெை஺∥ ௝݂ ∥ுభశച, ௝݂ ∈ ଵାఢܪ ,݃௝ ∈ .ܣܱܯܸ

													(19) 

Hence (16) holds and then ࣞℋఓೕ  is a bounded operator from ܪଵାఢ  into ܪଵ . 
(c) If 0 < ߳ < 1. Now we recall Theorem 10 in [15] that ܤଵିఢthey can be identified with the duplication 
of a particular subspaceܺ of ܪஶ  under the pairing 

෍
௝

< ௝݂ ,݃௝ >= lim
ଵିఢ→ଵష

 
1

නߨ2  
ଶగ

଴
෍
௝

j݂((1 − ߳)݁పఏ)തതതതതതതതതതതതതതതതതത݃௝൫݁௜ఏ൯݀ߠ, ௝݂ ∈ ଵିఢ,݃௝ܤ ∈ ܺ.																	(20) 

This together with (8) and (20), we obtain that ࣞℋఓೕ  is a bounded operator from ܪଵିఢ into ܤଵିఢ if and 
only if there exists a positive constant C such that 

ቮන  
[଴,ଵ)

෍
௝

  j݂(ݐ)തതതതതത൫݃௝((1 − (ݐ(߳ + (1 − ௝ᇱ((1݃ݐ(߳ − ቮ(ݐ)௝ߤ൯݀(ݐ(߳ ≤ ෍ܥ
௝

∥ ௝݂ ∥ுభషച∥ ݃௝ ∥ுಮ,

0 < ߳ ≤ 1, ௝݂ ∈ ,ଵିఢܪ ݃௝ ∈ ஶܪ .																																																																												(21) 
Suppose that ࣞℋఓೕ  is a bounded operator from ܪଵିఢ into ܤଵିఢ ,take the text function families 

( ௝݂)௔(ݖ) = ቆ
1 − ܽଶ

(1 − ଶቇ(ݖܽ

భ
భషച

, (݃௝)௔(ݖ) =
1 − ܽଶ

1 − ݖܽ , 0 < ܽ < 1. 
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A calculation shows that ൛( ௝݂)௔ൟ ⊂ ଵିఢܪ , ൛(݃௝)௔ൟ ⊂  ஶ andܪ

sup
௔∈[଴,ଵ)

 ෍
௝

∥ ௝݂ ∥ுభషച< ∞  and sup
௔∈[଴,ଵ)

෍
௝

  ∥ ݃௝ ∥ுಮ< ∞. 

We let 1 − ߳ ∈ [ܽ, 1), obtain 
∞ > ܥ sup

௔∈[଴,ଵ)
 ෍
௝

∥ ௝݂ ∥ுభషച sup
௔∈[଴,ଵ)

  ∥ ݃௝ ∥ுಮ

≥ ቮන  
[଴,ଵ)

 ෍
௝

( j݂)௔(ݐ)തതതതതതതതതത ቀ൫݃௝൯௔((1 − (ݐ(߳ + (1− ൫݃௝൯௔ݐ(߳
ᇱ

((1− ቁ(ݐ(߳ ቮ(ݐ)௝ߤ݀

≥ න  
[௔,ଵ)

 ෍
௝

ቆ
1 − ܽଶ

(1 − ଶቇ(ݐܽ

భ
భషച

൭ቆ
1 − ܽଶ

(1− ܽ(1 − ቇ(ݐ(߳ + ቆ
art	(1 − ܽଶ)

(1− ܽ(1− ଶቇ(ݐ(߳
൱݀ߤ௝(ݐ)

≥
1

(1 − ܽଶ)
మషച
భషച

෍
௝

,ܽ])௝ߤ 1)).

																	(22) 

This is equivalent to saying that ߤ௝ is a ቀଶିఢ
ଵିఢ

ቁ-Carleson measure. 

On the other hand, assumeߤ௝ is a ቀଶିఢ
ଵିఢ

ቁ-Carleson measure, then ݀(ݐ)ߥ = ଵ
ଵି௧

as an(ݐ)௝ߤ݀ ଵ
ଵିఢ

-
Carleson. Then we have that 

ቮන  
[଴,ଵ)

෍
௝

  j݂(ݐ)തതതതതത൫݃௝((1− (ݐ(߳ + (1 − −௝ᇱ((1݃ݐ(߳  ቮ(ݐ)௝ߤ൯݀(ݐ(߳

≤ ෍ܥ
௝

∥ ݃௝ ∥ுಮ න  
[଴,ଵ)

 | ௝݂(ݐ)| ൬1 +
ݐ

1− (ݐ)௝ߤ൰݀ݐ

≤ ෍ܥ
௝

∥ ݃௝ ∥ுಮ න  
[଴,ଵ)

 | ௝݂(ݐ)|݀(ݐ)ߥ

≤ ෍ܥ
௝

∥ ݃௝ ∥ுಮ∥ ௝݂ ∥ுభషച, ௝݂ ∈ ଵିఢ,݃௝ܪ ∈ ஶܪ

																																		(23) 

Hence (21) holds and then ࣞℋఓೕ  is a bounded operator from ܪଵିఢ  into ܤଵିఢ . 
Next,we will consider 0 < ߳ < ∞,giving the sufficient condition and the other necessary condition 

for the restrictionࣞℋఓೕ  from ܪଵାఢ into ܪଵାଶఢ  respectively. 
We give Lemma 4.2 which is useful when we proof of the Theorem 4.3. 

