Cy-E- super magic graceful labeling of some special

graphs

Abstract

A graph G possess an H-covering when each edge in E(G) pertaining to a subgraph
of G isomorphic to H. This graph G is H-magic if there exists a total labeling f :
V(G)U E(G) — {1,2,...,p + ¢} such that for each subgraph H of G isomorphic to H,
>, flu)+ > f(e) = M is a constant. An H-E-super magic graceful labeling (H-
veV(H") ecE(H")
E-SMGL) is a bijective function f : V(G) U E(G) — {1,2,...,p + q} with f(E(G)) =
{1,2,...,¢} sothat > f(v)— > f(e) = M for few positive integer M. Herein,
veV(H") ecE(H")
we examine the C,,-E-SMGL of some graphs.
Key words: H-covering, H-magic labeling, H-E-super magic labeling, [/-E- super magic

graceful labeling.

AMS subject classification code: 05C78




1 Introduction

All graphs considered in this article are finite, simple and undirected. The vertex set and edge
set of a graph G is represented as V' (G) and E(G) correspondingly, p = |V|and ¢ = |E|. A graph
labeling is a map that takes graph elements to numbers(typically integers). Various classes of
labelings has been introduced by several experts.An excellent analysis of graph labelings is
glimpsed in [5] .

During 1963, Sedlacek [16] described magic labeling in graphs. A graph G is magic when
the edges of G usually labeled with {1,2, ..., ¢} such that the sum over the labels of all edges
incident with any vertex is equal [10] %( | f(uv) = M.

vEN (v

A covering of G is a family of subgraphs H,, Hs, . . ., Hj, so that each edge of E(G) pertaining
to at least one of the subgraphs H;,1 < i < h. This results that G possess an (Hy, Hs, ..., Hp)
covering. When each H; is isomorphic to the graph H, then G have an H-covering. Assume
that G have an H-covering. A total labeling is a bijective function f from V(G) U E(G) to
{1,2,3,....|V(G)| + |E(G)|} is named an H-magic labeling of G if there exists a positive
integer M (termed the magic constant) so that for every subgraph H' of G isomorphic to H,

> flv)+ >° f(e) = M. A graph which possess such a labeling is termed H-magic. The
veEV(H") ecE(H")
function f is named as H-E-super magic labeling when f(E(G)) ={1,2,...,q}.

The concept of H-magic labeling was explained by Gutierrez and Llado [6] .

Llado and Moragas [8] explored few C,,-supermagic graphs.

Rosa [14] initiated a labeling known as -valuation. Golomb [7] named that labeling as
graceful. An one to one function f from the vertices of G to { 0, 1, 2, ..., q } is named as

graceful labeling of G when every edge uv is labeled as | f(u) — f(v)|, the resultant edge labels

are different.



To acquire more knowledge regarding H-E-super magic graphs, read [17].

In 2019, Sindhu Murugan and S. Chandra Kumar [15] initiated an H-E-super magic
graceful labeling (H-E-SMGL). An H-E-SMGL is a bijective function f from V(G) U E(G) to
{1,2,...,p+q¢} with f(E(G)) ={1,2,...,¢}and > f(v)— > f(e) =M for few positive

veV(H") ecE(H")

integer M. Herein, we examine C,,-E-SMGL of some families of graphs. There are so many

types of magic labelings in graphs, defined and studied by various authors [1-4, 9, 11-13]

2 (,-E-Super magic graceful graphs

Theorem 2.1. Let n > 5 be an odd integer. Then the wheel graph W,, is Cs-E-SMGL with magic

constant 255,

Proof. Denote the vertices of n-cycle of the wheel W), as a1, as, ..., a, and its central vertex by

r. We define a total labeling f : V(W,,) U E(W,) — {1,2,3,...,3n+ 1} as follows:

2n+1 ifv=r
Fo) 2n+2 ifv=a
v) =
2n+% ifv=ua; 1isodd for3<i1<n
intite ifv=ua; iiseven for2<i<mn-—1
\
and
(
) ife=ra; for1 <i<n
fle)=9 2n+1—i ife=a;a;41 for1<i1<n-—1
n+1 if e =anpay.

\

Now, we prove that f is a s — E-SMGL of W,,.
Let C% for 1 < i < n be the subcycle of W, with V(C%) = {a; : 1 < i < n} U {r} and
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E(CY) ={aaip,1 : 1 <i<n}U{ra;: 1 <i<n}U{rae,:1<i<n}
Case 1: Suppose i = 1.

