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Application on a Factor Derived from Hilbert and Carleson Measure on Hardy Spaces

Abstract.
We follow S. Ye and G. Feng [16], for u; to a positive Borel measure on the interval [0, 1). The

Hankel matrix #,,, = ((uj)n'k)j,n,kzo with entries (u)ne = ()i, Where (u)n = fig,y t"dp;(0),
the operator is formally induced

Z DI, (F)(2) = ZZZ (i) @ + Dz

n=0 k=
in the space of each analytlcal function f;(z) = Zk 0 akZ in the unit disc D. We classify positive Borel

measures on [0,1) as such DK, (f;)(2) = Jomy (lflg))z du;(t) for all in Hardy spaces H'*€(0 < e <
), and we describe those for which DH,, is a bounded* operator from H*€(0 < e < ) into
H*2¢(e > 0).

Keywords: Hardy spaces; Carleson measure; derivative Hilbert operator.

1. Introduction

For u; be a positive Borel measure on the interval [0,1). The:Hankel matrix }, = ((“i)"'k)n,kzo

with entries (¢;)nx = (U )n+r, Where (i), = f[o 1)t"du]-(t), for analytic functions fj(z) = Yr-oaxz™,
the generalized Hilbert operator define as

> }ru].(m(z)=i i > (), | (1)
Ji n=0 \k=0'j

When the right side is logical and defines an analytical function in D.
In recent decades, the generalized Hilbert operator Hy, which is induced by the Hankel matrix

Hy, has been studied extensively. Galanopouloes and Pelaez [7], characterized the Borel measure u; for
which the Hankel operator Hy, is a bounded operator on H. Then Chatzifountas, Girela, and Pelaez [1]

extended this with Hardy spaces H1*€ with 0 < e < oo. In [9], Girela and Merchén studied factorization
that operates on certain fixed areas of analytic functions on disk (see [16]).
In 2021, Ye and Zhou [17] firstly used the Hankel matrix defined and the Derivative-Hilbert

operator 1):7-[”]. as
Y@= (DD s |+ D2
j n=0 \k=0 j

Another generalized Hilbert-integral operator related to DH,, denoted by ‘7(11]')1+e((1+€) € N*)is

defined by
Z T ()@) = f)z T,

whenever the right Hanrlght Handes sense and defines an analytic functions in D. We can easily see that
the case € =0 is the integral representation of the generalized Hilbert operator. Ye and Zhou
characterized the measure p; for which 7(u;), and DHy; are bounded on Bloch space [17] and Bergman
spaces [18].
We consider the operators

D}[ﬂj’g(ﬂj)z:Hl-'-E i H1+26, 0<e< 0, € = 0.

2)j"[u]"g(uj)z:HHE - B, 0<e<l
The aim is to study the boundedness of 7, .y, and DH,, .

()2 uj



We characterize the positive Borel measures u; for which the operator which Tp, and DH,, is

well defined in the Hardy spaces H'*€. Then we give the necessary and sufficient conditions such that
operator 1):7-[ is bounded from the Hardy space H1*¢(0 < € < o) into the space H1*2¢(e > 0), or from
H™¢(0<e < 1) into B;_.(0 < € < 1) (see [16]).
2. Notation and Preliminaries

For D denote the open unit disk of the complex plane, and let H(ID) denote the set of all analytic
functions in D.
If0<e<1andf; € H(D), we set

1+e

Z My(l—ef) = f Z 1,1 — )e®)|"* O<e<w.

Z Mo(1—ef)= sup > Ifi()
7 |z|=1-€ 7
For 0 < € < oo, the Hardy space H'*€ consists of those f; € H(D) such that
def
Il Z fi Ng1+e = sup My (1 —¢€ f;) < oo

0<e<1

J
We refer to [5] for the notation and results regarded Hardy spaces:
For0 <e <1, we let B;_, [15] denote the space consisting of those f; € H (D) for which

Zf] fz € 1eM1(1 € £;)d(1—€) < oo.

J Bi_e
The Banach space B;_. is the "containing Banach. space" of H1~¢, that is, H'~€ is a dense subspace of
Bi_¢, and the two spaces have the same continuous linear functionals. (We mention [15] as general
references for the B,_. spaces.)

The space BMOA consists of those functions f; € H* whose boundary values limit the mean
oscillation on dD as defined by John and Niirenberg. There are many characterizations of BMOA
functions. We mention the following. (see [16]).

