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Abstract

We define fixed point results in Random cone metric space(RCMS) over Ba-
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1 INTRODUCTION

Huang and Zhang [!] introduced cone metric spaces which are generalizations
of metric spaces, and they extended Banach’s contraction principle to such
spaces, whereafter many authors (for example, |?,2—1] and references therein)
studied fixed point theorems and generalized the concept of metric spaces by
replacing the set of real numbers with an ordered Banach space, hence they
have defined the cone metric spaces. They also described the convergence of
sequences and introduced the notion of completeness in cone metric spaces.
They have proved some fixed point theorems of contractive mappings on
complete cone metric space with the assumption of normality of a cone.

In 2008, the assumption of normality in cone normal spaces is removed
by Rezapour and Hamlbarani |!|, which is an important event in developing
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fixed point theory in cone metric spaces. Liu and Xu [5] introduced the
notion of cone metric spaces over Banach algebras, which is a modification
of the concept of cone metric spaces over real Banach spaces [1]|, and proved
the existence of fixed points for mappings defined on such spaces, and they
gave an example that fixed point results in metric spaces and in cone metric
spaces are not equivalent.

I Beg [14, 15] defined approximation of random fixed point in Normed
spaces and also use semi contractivity to find random fixed point results.
Itoh [16] proved random fixed point theorems in Banach spaces with the ap-
plication of random differential equations. Smriti mehta et al [13] established
fixed point results in Cone random metric space and also parashar |18 proved
fixed point theorems in the setting of cone random metric spaces. Khan et
al [20] implimented Cone C'—class function in RCMS and Rashwan et al [19]
determined Common fixed point results in RCMS using the integral type of
Akram contraction.

Seong-Hoon Cho [17] introduced the notions of C-class functions and
cyclic (o, f)— admissible mappings in Banach algebras by using complete
cone metric spaces.

In this paper, we use reference article |17] for random cone metric spaces(RCMS)
instead of cone metric spaces

2 PRELIMINARIES

Definition 1 A Banach space 2 is called real Banach algebra (with unit) if
there exist a multiplication A x A — A such that
Ve,y,z €A and a € R

(i) (xy)z = x(yz);
(i) x(y+2) =xy+yz and (x + y)z = vz + yz;
(iii) a(zy) = (ax)y = z(ay);
(iv) there exist e € 2 such that ve = ex = x,where e is an identity element;
(v) llell=1;
(vi) Nlzyl< [|[[lyl-
1

There is v € A is called invertible element if there exist =1 such that xx=! =
~1
rr=e
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Definition 2 Let M be a non-empty set and the mapping dg : 2 x M — P
, where P is a cone, w € §) be a selector, satisfy the following conditions:

1. dp(z(w),y(w)) > 0 and dp(z(w),y(w)) = 0 if and only if x(w) = y(w)
for all z(w),y(w) € Q x M,

2. dp(z(w),y(w)) =dp(y(w),z(w)) forallz,y € M,w € Q and z(w),y(w) €
Qx M,

3. dp(z(w),y(w)) < dp(z(w), 2(w)) + dp(2(w), y(w)) for all x,y € M and
w € ) be a selector,

4. for any z,y € X,w € Q,dp(z(w),y(w)) is non-increasing and left con-
tinuous.

Then dg is called random cone metric on M and (M,dg) is called a random
cone metric space (RCMS).

Proposition 1 [0/ Let 2 be a Banach algebra and let x € 2. If the spectral
radius p(x) of x is less than 1, i.e.,

plx) = Tim [la”[|V"= nf 2" |V < 1 M
n— o0 n>1

then e — x € Inv(2), where Inv(2A) is the set of all invertible elements of 2
and

(e—x) = an (2)

Remark 1 Let A be a Banach algebra. Then the following are satisfied
(i) for z € A, plx) < |l
(i) In proposition 1, p(x) <1 is replaced by ||z||< 1.

Definition 3 Let 2 be a Banach algebra and P be a subset of A is called
cone if the followings are satisfied:

1. P is non-empty and closed subset of A and {0,e} € P;
2. ax + by € P, whenever x,y € P and a,b € R(a,b > 0);
3. P*=PP;

4. PN (—=P)=0.
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Given a cone P C A, we define a partial ordering < with respect to P by
x <y if and only if y —x € P.