Lemma 4.2. Let ߤ௝ be a positive measure on [0,1) and ߳ ≥ 0. If ߤ௝ is a (2 + 2߳)-Carleson measure, then 

න  
[଴,ଵ)

෍
௝

1
(1 − ଵାఢ(ݐ (ݐ)௝ߤ݀ < ∞. 

The result is obvious, we omit the details (see [16]). 
Theorem 4.3. Let 0 < ߳ < ∞ and ߤ௝ be a positive Borel measure on [0,1)	which satisfies the condition in 
Theorem 3.3, 
(a)If ߤ௝ is a ቀ(ଵାଶఢ)ା(ଵାఢ)(ଶାଶఢ)

(ଵାఢ)(ଵାଶఢ)
+ 1 + ߳ቁ-Carleson measure for any ߳ ≥ 0, then ࣞℋఓೕ  is a bounded 

operator from ܪଵାఢ  into ܪଵାଶఢ . 
(b) If ࣞℋఓೕ  is a bounded operator from ܪଵାఢ into ܪଵାଶఢ , then ߤ௝ is a ቀ(ଵାଶఢ)ା(ଵାఢ)(ଶାଶఢ)

(ଵାఢ)(ଵାଶఢ)
ቁ-Carleson 

measure. 
Proof.Suppose ߤ௝ is a ቀ(ଵାଶఢ)ା(ଵାఢ)(ଶାଶఢ)

(ଵାఢ)(ଵାଶఢ)
+ 1 + ߳ቁ-Carleson measure. Let ݀(ݐ)ߥ = ଵ

ଵି௧
 is ߥ then ,(ݐ)௝ߤ݀

a ቀ ଵାଶఢ(ଶାఢ)
(ଵାఢ)(ଵାଶఢ)

+ 1 + ߳ቁ-Carleson. And set ߳ = 0, the conjugate exponent of 1 + ߳ is ݏᇱ = 1 + ଶఢ(ଵାఢ)
ଵାଶఢ

 and 
ଵ

ଵାఢ
+ ଶఢ

ଵାଶఢ
= 1 = ଶఢ௦ᇲ

ଵାଶఢ
. Then by Theorem 9.4 in [5], ܪଵାఢ  is continuously embedded in ܮଵାఢ(݀ߥ), that is, 
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ቌන  
[଴,ଵ)

 ෍
௝

| ௝݂(ݐ)|ଵାఢ݀(ݐ)ߥቍ

భ
భశച

≤ ෍ܥ
௝

∥ ௝݂ ∥ுభశച, ௝݂ ∈ ଵାఢܪ ,																	(24) 

and, by Lemma 4.2, 

ቌන  
[଴,ଵ)

 
1

(1 − (ݐ
మചೞᇲ
భశమച

ቍ(ݐ)ߥ݀

భ
ೞᇲ

< ∞, ݃௝ ∈ ܪ
భశమച
మച .																																		(25) 

Using Hölder's inequality with exponents 1 + ߳ and ݏᇱ,(24) and (25), we obtain that 

ቮන  
[଴,ଵ)

෍
௝

  j݂(ݐ)തതതതതത൫݃௝(ݐ) + ቮ(ݐ)௝ߤᇱ൯݀(ݐ)௝݃ݐ ≤ ෍ܥ
௝

∥ ݃௝ ∥
ு
భశమച
మച

න  
[଴,ଵ)

  ห ௝݂(ݐ)ห ൭
1

(1 − (ݐ
భశరച
భశమച

൱݀ߤ௝(ݐ)

= ෍ܥ
௝

∥ ݃௝ ∥
ு
భశమച
మച

න  
[଴,ଵ)

  ห ௝݂(ݐ)ห ൭
1

(1 − (ݐ
భశరച
భశమച

൱݀(ݐ)ߥ

≤ ෍ܥ ∥ ݃௝ ∥
ு
భశమച
మച

௝

ቆන  
[଴,ଵ)

 | ௝݂(ݐ)|ଵାఢ݀(ݐ)ߥቇ

భ
భశച

൮න  
[଴,ଵ)

 
1

(1 − (ݐ
మചೞᇲ
భశమച

൲(ݐ)ߥ݀

భ
ೞᇲ

 