For p,(2) = 1a-azz
if and only if

. If f; is an analytic function in D, then f; € BMOA

N X101+ 1fl<e
. 4 ,-

J BMOA
where

def M M
Zf,- = supz Ifj e o = fi (D],
7 a€eD 7
The seminorm || ||, is conformally invariant. If
lim > |f;opa = fi@l,. =0,

la|-1
J
then we say that f; belongs to the space VMOA (function analytic for vanishing mean oscillation). We
refer to 8 for the theory of BMOA functions.

We recall that a functions f; € H(ID) is said to be a Bloch function if

DAl E D I5@I+sup Y -2 @)] <
TR | G

The space of all Bloch functions is denoted by B. The classic reference for Bloch's functions theory is
[10, 14]. The relationship between these spaces which we gave above is well known,
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H* S BMOASB, BMOAS (] HM*e
0<e<o
Let us recall the knowledge of the Carleson measure, which is a very useful tool in the study of Banach
spaces of analytic functions. For 0 < € < o, a positive Borel measure u; on D will be called an (1 + €)-
Carleson measure if there exists a positive constant C such that
ui(S() < Clpt*e.
The Carleson square S(I) is defined as

), - i6. ,i0 < 7. 1]
S()=4z=(1 —¢€)e':e EI,l—ZnSI—Eﬁl.
1 (s())

where [ is an interval of dD, |I| denotes the length of 1. If u; satisfies lim; -, e

=0,wecall y;isa
vanishing (1 + €)-Carleson measure.

For p; be a positive Borel measure on ID. For 0 < € < o we say that u; is (1 + €)-logarithmic
(1 + €)-Carleson measure, if there exists a positive constant C such that

27T 1+€
SO (109 7) <CIlcaD

|I|1+e -

1+€

If 11;(5(1)) (log Z) " = 0(11]™+€), as |1] > O, we say that y; is vanishing (1 €)-logarithmic (1 + )-
Carleson measure 13, 18].

Suppose u; is a (1 + €)-Carleson measure on D, we show that.the identity mapping i is well
defined from H'*€ into L'~¢(D, y;). Let V'(u;) be the norm of i, For.0 <€ < 1, let

d(U))1-6(2) = X1-e<jz<1 (O)dps(t).
Then u; is a vanishing (1 + €)-Carleson measure if and only if
N((1j)1-¢)— 0vas T=€ - 1-. 2

A positive Borel measure on [0,1) also can be‘seen as a Borel measure on D by identifying it with the
measure u; defined by

g (B = ) 10.)
for any Borel subset E of ID. Then a.positive Borel measure u; on [0,1) can be seen as a (1 + €)-Carleson
measure on D, if
([t 1)) £C@A —t)'e, 0<t<l
Also, we have similar statements for vanishing (1 + €)-Carleson measures, (1 + €)-logarithmic (1 + €)-
Carleson and vanishing (1 + €)-logarithmic (1 + €)-Carleson measures.

As usual, during this-paper, C refers to a positive constant that depends only on the displayed
parameters but is‘not necessarily the same from case to case, for any given € > O,% will denote the
conjugate index of 1 + €, that is, e = O (see [16]).

3. Terms suchas D, are Well Defined in Solid Spaces

We  obtain the sufficient condition such thisl)}[u]. are well-defined in H1*¢(0 < € < ) and
obtain that D}[Mj(fj) = J(uj)z(fj), for all f; € H'*€, with the certain condition (see [16]).

We show recall two results about the coefficients of functions in Hardy spaces.
Lemma 3.1. [16], [5, p.98] If
fi(2) = Z a,z" €EH'™¢, 0<e <1,

n=0

then

and

2—€
lay] < CnT=€||f; lly1-€
Lemma 3.2. [16], [5, p.95] If
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(00

fi(2) = Z a,z" € H*™ ¢, 0<e < 2,
n=0

then ¥n~¢la,|> ¢ < oo and

{Z (n+ 1) ¢, [ } <CZ I £, 1235,

Theorem 3.3. Suppose 0 < € < o and let u; be a positive Borel measure on [0,1). Then the power series
in (1) defines a well-defined analytic function in D for every f; € H**€ in any of the two following cases
(see [16]).

(a) The measure u; is a 1TIE—CarIeson measure, if 0 < e < 1.

(b) The measure ; is a 1-Carleson measure, if 0 < € < co.
Furthermore, in such cases, we have that

2 256, (@ = [V o = F A

J
Proof First recall a Well—known result of Hastings [11]: For 0 < e <.oo,pu; Is a %—Carleson measure if

and only if there exists a positive constant C such that
1
1+2€

f Z £, (0)|1+2€ dy; (£) scz I fi llgive, forall f; € H*e, (4)
[0,1) 7

(a) Suppose that 0 < e < 1 and y; is a; —Carleson measure.- Then (4) gives
[ > Oldi () €SI e, forall < e
[01) %5 ;

j
Fix f;(z) = Xioarz® € H'~¢ and z with'|z| <1 — €,0 < e < 1. It follows that

f[m)z IIf;(t)||2 1 () séf[m)z I (®)ldu; ()
g
SCE%Z I f; Mga-e.