Then M = > f(v)— >, fle)=f(r)+ flar)+ flaz) — [f(aras) + f(ray) + f(ras)]

veV(CY) e€E(C})
= [2n+ 1]+ [2n + 2] 4+ [222] — [2n + 1 + 2] = 282,

Case 2: Suppose iiseven for2 <i <n — 1.

Then M = > f(v)— > fle)=[f(r)+ fla) + flair) — [f(aiaiz1) + f(rai) + f(raiz)]
veV(CE) e€E(C})

=[2n+ 1]+ [+ Pn4+ 2+ 4 —2n+ 1 —i+i4i+ 1] = 225

Case 3: Suppose i isodd for 3 <7 <n — 2.

Then M = Z( ‘)f(v) - Z(: ,)f(e) = f(r) + f(ai) + f(ai1) = [faiain) + f(ra;) + f(rai)]
VeV (CE e€E(CS
=02n+1]+ 2n+ B3] 4 2] _Dp 41 —i+i4i+1] =2

Case 4: Suppose i = n.

Then M = \;Ci) fv) — %ci) fle) = f(r)+ flan) + f(ar) = [f(anar) + f(rai) + f(ra,)]
=2n+ 1]+ 28] 4 2n 4+ 2] — [n+ 1+ 1+ n] = 222,

The graph W, is C5 — E-SMG with magic constant 2522, O
Example 2.1. The Wheel W7 admits Cs-E-SMGL with magic constant 34.
Denote the vertices of n-cycle of the wheel W,, as a,, as, ..., a7 and its central vertex by r.

Define f : V(W;) U E(W7) — {1,2,3,...,22} as follows:

15 ifv=r
16 ifv=a

14—}—# ifv=ua;, iisodd for 3<i<7

19—1—% if v=ua; iiseven for2<1<6



and

) ife=ra; for1 <i<7
fle)=9 15—  ife=aia for1<i<6
8 if e =aray.
\
16
a1
8 14
19 a as 20
? » < 13
22a¢ asl7
10 12
as 11 aq
18 21

Figure 2.1 : C3-E-SMGL of W5

To prove that f isa Cs — E-SML of W7.

Let Ci for 1 < i < n be the subcycle of W,, with V(C%) = {a; : 1 < i < 7} U {r} and
E(CY) ={aaip,1 : 1 <i <T7}U{ra; : 1 <i <7} U{rajp:1<i<Th

Case 1: Suppose i = 1.

Then M = > f(v)— > fle)=f(r)+ flar1) + f(az) — [f(ara2) + f(ra1) + f(raz)]

veV(CY) e€E(CY)
= [15] + [16] + [20] — [14 + 1 + 2] = 34.

Case 2: Suppose i is even for 2 < i < 6.

Then M = 3 f(v)— > f(e) = f(r)+ fa)+ flait1) — [flaiair1) + f(ra;) + f(raiza)]

veV(CY) c€E(CY)
= [15] + (194 5] = [16+ 5] - [15—i+i+i+1] =34
Case 3: Suppose i is odd for 3 < i <'5.

Then M = > f(v)— > fle)=f(r)+ flai) + flaiz1) — [f(aiaiz1) + f(rai) + f(raiz)]

veV(C}) e€cE(CY)



=[15) + 14+ + [BH] - [15—i+i+i+1] =34
Case 4: Suppose ¢ = 7.

Then M = > f(v)— > fle)=f(r)+ flan)+ flar) — [flanar) + f(ra1) + f(ra,)]

veV(CY) e€E(C})
= [15] + [19] + [16] — [8 + 1 4+ 7] = 34.

The graph W, is C's — E-SMG with magic graceful constant 34.

Theorem 2.2. Let n > 1 be an integer. Then the Ladder graph L,, = P, x P, admits Cy- E-SMGL with

magic constant In + 4.

PT'OOf. Let V(Ln> = {CLZ', bz 01 S 1 S n} and E(Ln) = {az‘ai+1,bibi+1 o1 S 1 S n— 1} U {azbl 01 S
i < n} be the vertex set and the edge set of L, respectively.

We define a total labeling f : V/(L,) U E(L,) — {1,2,...,5n — 2} as follows:

2n+1+ 3 ifv=a; for1<i<n

fv) =
on—i—1 ifv=">0; for1 <i<n
(
) if e=ab; for1<i<n
fle)=19 2n—i ife=a;a;11 for1<i<n-—1

\Bn—i—l if e=0biby1 forl<i<n-—1.