≤ ෍ܥ
௝

∥ ݃௝ ∥
ு
భశమച
మച
∥ ௝݂ ∥ுభశച , ௝݂ ∈ ଵାఢܪ ,݃௝ ∈ ܪ

భశమച
మച .																																																		(26) 

Hence, (10) holds and then it follows that ࣞℋఓೕ  is a bounded operator from ܪଵାఢ  into ܪଵାଶఢ . 
Conversely, if ࣞℋఓೕ  is a bounded operator from ܪଵାఢ into ܪଵାଶఢ , then ߤ௝ is a 

ቀ(ଵାଶఢ)ା(ଵାఢ)(ଶାଶఢ)
(ଵାఢ)(ଵାଶఢ)

ቁ Carleson measure. The evidence is the same as that of Theorem 4.1(a). We omit the 
details here (see [16]). 
We also find ࣞℋఓೕ  in ܪଵାఢ(0 ≤ ߳ ≤ 1) have a better conclusion. 
Theorem 4.4. Let 0 ≤ ߳ ≤ 1 and ߤ௝ be a positive Borel measure on [0,1) which satisfies the condition in 
Theorem 3.3. Then ࣞℋఓೕ  is a bounded operator in ܪଵାఢ if and only if ߤ௝ is a 2-Carleson measure. 
Proof Firstly, if ߳ = 0, by Theorem 4.1 we obtain that ࣞℋఓೕ  is a bounded operator in ܪଵ if and only if ߤ௝ 
is a 2-Carleson measure. 

If ߳ = 1, by Theorem 4.3 we only need to show that if ߤ௝ is a 2 -Carleson measure then ࣞℋఓೕ  is a 
bounded operator in ܪଶ . 
Since ௝݂(ݖ) = ∑௞ୀ଴

ஶ  ܽ௞ݖ௞ ∈ ଶܪ , we have ∥ ௝݂ ∥ுమ
ଶ = ∑௞ୀ଴

ஶ  |ܽ௞|ଶ, and when ߤ௝ is a 2-Carleson measure, we 
have 

ห(ߤ௝)௡,௞ห = ห(ߤ௝)௡ା௞ห ≤
ܥ

(݊ + ݇ + 1)ଶ .																																																			(27) 

By using classical Hilbert inequality, (1), and (27), we obtain that 
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෍
௝

∥∥ࣞℋఓೕ( ௝݂)∥∥ுమ

ଶ
= ෍  

ஶ

௡ୀ଴

 (݊ + 1)ଶ ቮ෍  
ஶ

௞ୀ଴

෍
௝

௡,௞ܽ௞ቮ(௝ߤ)

ଶ

≤ ෍  
ஶ

௡ୀ଴

 (݊ + 1)ଶቌ෍  
ஶ

௞ୀ଴

෍
௝

ห(ߤ௝)௡,௞ ∥ ܽ௞หቍ

ଶ

≤ ෍ܥ  
ஶ

௡ୀ଴

 (݊ + 1)ଶ ൭෍  
ஶ

௞ୀ଴

 
|ܽ௞|

(݊ + ݇ + 1)ଶ
൱
ଶ

≤ ෍ܥ  
ஶ

௡ୀ଴

 ൭෍  
ஶ

௞ୀ଴

 
|ܽ௞|

(݊ + ݇ + 1)
൱
ଶ

≤ ෍ܥ  
ஶ

௞ୀ଴

 |ܽ௞|ଶ = ෍ܥ
௝

∥ ௝݂ ∥ுమ
ଶ .								(28)

 

Thus ࣞℋఓೕ  is a bounded operator in ܪଶ .Finally, we shall use complex interpolation to present our results. 
We know that 

ଵାఢܪ = ଶܪ) ଵ)ఏܪ, ,  if 0 < ߳ < 1 and ߠ = 1.																																				(29) 
Using (29) and [21, Theorem 2.4], it follows that ࣞℋఓೕ  is a bounded operator in ܪଵାఢ(0 ≤ ߳ ≤ 	1). 
Conjecture 4.6. We conjecture that if ߤ௝ is a 2-Carleson measure then ࣞℋఓೕ  is a bounded operator in 
ଶାఢ for all 0ܪ ≤ ߳ < ∞ (see [16]). 
5. Compactness ofऎऒ࢐ࣆActing on Hardy Spaces 

We characterize the compactness of the Derivative-Hilbert ࣞℋఓೕ . We begin with the following 
Lemma 5.1 which is useful to deal with compactness. 
Lemma 5.1.[16]For 0 ≤ ߳ < ∞. Suppose that ࣞℋఓೕ  is a bounded operator from ܪଵାఢ  into ܪଵାఢ(  resp., 
ଵାఢ). Then ࣞℋఓೕܤ  is a compact operator if and only if for any bounded sequence ൛( ௝݂)௡ൟ in ܪଵାఢ which 
converges uniformly to 0 on every compact subset of ॰, we have ࣞℋఓೕ൫( ௝݂)௡൯ → 0 in ܪଵାఢ(  resp., 
 (ଵାఢܤ