Ji® dpj(t) uniformly converges and that

[01) (1-tz)2

Y .00 = [ 3 o

J
:Z (n+1) f[m)Z (O du (©) |2

Take fj(z)= Yr-oaxz® € H' €. Since y; is 1Tle—Carleson measure, by [1] Proposition 1 and Lemma 3.1,
we have that there exists € > 0 such that

Z [ E Z el < ——

(k + 1)1 €
lagl < C(k + 1)E for all n, k.

This implies that the integral-/

(%)

Then it follows that, for every n,



(”+1)Z Z |(nillarl < C(n+1)z C(n+1)z —la"l ““lail®

k=0 (k+1)1 € k=0 (k+1)1 €

I=e(k+1
< C(n+1)z lai"( )1 -
k=0 (k+1)1e

=C+1) ) (k+1) 1+9g, 1~
k=0

and then by Lemma 3.2, we deduce that

(n+ 1)2 Z |(j)nax I< C(n+ 1)2 I £ IS
j J

This implies that DH,, is a well deflned for all z € D and that

Z DH(£)@) = i (n+1) i Z ()i | 2"
J n=0 k=0 j
i Z D f[ D Z enf; (), (6)z" (6)

f[01)z (lf]—(?)z 1 (t).

This give that X; DH,, (f;) = X; T, ().

(b) When 0 < € < oo, since p; is a 1-Carleson measure, (4) holds, then the argument used in the proof of
(a) gives that, for every f; € H“E,I(ui)2 is well'defined analytic function in D and we have (5).

And since y; is 1-Carleson measure by Theorem 3 in [1], we know

DI WL MW CTO)
k=0 " 01

which implies that DH,, is a well defined for all z € D, and D}[#j(fj) = J(uj)z(f]-) (see [16]).
4. Bounededness of D}Cﬂj Acting on Hardy Spaces
We mainly characterize those measures p; for which 1):7-[”]. is a bounded (resp., compact) operator

from H1*€ into H1*2€ forsome'l 4+ € and 1 + 2e.
Theorem 4.1. [16] Suppose O < € < 1 and let p; be a positive Borel measure on [0,1) which satisfies the
condition in Theorem 3.3.

(@) If e > 0, then DHy, is a bounded operator from H'~€ into H**€ if and only if y; is a (
Carleson measure.

(b) If € =0, then 1):7-[ is a bounded operator from H'~¢ into H* if and only if y; is a ( ) Carleson
measure.

(c) f 0<e<1, then 1):7-[ is a bounded operator from H'~€ into B;_. if and only if y; is a (2 i)

Carleson measure.
Proof. Suppose 0 < e < 1. Since p; satisfies the condition in Theorem 3.3, as in the proof of Theorem
3.3, we obtain that

E+(1—E)(1+26))
€(1—€)

j Z Ifi@|dp;(t) < oo, forall f; € H' ™
[01) J
Hence, it follows that



21 f(t)g (616)
f f[m)z ‘(1 : ]f)e‘et)z du;(£)do
= [y 20 15Ok [ o (elas ¢

hg; e
scz %<oo, 0<e<l  ffEH™S,  g;eH.

J
Using Theorem 3.3, (7) and Fubini's theorem, and Cauchy's integral representation of H®, we obtain

L Vo (o) a0 = F@du; (1) l.
Efo ZD ()@= e)e®)g;(et?)do = %f f[m)z(l (1_6;6 IRE 9,(¢©)do

_ 1 . g,(ele)ele i
- Ef[o 1) Z o leto]=1 (€% - (1-e)t)? de'®du;(©)
an[01) Z £(©Og;((L—e)t)(d — &)ty du;(t)

:zf[ )Z ® (9;(@ - 1) + @ - gy (1= )e)) du, (o), @)
0,1 7

0<e<l1  fj€H"¢ _<g,€eH"
1+€
(a) First consider € > 0. Using (8) and the duality theorem [5] for H1*€ which says that (H1*€)* = H™e
1+e\*
and (HT) = H*¢(e > 0), under the Cauchy pairing
L F(o0) i6 1+e e
Q. <frg>= gf D SE@gie)ds,  fentegene. (9
J J
We obtain that DH,, is a bounded operator from H*€ into H'*€ if and only if there exists a positive
constant C such that

f Z fi®)(g;(®) + tgj())du; (1) SCZ I Mol g 1 sse, f, € H* g, € H e (10)