We will write x < y to indicate that x <y but x # vy, while v < y will stand
for y —x € int(P), where int(P) denotes the interior of P. A cone is P
called normal if there exist a number K > 1 such that for all x,y € 2, ||z||<
K||ly||whenever 0 < z < y.

A cone is P called reqular if every increasing sequence which is bounded from
above is converges. if v, is a sequence such that form some v € 2

v <y < ...<o. (3)

Then there exist v € 2 such that
lim ||v, —v||=0 (4)

n—oo

equivalently, a cone P is regular if and only if every decreasing sequence
which is bounded from below is convergent.
Also every reqular cone is normal.

Definition 4 Let (M,dg) be a RCMS and ® be the class of all continuous
function ¢ :int(P) U {0} — int(P) U {0} satisfy the following:

(¢1) ¢71(0) = 0;
(p2) &(t) < t for all t € int(P).

Remark 2 Let 2 be a Banach algebra and P C 2 be a cone. If x € P and
p(x) <1, then e — x € Inv(2A)

Example 1 Let K > 1 be given. Consider the real vector space with
E={ax+b:a,be Rx € [1—%,1]}
with supremum norm and the cone
P={ax+b:a>0,b<0}
in E. The cone P 1is reqular and so normal.

Definition 5 Let (M,dg) be a random cone metric space(RCMS) and {z,,(w)} C
Q x Mbe a sequence and x(w) € Q x M. The it satisfies the followings:
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1. limy, o0 7 (w) = x(w) if and only if for any r € int(P), there exists N
such that for alln > N,r — dp(z,(w), z(w)) € int(P)-

2. {zp(w)} is a Cauchy sequence if and only if for any r € int(P) there
exist N such that for all n,m > N,r —dg(x,(w), xm(w)) € int(P).

Note that if lim, o dp(z,(w),z(w)) = 0, then lim, o z,(w) = x(w). The
converse is true if P is a normal cone. Also, if P is a normal cone, then
{zn(w)} is a Cauchy sequence in Qx M if and only if limy, ;00 dp(2n (W), Tm(w)) =
0.

Definition 6 Let U be the family of all continuous function VP — P such
that

(1) 1 is strictly increasing | i.e, x <y < P(r) < Y(y);
(1) v7H({0}) = 0 Note that, if Y(x) < ¥(y), then x < y.

Definition 7 Let € be a family of all continuous functions f: P x P — P
such that

(1) f(s,t) <s Vs, teP
(2) f(s,t) <t = eithers=0o0rt=0 Vs,teP

Then we say that f € € is C'—class function.
Note that f(0,0) = 0.

Definition 8 (Measurable Function)

Let (2,%) be a measurable space with 3- a sigma algebra of subsets of Q) and
M be a non-empty subset of a metric space X = (X, d). Let 2M be the family
of non-empty subsets of M and C(M) the family of all non-empty closed
subsets of M. A mapping G : Q — 2M s called measurable if for each open
subset U of M, GY(U) € B, where GHU) ={w € Q: Gw)NU # 0}

Definition 9 (Measurable Selector)
A mapping £ : QQ — M 1is called a measurable selector of a measurable map-
ping G : Q — 2M if € is measurable and &(w) € G(w) for each w € Q

Definition 10 (Random Operator)
The mapping T : Q2 x M — X is said to be a random operator if and only if
for each fixed x € M, the mapping T(.,z) : Q@ — X is measurable.
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Definition 11 (Continuous Random Operator)

A random operator T : Q x M — X 1is said to be continuous random operator
if for each fized x € M, and w € Q, the mapping T(w,.) : X — X is
CONtINUOUS.

Definition 12 (Random fized point)
A measurable mapping §& : Q0 — M is a random fized point of a random
operator T : Q@ x M — X if and only if T'(w,{(w)) = &(w) for each w € Q

Example 2 Let M = R and P ={x € M : 2 > 0}, also Q = [0,1] and X be
the sigma algebra of Lebegsue’s measurable subset of [0,1]. Let X = [0, 00)
and define a mapping dg : (2 x X) x (2 x X) — P by dp(z(w),y(w)) =
|z(w) — y(w)|. Then (X,dg) is a random cone metric space.

Lemma 1 [8] Let (M,dg) be a random cone metric space with regular cone
P such that dp(x(w),y(w)) € int(P) for x #y. Let ¢ € ®.