The proof is similar to that of Proposition 3.1 in [2]. 
Theorem 5.2. Suppose 0 ≤ ߳ < 1 and let ߤ௝ be a positive Borel measure on [0,1) which satisfies the 
condition in Theorem 3.3, 
(a) If ߳ > 0, then ࣞℋఓೕ  is a compact operator from ܪଵିఢ  into ܪଵାఢ if and only if ߤ௝ is a vanishing 

ቀఢା(ଵିఢ)(ଵାଶఢ)
ఢ(ଵିఢ)

ቁ-Carleson measure. 

(b) If ߳ = 0, then ࣞℋఓೕ  is a compact operator from ܪଵିఢ  into ܪଵ if and only if ߤ௝ is a vanishing ቀଶିఢ
ଵିఢ

ቁ-
Carleson measure. 
(c) If 0 < ߳ < 1, then ࣞℋఓೕ  is a compact operator from ܪଵିఢ  into ܤଵିఢ if and only if ߤ௝ is a vanishing 

ቀଶିఢ
ଵିఢ

ቁ-Carleson measure. 
Proof (a) First consider ߳ > 0. Suppose that ࣞℋఓೕ  is a compact operator from ܪଵିఢ  into ܪଵାఢ. 
Let {ܽ௡} ⊂ (0,1) be any sequence with ܽ௡ → 1. We set 

( ௝݂)௔೙(ݖ) = ቆ
1 − ܽ௡ଶ

(1 − ܽ௡ݖ)ଶቇ

భ
భషച

, ݖ ∈ ॰. 

Then ( ௝݂)௔೙(ݖ) ∈ ଵିఢܪ , sup௡ஹଵ  ∥∥( ௝݂)௔೙∥∥ுభషച < ∞ and ( ௝݂)௔೙ → 0, uniformly on any compact subset of 
॰. Using Lemma 5.1 and bearing in mind that ࣞℋఓೕ  is a compact operator from ܪଵିఢ into ܪଵାఢ , we 

obtain that ቄࣞℋఓೕ൫( ௝݂)௔೙൯ቅ converges to 0 in ܪଵାఢ . This and (8) imply that 
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lim
௡→ஶ

 න  
[଴,ଵ)

෍
௝

( j݂)௔೙(ݐ)തതതതതതതതതതത൫݃௝(ݐ) + (ݐ)௝ߤ൯݀(ݐ)௝ᇱ݃ݐ

= lim
௡→ஶ

 න  
ଶగ

଴
෍
௝

 ࣞℋఓj൫( j݂)௔೙൯(݁పఏ)തതതതതതതതതതതതതതതതതതതതതതത݃௝൫݁௜ఏ൯݀ߠ = 0, ݃௝ ∈ ܪ
భశച
ച .
																	(30) 

Now we wet 

(݃௝)௔೙(ݖ) = ቆ
1 − ܽ௡ଶ

(1 − ܽ௡ݖ)ଶቇ

ച
భశച

, ݖ ∈ ॰. 

It is obvious find that ݃௝ ∈ ܪ
భశച
ച . For every ݊, fix 1 − ߳ ∈ (ܽ௡, 1). Thus, 

න  
[଴,ଵ)

෍
௝

( j݂)௔೙(ݐ)തതതതതതതതതതത൫(݃௝)௔೙(ݐ) + ௔೙(௝݃)ݐ
ᇱ (ݐ)௝ߤ൯݀(ݐ)

≥ නܥ  
[௔೙,ଵ)

෍
௝

ቆ
1 − ܽ௡ଶ

(1− ܽ௡ݐ)ଶ
ቇ

భ
భషച

ቌቆ
1 − ܽ௡ଶ

(1− ܽ௡ݐ)ଶ
ቇ

ച
భశച

+
ଶݐ2߳

1 + ߳
൭

1 − ܽ௡ଶ

(1 − ܽ௡ݐ)
భశయച
ച

൱

ച
భశച

ቍ݀ߤ௝(ݐ) ≥
ܥ

(1− ܽ௡ଶ)
ചశ(భషച)(భశమച)

ച(భషച)

෍
௝

,௝൫[ܽ௡ߤ 1)൯. 

By (30) and the fact {ܽ௡} ⊂ (0,1) is a sequence with ܽ௡ → 1, as ݊ → ∞, we obtain that 

lim
௔→ଵష

 ෍
௝

1

(1 − ܽ௡ଶ)
ചశ(భషച)(భశమച)

ച(భషച)

,௝൫[ܽ௡ߤ 1)൯ = 0. 