Assume that DH,, is a bounded operator from H“E into H1*€, Take the families of text functions

1—a? \T+e 1—a? \lte
(f,-)a(z)=<(1 o) @@= (o) 0<as1

1+€
A calculationshows that {(f;).} < H**¢,{(g9;)o} € H ¢ and

sup Il f; llyi+e<<ocoand sup |l g; || 1+e< 0,
a€l0,1) a€g[0,1)

It follows that



oo >=>( sup Z Il fi Nlpga+e sup Il g; || Lte

a€f0,1)

> f[o N Z () © ((g,-)a(t) + t(gj);(t)> du; ()
DT

1 c T (11)
1+e 1—a? \1+te 2¢et? 1—a?
_ + ;
f[a N Z <(1 —at)? ) <(1 - at)2> 1+e iT3e dp;(t)

(1 —at) e
1
> mz #y(la, 1))
J

This is equivalent to saying that u; is a (1 + €)-Carleson measure. On the other hand, suppose y; is a
1+€

(1 + €)-Carleson measure, it is well known that any functions g; € H™e [5] has the property

Xi 1gill 1te
> g@)|sc——H= (12)
; (1 - Iz

By the Cauchy formula, we can obtain that

T

Z 9;(2) <Cz LIH (13)

j — lz]) T+

Letdv(t) = Wdul(t) Using Lemma 3.2 of [12] we obtain that v is an ——Carleson
(1-t) 1+e

This together with (12) and (13) we obtain that

1 t
<c> gl e [ 1) o |
i He Joa) T+e T+e

(I-t)i+e (A —t)1+e

[ Y 50+ g @)ano
[01) 5
<c >y, e f[m I (®)]dv(t)
j 1

1+€e
< CZ 197 1 ssell £ lve, g € H e f; € HY*<, (14)
J
Hence (10) holds and then DH,, is a bounded operator from H1*€ into H1*¢,

(b) We shall use Fefferman's duallty theorem, which says that (H)* = BMOA and (VMOA)* = H?,
under the Cauchy pairing

Z <f}-,g]- >= |im f Z f((l_E)ele)g](eLG)dg f] €H

: 1-e-1" 21T
J
gj € BMOA(resp. VMOA) (15)
Using the duality theorem and (8) it follows that DH,, is a bounded operator from H*€ into H! if and
only if there exists a positive constant C such that

f[o 1)2 £,® g,((l— et) + (1 — ety ((1—e)t)) du;(0)| < CZ I f; el g; ||BMOA,(16)

0<e<l, feH“E g; EVMOA.

Suppose that 1):7-[ is a bounded operator from H'*€ into H'. Take the families of text functions

1
.2

a 1+e e
(fi)a(2) = <(1 az)2> (g))a(z) =log 7—— 0<a<l
A calculation shows that {(f;).} < H**¢,{(9,)a} € VMOA and
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sup Z Il fj llgi+e<< o0 and sup Z I g; lgmoa< oo.

a€f0,1) 7 a€fo0,1) 7
We let 1 — € € [a, 1), and obtain
o >( sup Z Il f; lga+e sup Il g; llgmoa
- a€l0,1)

a€f0,1) 7

>, 1.0 ((g,.>a(<1 -1 + (1 - e(g)), (L - Ot dpy ©

| e a(l—e)t p
f[m)z <(l—at)2) <Ogl—a(l—e)t+1_a(1_6)t) i (t)

> 2N wa)
(1—a2)f+eZ ’

This is equivalent to saying that u; is a ( ) Carleson measure.

1n

On the other hand, suppose u; is a ( ) Carleson measure. It is well known that any functions
gj € B [14] has the property

Z 9,(2)| < CZ I g; llz log %IZI and Z 9/(2)] < CZ L9 "B for all z € D. (18)
J J

Let dv(t) = idﬂj (t), then v is an ::—Carleson. Using (16), (18) and BMOA c B, Theorem 5.2 in [8],
we obtain that

J 2 @ - 90+ (- 9t (5 90)es®
0,1 7
scz I'g; ||Bf |f,(t)|(log—+1—)du,(t)
j
< CZ Il 95 zmoa f[o,l) |£;(©)]av(t) (19)

S CZ " g] "BMOA" f} "H1+E, f} € H1+E,g]' € VMOA

Hence (16) holds and then DJ—[ isa bounded operator from H1*€ into H?.