If the sequence {x,(w)} is not Cauchy sequence, then there exist r € int(P)
and two sub sequence {xyx)(w)} and {xnm (W)} of {xn(w)} such that {m(k)}
is the smallest index for which m(k) > n(k) > k,

O(r) = dp(Zmp) (W), Tniy (W) ¢ int(P) (5)

and

¢(r) = dp(Tmr)-1(w), Tny (W) € int(P) (6)

Moreover if limy, o0 dp (2, (w), Tpi1(w)) = 0, then we have

(1) limy o0 dp(Tm@) (W), Taw (W) = (1)
(2) lim, dB(xm(k)-i—l(w)? J7n(k)+1(w)) = ¢(r).

Let (M,dg) be a RCMS . A mapping T : Q@ x M — M s called continuous
x(w) € M if for any V € T containing Tx(w), there exist U € T containing
x(w) such that TU C V', where T is the topology on M induced by the random
cone metric dg. that s

T={U C M :Vz(w) € U,3B € p,z(w) € BC U},
B ={B(z(w),r): z(w) € M,¥r € int(P)},
B(z(w),r) ={y € M : dp(z(w),y(w))) <}

6
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Remark 3 Note, T is continuous if and only if it is sequentially contin-
uous, i.e., lim, o T2, (w) = Tx(w) for any sequence {x,(w)} C M with
lim,, o0 7, (w) = x(w), where (M, dg) first countable topological space then
converse holds.

A point is called cluster point of A C M if for any r € A with 0 <K r,

(B(z(w),r) = [z(w)]) N A # D, (7)

Definition 13 Let o, 3 : Q x M — P be functions, where M 1is a set. We
say that T : Q x M — M 1is a cyclic («, 5)—admissible mapping if

(1) a(x(w)) —e € P, wherex € M = pB(Tz(w)) —e € P

(2) B(x(w)) —e € P, where x(w) € M = a(Tz(w)) —e€ P

3 Main Result

Theorem 1 Let (M,dg) be complete RCMS and let T : Q x M — M be
mapping such that

P(dp(Te(w), TyWw))) < f(Y(dp(e(w), y(w))), ¢(dp(z(w),y(w))))  (8)

for all x(w), y(w) € Qx M with a(z(w))B(x(w)) —e € P, where f € €,¢ € ¥
and ¢ € .
Also, the following are satisfied

(i) T is cyclic (o, f)—admissible;

(ii) There exists xo(w) € QL x M such that a(xg(w)) —e € P and B(zo(w)) —
eeP;

(111) Either T is continuous or if {x,(w)} C Q x Mis a sequence with
Blxn(w)) —e € P ¥V n=1,23,... and z(w) is a cluster point of
{wn(w)}, then

Blx(w)) —e e P.
Then T has a fized point. Moreover if

alz(w))—eeP and px(w))—eeP 9)
for all fized points x(w),y(w) of T, then T has a unique fized point.
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Proof 1 Define a sequence {x,(w)} in Q@ x M by z,(w) = Tx, 1(w) =
T"xo(w) for allm = 1,2,3,.... If there exist N such that xy(w) = xy41(w),
then xy(w) = Taxy(w), i.e., zn(w) is a fized point of T.

Hence we assume that x,(w) # Tpi1(w)¥n =1,2,3,....

For any xo(w) € Qx M, then by («, B)—admissible mapping we get a(xo(w))—
e € P, it implies that f(Txo(w)) — e = Blx1(w)) —e € P. Again if
r1(w) € Q x M, then by («, B)—admissible mapping we get a(ra(w)) —e =
a(Txy(w)) — e € P, it implies that f(Txe(w)) — e = Bxz(w)) —e € P, in-

ductively we have

a(re,(w)) —e € P and B(xopir(w)) —e€eP Vn=0,1,2... (10)

Similarly B(xo(w)) — e € P,a(x1(w)) — e € P. On continuing this way we
have,

B(xa,(w)) —e € P and a(roni1(w)) —e€P VYn=0,1,2... (11)

Hence,

a(zy(w)) —e€P and f(z,(w)) —eeP. (12)
Since, a(Tp41(w)) —e € P and f(z,(w)) —e € P