Thus ߤ௝ is a vanishing ቀఢା(ଵିఢ)(ଵାଶఢ)
ఢ(ଵିఢ)

ቁ-Carleson measure. 

On the other hand, suppose that ߤ௝ is a vanishing ቀఢା(ଵିఢ)(ଵାଶఢ)
ఢ(ଵିఢ)

ቁ-Carleson measure. Let 

൛( ௝݂)௡ൟ௝,௡ୀଵ

ஶ
 be a sequence of ܪଵିఢ functions with sup௡ஹଵ  ∥∥( ௝݂)௡∥∥ுభషച < ∞ and such that ൛( ௝݂)௡ൟ → 0, 

uniformly on any compact subset of ॰. Then by Lemma 5.1, it is enough to show that ቄࣞℋఓೕ൫( ௝݂)௡൯ቅ →
0 in ܪଵାఢ  
Taking ݃௝ ∈ ܪ

భశച
ച  and 1 − ߳ ∈ [0,1), we have 

න  
[଴,ଵ)

 ෍
௝

∣ ( ௝݂)௡(ݐ) ∥ ൫݃௝(ݐ) + (ݐ)௝ᇱ݃ݐ ∣ (ݐ)௝ߤ݀

= න  
[଴,ଵିఢ)

 ෍
௝

ቚ൫ ௝݂൯௡(ݐ)ቚ ห݃௝(ݐ) + (ݐ)௝ߤห݀(ݐ)௝ᇱ݃ݐ + න  
[ଵିఢ,ଵ)

 ෍
௝

ቚ൫ ௝݂൯௡(ݐ)ቚ ห݃௝(ݐ) + .(ݐ)௝ߤห݀(ݐ)௝ᇱ݃ݐ
 

Then ∫[଴,ଵିఢ)  ∑௝ ห( ௝݂)௡(ݐ)หห݃௝(ݐ) + )tends to 0 as ൛ (ݐ)௝ߤห݀(ݐ)௝ᇱ݃ݐ ௝݂)௡ൟ → 0 uniformly on any compact 
subset of ॰. 

And by the conclusion in the proof of the boundedness in Theorem 4.1 (a), let ݀(ݐ)ߥ =
ଵ

(ଵି௧)
భశమച
భశച

is a vanishing ଵ ߥ We know that .(ݐ)௝ߤ݀
ଵିఢ

-Carleson. Then it implies that 

න  
[ଵିఢ,ଵ)

 ෍
௝

∣ ൫ ௝݂൯௡(ݐ)||݃௝(ݐ) + (ݐ)௝ᇱ݃ݐ ∣ (ݐ)௝ߤ݀ ≤ ෍ܥ
௝

∥ ݃௝ ∥
ு
భశച
ച
න  

[଴,ଵ)
  ቚ൫ ௝݂൯௡(ݐ)ቚ (ݐ)ଵିఢߥ݀

≤ ෍(ଵିఢߥ)ࣨܥ
௝

∥ ݃௝ ∥
ு
భశച
ച ∥∥൫ ௝݂൯௡∥

∥
ுభషച ≤ ෍(ଵିఢߥ)ࣨܥ

௝
∥ ݃௝ ∥

ு
భశച
ച
																						 (31) 

It also tends to 0 by (2). Thus 
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lim
௡→ஶ

  ቮන  
ଶగ

଴
෍
௝

 ࣞℋఓണ൫( j݂)௡൯(݁పఏ)തതതതതതതതതതതതതതതതതതതതതത݃௝൫݁௜ఏ൯݀ߠቮ = lim
௡→ஶ

 න  
[଴,ଵ)

 ෍
௝

ቚ൫ ௝݂൯௡(ݐ)ቚ ห݃௝(ݐ) + (ݐ)௝ߤห݀(ݐ)௝ᇱ݃ݐ

= 0,for all ݃௝ ∈ ܪ
భశച
ച . 

It means ࣞℋఓೕ൫( ௝݂)௡൯ → 0 in ܪଵାఢ, by Lemma 5.1 we obtain ࣞℋఓೕ  is a compact operator from ܪଵିఢ 
into ܪଵାఢ .(b) Let ߳ = 0. Suppose that ࣞℋఓೕ  is a compact operator from ܪଵିఢ  into ܪଵ . Let {ܽ௡} ⊂ (0,1) 

be any sequence with ܽ௡ → 1 and ( ௝݂)௔೙ defines like in (a). Lemma 5.1 implies that ቄࣞℋఓೕ൫( ௝݂)௔೙൯ቅ 
converges to 0 in ܪଵ . Then we have 

lim
௡→ஶ

 න  
[଴,ଵ)

෍
௝

 ( j݂)௔೙(ݐ)തതതതതതതതതതത൫݃௝((1 − (ݐ(߳ + (1− ௝ᇱ((1݃ݐ(߳ − (ݐ)௝ߤ൯݀(ݐ(߳

= lim
௡→ஶ

 න  
ଶగ

଴
෍
௝

 ࣞℋఓj൫( j݂)௔೙൯((1 − ߳)݁పఏ)തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത݃௝൫݁௜ఏ൯݀ߠ = 0, ݃௝ ∈ .ܣܱܯܸ
																	(32) 

Set 
(݃௝)௔೙(ݖ) = log	

݁
1 − ܽ௡ݖ

. 