(c) If 0 < € < L Now we recall Theorem 10 in [15] that B, _. they can be identified with the duplication
of a particular subspace X of H* under the pairing

Z <fug;>= lim f Z (1 —€)e®)g;(e)do, f; € B,_, g, € X. (20)

1-e-1~ 21T

This together with (8) and (20), we obtain that DH,, is a bounded operator from H'~¢ into B,_. if and
only if there exists a positive constant C such that

f[ 2 @@= 90+ A= tgi(@ = 90| £€ ), 15 hys-el g =
0T j

0<e<l1l  fjeH"E g; EH™. (21)
Suppose that 1):7-[ is a bounded operator from H'~€ into B, _,, take the text function families

1

2 2

l1-a a
e = (G~ a5 —© <a<1

az)2> (99aD =]

A calculation shows that {(f;),} < H*~¢,{(9;)a} < H* and
8



sup [ f] [lg1-e<< o0 and sup I gj [ o< 00,
a€l0,1) 7 a€l0,1) 7

We let 1 — € € [a, 1), obtain
@ >Csup > I fyllge SUP Il gj llye

a€l0,1) 7 a€fo0,1)

> f[ . S 720 (), (@~ 90 + @ —t(g,),(@ - 1)) digy(©
1 7

= (22)
f Z 1-€ 1—a2 . art (1_a2) p ,
[a1) (1—at)2 (1—-a(l—-e)t) (1 - a(l - e)t)? llj( )
) (e 1),
(1 - a2)1 €5
This is equivalent to saying that u; is a ( ) Carleson measure.
On the other hand, assume y; is a ( ) Carleson measure, then dv(t). = tdu]-(t) as an i

Carleson. Then we have that

f[o ) Z A (9;((1 = e)0) + (1 = )zg; (A - YO (1)
t
< CZ I gj llgee f[o,n 1fi ()] <1 + E) dp;(t)
s CZ I g; llge f[m) |f;(®)|dv(t) 23)

< CZ I g W=l f Nya-e, f; € HI¢, g; € H®

Hence (21) holds and then 1):7-[ isa bounded operator from H1~€ into B, _..

Next, we will con3|der 0 < e <o, giving the sufficient condition and the other necessary
condition for the restriction D%, from H*€ into H1*2€ respectively.

We give Lemma4.2 which is useful when we proof of the Theorem 4.3.
Lemma 4.2. Let u; be a positive measure on [0,1) and € = O. If u; is a (2 + 2¢)-Carleson measure, then

1
du;(t) < .
f[)z gy 0

The result is obvious, we omit the details (see [16]).
Theorem 4.3. Let 0 < € < o0 and u; be a positive Borel measure on [0,1) which satisfies the condition in

Theorem.3.3,

@M is'a ((1+2(51):E()1(:i)2(62)+ze)+ 1 +e)-CarIeson measure for any € > 0, then DH,, is a bounded

operator from H1*€ into H1*2¢,
b) If DH,. is a bounded operator from H*€ into H'*2¢ then u; is a
Uj p ]

measure.

Proof. Suppose u; is a (

( 14+2€e(2+€)

(1+€)(1+2¢)
1 2€

1+€ 1+2€

(14+2€)+(1+€)(2+2¢)

(1+€)(1+2¢) )—Carleson

(1+2€)+(1+€)(2+2¢€)
(1+€)(1+2¢)

+1+ e)—CarIeson measure. Let dv(t) = id“i (t), then v is

2€(1+€)
1+2¢

+1+ e)—CarIeson. And set € = 0, the conjugate exponentof 1 +¢eiss’ =1+ and

2es’

=1=
1+

Then by Theorem 9.4 in [5], H1*€ is continuously embedded in L1*€(dv), that is,



1
1+€

f Z If, (O <dv(t) scz I £, lyase, f; € H*, (24)
[0.1) %5 7

and, by Lemma 4.2,
1
S,

1 1+2e

f — dv(t) | < oo, g; € H2e (25)
01 (1 — t)T+ze

Using Holder's inequality with exponents 1 + € and s’, (24) and (25), we obtain that

f > (g0 + tg;)di®| < > gyl _f O] e a0
[01) < 7 H 26 Jo1) (1 — t)T+ze

1
= CZ Il gj I LZEf |f](t)| 1+4€ dv(t)
> H [0.1)

2€ (1 _ t)m

[

1 s’

THe 1
<cY g _< | If,-(t)I“EdV(t)> | v
7 H 26 \J[o,1) [

0D (1 = t)T+ze
1+2¢

< CZ 195 1 ssacll f; Dysve, f; € H'€ g€ Ho2e (26)
j

Hence, (10) holds and then it follows that D74, . is a bounded operator from H*€ into H1*2€,

Conversely, if DHy, is a bounded operator from H'*¢ into H'*2¢ then u; is a

((“2(61):6()1(:?2(62;26)) Carleson measure. The evidence is the same as that of Theorem 4.1(a). We omit the

details here (see [16]).