(@011 (W) B (20 (W) = A@ni1 (W) = Blzn(W)) + € = ((@n1(w)) =€) (Bzn(w)) -

Also,

(Tn1(W)) + Ban(w)) = 2 = (a(zn12 (W) — €)(B(zn(w)) —e) € P. (14)

Hence,

a(rp(w))B(zp(w)) —e€eP  Vn=1,23,... (15)
And so it follows from (8), we have

P(dp(n(w), Tni1(w))) = ¥
< f(¥ (dB(l“n 1(W),$n(W))),cb(dB(xn—l(W)’ivn(W))))
<

(16)

e)(13)
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since, Y s strictly increasing,

dp(z, (W), tpi1(W))) < dp(rp1(w),z,(w))) Vn=1,23,... (17)

Hence {dg(xn(w), xni1(w)))} is a decreasing sequence. Since P is regular,
there exists s € P such that

lim dp(z,-1(w),z,(w))) = s (18)

n—oo

By lemma 3.1 of [8], we have

s € int(P) U {0} (19)

Assume that s € int(P). By taking limit n — oo in (16) and using continuity
of f, v and ¢, we obtain

U(s) < f(1h(s), ¢(s)) < 9(s) (20)

which implies
U(s) = f(i(s),¢(s)) € PN (=P) (21)
F((s), 0(s)) = (). (22)
Fither ¥(s) = 0 or ¢(s) = 0. Hence s = 0, which is a contradiction to our

assumption

s ¢ int(P). (23)

Thus we have
7112{.10 dp(xn(w), Tp_1(w)) =0 (24)

We show that {x,(w)} is Cauchy sequence. On the contrary, assume {z,(w)}
1s not Cauchy sequence.

By lemma (1), there exists r € int(P) and two subsequences { Ty (w)} and
{@nuy (W)} of {zn(w)} such that m(k) is the smallest index for which, for all
ke Nym(k) > n(k) > k) from (12) we have, a(Zm))B(Tnw)) — e € P and
from (8) with x(w) = Ty (w) and y(w) = xpr)(w), we have

D(dp(Tmer) (W), Tner) (W) < F(dB(Emem) (W); niry (@), H(dB(Lm(w) (W); Tniry (w))))

(25)

By letting k — oo and by using Lemma (1) and using continuity of 1, ¢ and
f, we have

(e(r) < f(h(e(r)), ¢(o(r))) < (e(r)) (26)

9
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which implies

P(o(r)) = f(@(o(r), ¢(¢(r))) € PN (=P) (27)

Hence,

fW(0(r)), p((r))) = ¢ ((r)) (28)
which implies either ¥(o(r)) = 0 or ¢(p(r)) = 0. Thus ¢(r) =0 and r = 0,

which is a contradiction
Therefore {xw)} is a Cauchy sequence, it follows the completeness of M

there exists
r(w) = lim z,(w) € Q x M. (29)

n—oo
If it T is continuous , then lim, o x,(w) = Tx(w) and so x(w) = Tr(w).
Assume that (iii) holds,then we have

fr—eeP (30)

Since T is (o, f)—admissible, a(z,(w)) —e€P V¥V n=1,2,3,...
Using (12) we have

a(z,(w))B(z(w) —eeP V n=1,2,3... (31)
From (8) we have

P(dp(Trn (W), Tr(Ww))) < f((dp(en(w), Tz(w))), p(dp(zn(w), ©(w))))

(32)
Letting n — oo in (32) and using continuity of f,1 and ¢, we have
U(dp(z(w), Tz(w))) < f(¥(0),4(0)) =0,
U(dp(z(w), Tz(w))) € =P (33)
which implies
Y(dp(z(w), Tz(w))) € PN =P (34)
Thus
U(dp(z(w), Tz(w))) =0 (35)
dp(z(w), Tx(w)) =0
Hence
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For the uniqueness of fixed point, suppose we have another fized point x'(w
then from (9) a(x(w))—e € P and (2’ (w))—e € P. Hence a(z(w))p(x' (w))—
eecP.

From (8), we have

Y(dp(r(w), 2'(w)))

This implies that

Y(dp(z(w), 7' (w))) = f(P(d(z(w), ' (w))), p(d(z(w), 2" (w)))) € PN=P. (36)
thus

f@(d(z(w), 7' (w))), p(d(x(w), 2'(W)))) = d(d(z(w), 2" (w)))  (37)
which implies

either Y(d(x(w), z'(w))) = 0 or ¢(d(z(w), 2’ (w))) = 0.