It is well known that ݃௝ ∈ For 1 .ܣܱܯܸ − ߳ ∈ (ܽ௡, 1), we deduce that 

න  
[଴,ଵ)

 ෍
௝

( j݂)௔೙(ݐ)തതതതതതതതതതത൫݃௝((1 − (ݐ(߳ + (1 − ௝ᇱ((1݃ݐ(߳ − (ݐ)௝ߤ൯݀(ݐ(߳

≥ නܥ  
[௔೙,ଵ)

 ෍
௝

ቆ
1 − ܽ௡ଶ

(1 − ܽ௡ݐ)ଶ
ቇ

భ
భషച

൬log	
݁

1 − ܽ௡(1 − ݐ(߳ +
ܽ௡(1 − ݐ(߳

1 − ܽ௡(1 − (ݐ)௝ߤ൰݀ݐ(߳

≥
ܥ

(1 − ܽ௡)
మషച
భషച

෍
௝

,௝൫[ܽ௡ߤ 1)൯.

 

Letting ܽ௡ → 1ିas ݊ → ∞, we have 

lim
௔→ଵష

෍
௝

1

(1 − ܽ௡ଶ)
మషച
భషച

,௝൫[ܽ௡ߤ 1)൯ = 0. 

We can obtain that ߤ௝ is a vanishing ቀଶିఢ
ଵିఢ

ቁ-Carleson measure. 

On the other hand, suppose that ߤ௝ is a vanishing ቀଶିఢ
ଵିఢ

ቁ-Carleson measure. Let ݀(ݐ)ߥ = 	 (1−

is a vanishing ଵ ߥ we know that ,(ݐ)௝ߤଵ݀ି(ݐ
ଵିఢ

-Carleson. Let ൛( ௝݂)௡ൟ௝ ,௡ୀଵ

ஶ
 be a sequence of ܪଵିఢ 

functions with sup௡ஹଵ  ∥∥( ௝݂)௡∥∥ுభషച < ∞ and such that ൛( ௝݂)௡ൟ → 0, uniformly on any compact subset of 

॰. Then by Lemma 5.1, it is enough to show that ቄࣞℋఓೕ൫( ௝݂)௡൯ቅ → 0 in ܪଵ . For every ݃௝ ∈ ,ܣܱܯܸ 0 <
߳ < 1, using (4) and (18), we deduce that 

න  
[଴,ଵ)

 ෍
௝

∣ ൫ ௝݂൯௡(ݐ)|ห݃௝(ݐ) + (ݐ)௝ߤห݀(ݐ)௝ᇱ݃ݐ

= න  
[଴,ଵିఢ)

 ෍
௝

ቚ൫ ௝݂൯௡(ݐ)ቚ ห݃௝(ݐ) + (ݐ)௝ߤห݀(ݐ)௝ᇱ݃ݐ + න  
[ଵିఢ,ଵ)

෍
௝

  ቚ൫ ௝݂൯௡(ݐ)ቚ ห݃௝(ݐ) + .(ݐ)௝ߤห݀(ݐ)௝ᇱ݃ݐ
 

Then ∫[଴,ଵିఢ)  | ௝݂(ݐ)| ∣ ൫݃௝(ݐ) + (ݐ)௝ᇱ݃ݐ ∣ )tends to 0 as ൛ (ݐ)௝ߤ݀ ௝݂)௡ൟ → 0 uniformly on any compact 
subset of ॰. For second term, arguing as in the proof of the boundedness in Theorem 4.1 (b), we obtain 
that 

න  
[ଵିఢ,ଵ)

෍
௝

  ቚ൫ ௝݂൯௡(ݐ)ቚ ห݃௝(ݐ) +  (ݐ)௝ߤห݀(ݐ)௝ᇱ݃ݐ
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≤ ෍ܥ
௝

∥ ݃௝ ∥஻ெை஺ න  
[଴,ଵ)

  ห( ௝݂)௡(ݐ)ห ൬log	
1

1 − ݐ +
ݐ

1 − (ݐ)௝ߤ൰݀ݐ

≤ ෍ܥ
௝

∥ ݃௝ ∥஻ெை஺ න  
[଴,ଵ)

  ห( ௝݂)௡(ݐ)ห݀ߥଵିఢ(ݐ)