Now, we prove that f isa Cy — E-SMGL of L,,.

Let C} for 1 < ¢ < n — 1 be the subcycle of L, with V(Ci) = {a;,b; : 1 < i < n} and

E(C)) ={aa;1:1<i<n—1}U{bb1:1<i<n—1}U{a;b;:1<i<n}

Suppose 1 <7 <n—1.

ThenM = 3> f(v)— > fle)= fla)+ flair1) + f(bi) + f(bir1) — [faibi) + f(@is1bisr) +
vev (Ci) € E(C))

flaiairs) + f(bibit)]

=02n+i+3]+2n+i+4]+Pn—i—1]+Bn—i—2|-[i+i+1+2n—i+3n—i—1=9n+4.
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The graph L, is Cy — E-SMG with magic constant 9n + 4. O
Example 2.2. The Ladder graph Ly = P, x P; admits C,-E-SMGL with magic constant 49.

Let V(L5) = {ai,bi 1< <L 5} and E(L5) = {aiaiﬂ,bibi“ 1< <L 4} U {azbl 1< <L 5}
be the vertex set and the edge set of L; respectively.

Define f : V(Ls) U E(L;) — {1,2,...,23} as follows:

13+ ifv=a; for1 <i<5

flv) =
24 — 1 ifv=">0; for1 <i<5H
and
(
7 if e=a;b; for1 <1<5

fle)=4 10— if e=aja;q forl1 <i<4

14 — 4 ZerbeH_lfO?”]_SZSZl

14 15 16 17 18

aq 9 as 8 as 7 ayq 6 as
1 2 3 4 5

by 13 by 12 bs 11 by 10 bs

23 22 21 20 19

Figure 2.2 : C4-E-SMGL of Ls

To prove that f isa Cy — E-SMGL of Ls.

Let Cf for 1 < i < 4 be the subcycle of L; with V(C}) = {a;,b; : 1 < ¢ < 5} and
E(CY) ={aiaip1:1 <i<4}U{bbip1:1<i<4}U{ab;:1<i<5}.

Suppose 1 < < 4.

Then M = > f(v)= X fle) = fla)+ flai) + f(b:) + f(bis1) = [faibi) + f(air1bisa) +

veV(CY) e€E(CY)



flaiaigr) + f(bibit1)]
=134+ 14+ 4+ [24 — i)+ [23 —d] — [i +4+ 1+ 10 — i + 14 — i] = 49.

Thus the graph L; is Cy — E-SMG with magic constant 49.

Theorem 2.3. Let n > 2 be an integer. Then the triangular Ladder T'L,, admits Cs-E-SMGL with

magic constant M = 10n — 5.

PT’OOf. Let V(TLn) = {ai,bi 1< < n} and E(TLH) = {aiaiﬂ,bibiﬂ 1< i <n— 1} U {G/sz :
1 <i<n}U{abi+1:1<i<n—1}bethe vertex set and the edge set of T'L,, respectively.. We

define a total labeling f : V(T'L,) U E(TL,) — {1,2,...,6n — 3} as follows:

dn + 21— 3 ifv=a; for1<i<n

fv) =
dn 4+ 21 —4 ifo=>0b for1<i<n
and
(
2 — 1 ife=ab; for1<i<n
2n + 2i — 2 if e=a;a;01 for1 <i1<n-—1
f(e) =

n+21—1 ife=0bby1 forl1 <i<n-—1

2 if e=a;biyy for1 <i<n-—1.

\

To prove that fisa C5 — E-SMGL of T'L,,.

Let C% for 1 < i < n — 1be the subcycle of TL,, with V(C%) ={a; : 1 <i<n}U{b:1<i<n}
and E(CY) = {aja;s1 : 1 <i<n—1}U{bbi11:1<i<n-—1}U{a;b : 1 <i<n} Suppose
1<i<n-1.

Then M = egci f(v)— e%(]i fle) = flai)+ f(aiv1) + f(biv1) = [faiaisr) + fairibivr) + f(bi1a:)]

=[An+2i — 3]+ [An+2i — 1]+ [An+2i — 2] — [2n+2i — 2+ 2i + 1 + 2i] = 10n — 5.

The graph T'L,, is C's — E-SMG with magic constant 10n — 5. O



Example 2.3. The triangular Ladder T L5 admits Cs-E-SMGL with magic constant M = 45.