We also find DHy, in H1*€(0 < e < 1) have a better'conclusion.

Theorem 4.4. Let 0 < € < 1 and p;/be a positive'Borel measure on [0,1) which satisfies the condition in
Theorem 3.3. Then DH,, is a bounded operator in H**€ if and only if y; is a 2-Carleson measure.

Proof Firstly, if e = 0, by Theorem 4.1 we obtain that DH,, is a bounded operator in H* if and only if y;

is a 2-Carleson measure.

If e = 1, by Theorem 4.3 we only need to show that if p; is a 2 -Carleson measure then 1):7-[”]. isa
bounded operator in H?,
Since fij(z) = Y2 oazk € H?, we have || fi llfqz: Y i=olax|? and when y; is a 2-Carleson measure, we
have

C
| ) nk| = [Wnsi] < kD (27)
By using.classical Hilbert inequality, (1), and (27), we obtain that
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Z HD}[u](fJ)HZz - i (n+1)2 i Z () = i (n+1)? i |(.uj)n,k Il ak|
j n=0 7 = k=0

J n=0 j

= 2 c |ak|
SCZ (n+1) < m)
|ak| i
SCZ}( (n+k+1)>
scz |ak|2=cz I 122 (28)
k=0 j

J
Thus DH,, is a bounded operator in H2. Finally, we shall use complex interpolation to present our
results. We know that

2

H*€ = (H? HY),, ifO0<e<landf =1 (29)
Using (29) and [21, Theorem 2.4], it follows that DH,, is a bounded operator in H1*€(0 < € < 1).
Conjecture 4.6. We conjecture that if p; is a 2- Carleson measure then DHy, is a bounded operator in

H?*¢ forall 0 < e < o (see [16]).
5. Compactness of DH,, Acting on Hardy Spaces

We characterize the compactness of the Derivative-Hilbert DH,, We begin with the following
Lemma 5.1 which is useful to deal with compactness.
Lemma 5.1. [16] For O < € < oo . Suppose that DH,, is abounded operator from H1*€ into H**€( resp.,
Biie). Then DH,, is a compact operator if and only |f for any bounded sequence {(f]-)n} in H*€ which
converges uniformly to 0 on every compact subset of D, we have D}[uj((}fj)n) - 0 in H*¢( resp.,

B1+e)
The proof is similar to that of Proposition 3.1 in [2].
Theorem 5.2. Suppose 0 < e <1 and let u; be a positive Borel measure on [0,1) which satisfies the

condition in Theorem 3.3,
(@) If e >0, then DH,, is a compact operator from H'~€ into H*€ if and only if u; is a vanishing

(E+(1—E)(1+26)
e(1-¢)

)—Carleson measure.

(b) If e =0, then DH,y; is a compact operator from H'~€ into H* if and only if y; is a vanishing (i:—z)
Carleson measure.

(c) If 0 < e < 1 then DH,, is a compact operator from H'~€ into B;_, if and only if u; is a vanishing
(?)—Carleson measure.

Proof (a) First consider e > 0. Suppose that DH,, is a compact operator from H~€ into H1*€,

Let {a,} c (0,1) be any sequence with a,, - 1. We set
1

1— . 1-€
(fi)an(Z) = <(1 @ > , Z € D.

a,z)>
Then (f})a,(2) € H'7¢,5UPps1 [[(f) ay ll j1-e < o and (fj)a, — O, uniformly on any compact subset of
D. Using Lemma 5.1 and bearing in mind that DH,, is a compact operator from H1~€ into H'*€, we

obtain that {D}[u].((fj)an)} converges to 0 in H'*€. This and (8) imply that

11



Iimf[ )Z e, (g;(0) + tg}(6))du;(t)
0,1 7

n—-oo
21 . & (30)
= i [ D) ()i =0 gy '
j
Now we wet
1—aZ \1+e
@0 = (goazs) " 2 eD.
1+€
It is obvious find that g; € H™e . For every n, fix 1 — € € (a,, 1). Thus,
| Z Fan®((9))an(®) + (9 ()it (6)
[0,1)
1 €
1-€ 1-— aTZI +e
=), 2 @) |([@ar)
[a,1) 1-a t)2 (1-a,t)?
€
2¢et? 1 2 1re C
et —an
+ 1+ e 1+3¢ du;(t) = e+(1-€)(1+2¢€) Z wj([an. D).
(1—a,t) e (L=q2) -9
By (30) and the fact {a,,} = (0,1) is a sequence with a,, —» 1,7asn —.c0, we obtain that
. 1
a“_,T_ er(1—e)(1128) #j(lan,2)) = 0.