≤ ෍(ଵିఢߥ)ࣨܥ
௝

∥ ݃௝ ∥஻ெை஺ ∥∥( ௝݂)௡∥∥ுభషച

≤ ෍(ଵିఢߥ)ࣨܥ
௝

∥ ݃௝ ∥஻ெை஺ ,݃௝ ∈ ܣܱܯܸ

																	(33) 

it also tends to 0 by (2). Thus 

lim
௡→ஶ

  ቮන  
ଶగ

଴
෍
௝

 ࣞℋఓണ൫( j݂)௡൯(݁పఏ)തതതതതതതതതതതതതതതതതതതതതത݃௝൫݁௜ఏ൯݀ߠቮ

= lim
௡→ஶ

 න  
[଴,ଵ)

 ෍
௝

ห( ௝݂)௡(ݐ)หห൫݃௝(ݐ) + (ݐ)௝ߤ൯ห݀(ݐ)௝ᇱ݃ݐ = 0,  for all ݃௝ ∈ .ܣܱܯܸ

 

It means ࣞℋఓೕ൫( ௝݂)௡൯ → 0 in ܪଵ , by Lemma 5.1 we obtain ࣞℋఓೕ  is a compact operator from ܪଵିఢ  into 
 .ଵܪ
(c) The proof is the same as that of Theorem 4.1(c) and Theorem 5.2(1).We omit the details here. 
Finally, we consider the situation of ߳ > 0, characterize those measures ߤ௝ for which ࣞℋఓೕ is a compact 
operator from ܪଵାఢ  into ܪଵାఢ , and give sufficient and necessary conditions respectively (see [16]). 
Theorem 5.3. Let 0 < ߳ < ∞ and ߤ௝ be a positive Borel measure on [0, 1) which satisfies the condition 
in Theorem 3.3. 
(a) If ߤ௝ is a vanishing ቀ(ଵାଶఢ)ା(ଵାఢ)(ଶାଶఢ)

(ଵାఢ)(ଵାଶఢ)
+ 1 + ߳ቁ-Carleson measure for any ߳ > 0, then ࣞℋఓೕ  is a 

compact operator from ܪଵାఢ into ܪଵାଶఢ . 
(b) If ࣞℋఓೕ  is a compact operator from ܪଵାఢ  into ܪଵାଶఢ , then ߤ௝ is a vanishing ቀ(ଵାଶఢ)ା(ଵାఢ)(ଶାଶఢ)

(ଵାఢ)(ଵାଶఢ)
ቁ 

Carleson measure. 
Proof (a) The proof is the same as that of Theorem 5.2(a).We omit the details here. 
(b) The proof is similar to that of Theorem 4.3(b) and Theorem 5.2(a). We omit the details here. 
Similarly, ࣞℋఓೕ  in ܪଵାఢ(0 ≤ ߳ ≤ 1) also have a better conclusion (see [16]). 
Theorem 5.4. Let 0 ≤ ߳ ≤ 1 and ߤ௝ be a positive Borel measure on [0,1) which satisfies the condition in 
Theorem 3.3. Then ࣞℋఓೕ is a compact operator in ܪଵାఢ if and only if ߤ௝ is a vanishing 2-Carleson 
measure. 
Proof Firstly, let ߳ = 0, we know that ࣞℋఓೕ  is a compact operator in ܪଵ if and only if ߤ௝ is a vanishing 
2-Carleson measure by Theorem 5.2. 
Next, let ߳ = 1, by Theorem 5.3, We only need to show if ߤ௝ is a vanishing 2-Carleson measure then 
ࣞℋఓೕ  is a compact operator in ܪଶ . 

Assume that ߤ௝ is a vanishing 2-Carleson measure and let ൛( ௝݂)௝బൟ be a sequence of functions in 
)∥∥ ଶ withܪ ௝݂)௝బ∥∥ுమ ≤ 1, for all ݆଴, and such that ( ௝݂)௝బ → 0, uniformly on compact subsets of ॰. Since ߤ௝ 

is a vanishing 2-Carleson measure then (ߤ௝)௡ା௞ = ݋ ቀ ଵ
(௡ା௞ାଵ)మ

ቁ, as ݊ → ∞. Say 

௡,௞(௝ߤ) = ௡ା௞(௝ߤ) =
௡ߝ

(݊ + ݇ + 1)ଶ , ݊ = 0,1,2, … 

Then {ߝ௡} → 0. Say that, for every ݆଴, 

( ௝݂)௝బ(ݖ) = ෍  
ஶ

௞ୀ଴

ܽ௞
(௝బ)ݖ௞ , ݖ ∈ ॰. 