Let V(TL5) = {a,-,bi 1< < 5} and E(TL5) = {aiaHl,binl 1< < 4} U {CleZ 1< <
5} U{aibis1 : 1 <i < 4} be the vertex set and the edge set of T'L; respectively.

Define f : V(T'Ls) U E(TLs) — {1,2,...,27} as follows:

174 21 ifv=a; for1 <i<5

fv) =
16 4+ 27 ifv=>b; for1<i<5
and
)
2i—1 ife=a;b; for1 <i<5H
8+ 21 if e=a;a;41 for1 <i1<4
fle) =

21 if e =a;biy1 forl <i<d4.

by 1 by 13 bs 15 by 17 bs
18 20 22 24 26
Figure 2.3 : C3-E-SMGL of triangular ladder T'Ls

To prove that f isa C5 — E-SMGL of T'Ls.

Let C% for 1 < i < 4 be the subcycle of TLs with V(C%) = {a; : 1 <i <5} U{b;: 1 <i<5}and

ThenM = > f(v)= > fle) = flai)+f(ai1)+f(bis1) = [f(aiaivr)+f(aisibiza)+ f(bir1as)]
veV(C%) e€E(CY)

=17+ 2i] + [17 4+ 20 + 2] + [16 + 20 + 2] — [20 + 1 + 8 + 2i + 2¢] = 45.

Thus the graph T'L; is Cs — E-SMG with magic constant 45.
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Theorem 2.4. Let n > 2 be an integer. Then the triangular snake graph A,, admit Cs-E-SMGL with

magic constant M = Tn + 2.

Proof. Let V(A,) ={a; : 1 <i<n+1}U{b : 1 <i <n}and E(A,) = {aai11 : 1 <j <
ntU{a;b; 1 1 < j <n}U{ai1b; : 1 <i < n}Dbe the vertex set and the edge set of A, respectively.

We define a total labeling f : V(A,) U E(A,) = {1,2,...,6n + 1} as follows:

3n+1 ifv=a; for1<i<n+1
flv) =
om+2—1 ifv=">0; for1 <i<n
and
.
1 ife=a;a;11 for1<i<n
fle)=19 3n+1—i ife=a;b; for1<j<n
n+1 if e =a;1b; for 1 <j<n.

\

To prove that f isa C5 — E-SMGL of A,,.

Let Ci for 1 < i < n be the subcycle of L, with V(C%) = {a; : 1 <j<n}U{b:1<j<n}and

E(CY) = {aai1:1<j <npU{ab 11 <j<n}U{ai,bi:1<j<n}

Suppose 1 < i < n.

Then M = 3> f(v)— > [f(e) = flai)+ flair1) + f(bi) = [f(aiairr) + f(aibi) + f(air1b;)]
veV(CE) e€E(CL)

=Bn+il+Bn+i+1]+[Pn+2—i—[i+3n+1—i+n+i]=Tn+2.

The graph A, is C5 — E-SMG with magic constant 7n + 2. O
Example 2.4. The triangular snake graph A¢ admits Cs-E-SMGL with magic constant M = 44.

LetV(A6) = {ai o1 < ) < 7}U{bl 01 < 7 < 6} andE(AG) = {OJZ'CLH,l 01 < ) < 6}U{alb2 .
1 <i<6}U{aipb; 1 1 <i <6} be the vertex set and the edge set of Ag respectively. Define
f:V(Ag) UE(Ag) = {1,2,...,37} as follows:
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18 41 ifv=a; for1 <i<7

flv) =
32 —14 ifv=>b; for1<i1<6
and
)
1 if e=a;a;41 for 1 <1<6
fle)=919—i ife=ab; for1<i<6
6+ if e =a;1b; for1 <i <6.

a 1 as 2 as 3 ay 4 as 5 ag 6 arz
19 20 21 22 23 24 25

Figure 2.4 : C3-E-SMGL of triangular snake Ag
To prove that f isa C5 — E-SMGL of Ag.
Let C% for 1 < i < 6 be the subcycle of Ag with V(Ci) ={a; : 1 <i<6}U{b :1<i<6}and
Suppose 1 < i < 6.
Then M = > f(v)— > fle) = fla) + flair1) + f(bi) = [f(@iair1) + f(aibs) + f(aip1bs)]
VeV (Ci) ceB(CY)
=[18+d+[18+i+1]+[32—¢] —[19—i+6+i+1i] = 44.

Thus the graph A,, is C5 — E-SMG with magic constant 44.
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