(1-ap) =9

1-— 142
M)—Carleson measure.

e(1-€)
On the other hand, suppose that-u; is a vanishing (

Thus u; is a vanishing (
e+(1-€)(1+2€)
e(1-¢)
< oo and such that {(f,-)n} - 0,

)—Carleson measure. Let

{(f]-)n};f)n:1 be a sequence of H*~¢ functions With SUpnz1 [[(f)all ,1-

uniformly on any compact subset of D. Then by Lemma 5.1, it is enough to show that {Dﬂ-[uj((fj)n)} -
Oin Hte
1+€

Taking g; € He and 1 — € € [0,1), we have
f[o 1) Z NOHMON (g](t) + tg](t) | du;(t)

= f X 109, @] 195 + g5y + f D), 19, + tgjduy o).
[0,1=€) 7 [1-€,1) 7

Then [ si0ey ) |(fn ()] | 9;(6) + tg}(£)|du;(¢) tends to O as {(f;),.} — O uniformly on any compact
subset of D.
And by the conclusion in the proof of the boundedness in Theorem 4.1 (a), let dv(t) =

—1+25d#, (t). We know that v is a vanishing ——Carleson Then it implies that
(1 t) 1+€

[ 10,0160+ 1du@ <c Y g e [ ](5),0]dn
[1-e1) 5 7 H € Jpo,1)
<N Y Ngil e ()] e S ENE1D D gyl sse (31)
j J

J
It also tends to 0 by (2). Thus
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lim fo Z DH, ((f)a)(e®)g;(e?)d6| = lim fM)Z (), ] 1g,(0) + tg}(®)|du (£)

n—-oo n—-oo

1+€

=0,forallg; e H €.
It means DH, ((f])n) — 0 in H*€, by Lemma 5.1 we obtain DH,, is a compact operator from H~¢€
into H1*€. (b) Let € = 0. Suppose that DHy, is a compact operator from H'~¢into H. Let {a,} < (0,1)

be any sequence with a,, —» 1 and (f}),, deflnes like in (a). Lemma 5.1 implies that {DJ—[”].((fj)an)}
converges to 0 in H. Then we have

lim f[ 2, e a0+ (@ - 9tg)(@ = )y (0
0,1 7

n—-oo

(32)

n—-oo

= Jim f nz DH,, ((£)a, ) (1 — €)e0)g;(e®)dd = 0, g; EVMOA.
J

Set

(9))an (@) = log 7=
It is well known that g; € VMOA. For 1 — € € (a,, 1), we deduce that
J,,, 2 Do, =00+ (@ - gl (@ D)ty
0,1 Ji

1

i-e e a,(1-e)t
= Cf[a 1)2 <(1_a t)2> (Iog I—a,(d—ot 1_an(1_6)t> du;(0)

C
> Z wj(lan, ).
(1 - an)1 € j
Letting a,, > 1”asn — oo, we have
) 1
ILT— ————#;([a,, 1)) =0.
* (1—"a2)i-e

We can obtain that ; is a vanishing ( ) Carleson measure.
On the other hand,. suppose that u; is a vanishing ( ) Carleson measure. Let dv(t) = (1—
t)"'dp;(t), we know that'v is-a vanishing ;—Carleson. Let {(f]-)n}jn:1 be a sequence of H'~¢

functions with sup,.1 [|(f)nll < oo and such that {(f]-)n} — 0, uniformly on any compact subset of

H 1-€

. Then by Lemma 5.1, it is enough to show that {D}[uj((}fj)n)} — 0 in H'. For every g; € VM0OA,0 <
€ < 1, using.(4) and (18), we deduce that

f[ \ Z | (fj)n(t)ng(t) +tgj(6)|du;(t)
0,1 7

zf[ 93 |(ff)n(t>||9f(t>+t9}(t>lduj(t)+f[_ 2. 10,0110, + tg a0
Then [0 Ifj(]t)l | (g;(t) +tgj(t) | dp;(t) tends to O as {(;]fj)n} 0 uniformly on any compact

subset of D. For second term, arguing as in the proof of the boundedness in Theorem 4.1 (b), we obtain
that

f[1— )Z |(f1)n(t)| |gj(t)+tg]’-(t)|duj(t)
€,1 7

13



1
< cZ I 95 Nawoa f[ NCAHC (10g =+ =) du,(®

<CY Hgihowon [ 1GDa®ldvc(
: [0.1)
j (33)
< CN(vi-e) Z I g; lzmoa ii(fj)niiH1—e
Jj
< CN(vi_e) Z Il g; lgmoargj € VMOA
Jj

it also tends to 0 by (2). Thus

|imf > DI, () (e g;(e)de
0 5

n—-oo

n—-oo

= Iimf[ )Z |(FDn(0)]](9;(8) + £g5(2))|du;(t) = 0, forall g; € VMOA.
0,1 7

It means D}[uj((}fj)n) — 0in H', by Lemma 5.1 we obtain DH,; is a.compact operator from H'~¢ into
HY.