By using the classical Hilbert inequality, we have 
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෍  
ஶ

௡ୀ଴

อ෍  
ஶ

௞ୀ଴

 
ܽ௞

(௝బ)

݊ + ݇ + 1
อ
ଶ

≤  ଶ෍ߨ
ஶ

௞ୀ଴

ቚܽ௞
(௝బ)ቚ

ଶ
≤  (34)																																		ଶ.ߨ

Take ߝ > 0 and next take a natural number ܰ such that 
݊ ≥ ܰ ⇒ ௡ଶߝ <

ߝ
 .ଶߨ2

We have 

෍
௝

∥∥ࣞℋఓೕ൫( ௝݂)௝బ൯∥∥ுమ

ଶ
= ෍ 

ஶ

௡ୀ଴

 (݊ + 1)ଶ ቮ෍  
ஶ

௞ୀ଴

෍
௝

௡,௞ܽ௞(௝ߤ) 
(௝బ)ቮ

ଶ

= ෍ 
ே

௡ୀ଴

 (݊ + 1)ଶ ቮ෍  
ஶ

௞ୀ଴

෍
௝

௡,௞ܽ௞(௝ߤ) 
(௝బ)ቮ

ଶ

+ ෍  
ஶ

௡ୀேାଵ

 (݊ + 1)ଶ ቮ෍  
ஶ

௞ୀ଴

෍
௝

௡,௞ܽ௞(௝ߤ) 
(௝బ)ቮ

ଶ

≤ ෍  
ே

௡ୀ଴

 (݊ + 1)ଶ ቮ෍  
ஶ

௞ୀ଴

෍
௝

௡,௞ܽ௞(௝ߤ) 
(௝బ)ቮ

ଶ

+ ෍  
ஶ

௡ୀ଴

 (݊ + 1)ଶ อ෍  
ஶ

௞ୀ଴

 
௡ܽ௞ߝ

(௝బ)

(݊ + ݇ + 1)ଶ
อ
ଶ

≤ ෍  
ே

௡ୀ଴

 (݊ + 1)ଶ ቮ෍  
ஶ

௞ୀ଴

෍
௝

௡,௞ܽ௞(௝ߤ) 
(௝బ)ቮ

ଶ

+
ߝ

 ଶ෍ߨ2
ஶ

௡ୀ଴

  อ෍  
ஶ

௞ୀ଴

 
ܽ௞

(௝బ)

݊ + ݇ + 1
อ
ଶ

 

≤ ෍  
ே

௡ୀ଴

 (݊ + 1)ଶ ቮ෍  
ஶ

௞ୀ଴

෍
௝

  ൫ߤ௝൯௡,௞
ܽ௞

(௝బ)ቮ

ଶ

+
ߝ
2.																																																																			(35) 

Now, since ( ௝݂)௝బ → 0, uniformly on compact subsets of ॰, it follows that 

෍  
ே

௡ୀ଴

(݊ + 1)ଶ ቮ෍  
ஶ

௞ୀ଴

෍
௝

௡,௞ܽ௞(௝ߤ) 
(௝బ)ቮ

ଶ

→ 0,  as ݆଴ →∞ 

Then it follows that there exist (݆଴)଴ ∈ ܰ such that ∥∥ࣞℋఓೕ൫( ௝݂)௝బ൯∥∥ுమ

ଶ
< for all ݆଴ ߝ ≥ (݆଴)଴. So, we have 

shown that ∥∥∑ ࣞℋఓೕ௝ ൫( ௝݂)௝బ൯∥∥ுమ

ଶ
→ 0. The compactness of ࣞℋఓೕ  on ܪଶ follows (see [16]). 

Since we have show that when ߳ = 0, the compactness of ࣞℋఓೕ  on ܪଵ . To deal with the cases 
0 < ߳ < 1, we use again complex interpolation. Let 0 < ߳ < 1 and ߤ௝ be a vanishing 2-Carleson 
measure. Recall that 

ଵାఢܪ = ఏ(ଵܪ,ଶܪ) ,  if 0 < ߳ < 1 and ߠ =
2

1 + ߳ − 1. 
We have also that if 0 < ߳ < ∞ then 

ଶܪ = ଶାఢܪ) ଵ)ଵାఢܪ, . 
for a certain 1 − ߳ ∈ (0,1), namely, ߳ = 0. Since ܪଶ is reflexive, and ࣞℋఓೕ  is compact from ܪଶ into 
itself and from ܪଵ into itself, Theorem 10 of [3] gives that ࣞℋఓೕ  is a compact operator in ܪଵାఢ(0 ≤ ߳ ≤
1). 
6. Conclusion 

We show application of a derivative-Hilbert operator acting on Hardy spaces and terms such as 
ࣞఓೕ  are well defined in solid spaces with bounededness and compactness of ࣞℋఓೕ  on Hardy Spaces. We 
show characterize the positive Borel measures ߤ௝ for which the operator which ℐ(ఓೕ)మ  and ࣞℋఓೕ is well 
defined in the Hardy spaces ܪଵାఢ. 
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