(c) The proof is the same as that of Theorem 4.1(c) and Theorem 5.2(1). We omit the details here.

Finally, we consider the situation of € > 0, characterize those.measures j;-for which 1):7-[”]. is a compact
operator from H1*€ into H1*¢, and give sufficient and necessary conditions respectively (see [16]).
Theorem 5.3. Let 0 < e < oo and p; be a positive Borel:-measure on’[0, 1) which satisfies the condition
in Theorem 3.3.

(a) If u; is a vanishing ((1+2(61)++E()1(:i)2(:)+26)

compact operator from H1*€ into H1*2€,
b) If DH,. is a compact operator from"H*€. into H'*2€, then yu; is a vanishin
" pact op j g

+ 1+ e)—CarIeson measure for any € > 0, then 1):7-[”]. is a

(1+25)+(1+e)(2+25))
(1+€)(1+2¢)

Carleson measure.

Proof (a) The proof is the same as that of Theorem 5.2(a).We omit the details here.

(b) The proof is similar to that of Theorem 4.3(b) and Theorem 5.2(a). We omit the details here.

Similarly, DHy, in H1*€(0 < € < 1) also have a better conclusion (see [16]).

Theorem 5.4. Let 0 < € <.1 and u; be a positive Borel measure on [0,1) which satisfies the condition in

Theorem 3.3. Then DH,, is a compact operator in H'*¢ if and only if x; is a vanishing 2-Carleson
]

measure.

Proof Firstly, let € = 0, we know that DH,, is a compact operator in H* if and only if y; is a vanishing

2-Carleson measure by Theorem 5.2.
Next, let-e.= 1, by Theorem 5.3, We only need to show if u; is a vanishing 2-Carleson measure then

DH,; is a compact operator in HZ.

Assume that p; is a vanishing 2-Carleson measure and let {(f;);,} be a sequence of functions in
H? with [| (), .. < 1, for all jo, and such that (f}) ;, — O, uniformly on compact subsets of . Since y;

is a vanishing 2-Carleson measure then (¢;),+x = 0 ) asn — oo. Say

( 1
(n+k+1)2
— — n _
(#})n,k - (I'l])n+k - (n + k + 1)21 n = 011121---
Then {e,} — 0. Say that, for every jj,

(00

(5, (2) = Z a,((](’)zk, z € D.
k=0
By using the classical Hilbert inequality, we have
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2 0

© &, 00 o
Z Z n+l;c+1 S”ZZ a”| <t (34)
n=0 k=0 k=0
Take € > 0 and next take a natural number N such that
&
n>N = g < 57
We have
2
> 3 ()N = Z (n+1)? Z Z (u,>nka,‘:°)
j
N o 2
=) (+1y Z Z (u,)nka‘“’) + Z (n+1?|) Z (SN
n=0 n=N+1 k=0
N Uo) 2
Uo) L Gy
SZ (n+1)? Z Z Hnra’ Z (n+1)° Z (n+ k +1)2
n=0 k=0 j
N 0 " e M Go) |?
2 ) Jo = k
SZ(””) ZZ idn e +2nzz Zn+k+1
n=0 k=0 n=0 —
N 2
&
= Z (n+1)° Z Z ('u])nk I((JO) s (35)
n=0

Now, since (f;);, — O, uniformly on compact subsets of I, it foIIows that

N
> 1y Z Z (U a®| =0, asjy - oo
n=0

Then it follows that there exist (j;)o € N such that ||D u;((fi)io)ﬁiz < ¢ for all j, = (jo)o. SO, we have

shown that ||X; DH,,, ((f]-)]-o)ﬁz2 — 0. The compactness of D, on H? follows (see [16]).

Since we have show that when € = 0, the compactness of 1):7-[”]. on H'. To deal with the cases
0 <e<1, we use again, complex-interpolation. Let 0 <e <1 and u; be a vanishing 2-Carleson
measure. Recall that

Ht¢= (H? HY),, ifO0<e<land =
We have also.that if 0 <€ < oo then

- 1.
1+e¢

H? = (H**¢, H") 1.
for a certain'l.— € €(0,1), namely, € = 0. Since H? is reflexive, and DH,, is compact from H? into
itself and from H? into itself, Theorem 10 of [3] gives that DH,, is a compact operator in H1*¢(0 < e <

1).
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