So d(z(w), 2’ (w)) =0
Hence
zr(w) = o' (w)

Example 3 Let A = R* P = {(21(w), z2(w)) € A : 71(w), z2(w) > 0} and
[z(@)l|= |z (W)[+za(W)] ¥z = (21(w), 22(w)) € A
Define the multiplication xy of x = (z1(w), z2(w)) and y = (11(w), y2(w)),

vy = (21(W)y1 (W) = 22(W)y2 (W) — 22(W)yn (W),

Then A is a Banach algebra with unit e = (0,1),P is regular cone and
int(P) = {(z1(w), z2(w)) € A : z1(w), z2(w) > 0}
Let M = R%and dg : Q x M — P be a mapping defined by

d(z,y) = max{|z,(w) = y2(w)], [22(w) = pr(w)]}-

Then (M, dg) is a complete RCMS and d(z(w),y(w)) € int(P) V x(w),y(w) €
Q x M with x(w) # y(w). Define a mapping T : Q2 x M — P by

1
T — {1—Ox, r = (r1(w),22(w)) € P and |z|<1

e@1(@)e2@W)  otherwise.

11
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1
Let ¢(t) = §t and Y(t) =t YV t=(t,tz) € P.
We define two functions o, 3 : M — P by

= d 1
a(z) = Blz) = e, (Il.,ZEQ) €P and |z|<
0, otherwise.
Obviously, T is («, f)—admissible. Let f(s,t) = s — ¢(s) V s,t € P, then

we have

fWldp(z(w), y(w))), (dp(z(w), y(w)))) — Y(dp(Tx(w), Ty(w)))
=f <maX{|~”L‘1(W) — (W)l |[72(w) =y (W)[}, % max{|z1 (w) —y2(w)|, [z2(w) =11 (W)|}>

- 1—10 max{|z1(w) — ya(w)], [z2(w) — y1(w)[}

= max{f1 () — 92(@)], fra() — g2 (@)1} — 3 macfes () — vl () — 11 ()]}

3
— % max{|z1(w) — y2(w)|, |[T2(w) — y1(w)|}
= max|z1 (W) — Y2 (w)], |22(w) — y1 (w)|} — %max{\xl(w) — ya(W)], |z2(w) =y (w)[}
— % max|z;(w) — Y2 (w)], [r2(w) — y1(w)[}
= % max|zy(w) — ya(w)|, |x2(w) — y1(w)|}
Hence, Y(dp(Tx(w), Ty(w))) < f(¥(dp(z(w),y(w))), ¢(d11—:<(37(W),y(cB«f)))) v aw) yw) €
Q x M with a(z(w))B(x(w)) —e € P. Let {z,(w)} = n+6 + n+6 vn =

1,2,3,....
Then x, € P and ||z, ||< 1Vn =1,2,3,.... Hence

B(x,) —e=(0,0) € P¥n=1,2,3,...

Then lim,,_o z, = (0,0) and (0,0) is a cluster point of {x,},

p(x,) —e=(0,0) € P.

Hence, all the condition of theorem (1) are satisfied and (0,0) is the fived
point of T.

Corollary 1 Let M be complete RCMS and let T : Q0 x M — M be a map-
ping such that

12
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(dp(a(z(w))B(z(w))Tz(w), Ty(w))) < f(Y(dp(z(w), Tz(w))), p(dp(y(w), Ty(w))))(38)

for all x(w),y(w) € Q x M, wherep € ¥ and ¢ € d.

Also, suppose that conditions (i), (ii), and (iii) of Theorem (1 ) hold. Then
T has a fized point.

Moreover, if (9) holds, then T' has a unique fized point.

Corollary 2 Let M be complete RCMS and let T : w x M — M be a map-
ping such that

Uldp(a(z(w))f(z(w))Tr(w), Ty(w))) < f((dp(z(w), Tz(w))), ¢(ds(y(w), Tr(w))))(39)

for all z(w),y(w) € Q x M, where ¥ € ¥ and ¢ € .

Also, suppose that conditions (i), (ii), and (iii) of Theorem (1 ) hold. Then
T has a fixed point.

Moreover, if (9 ) holds, then T has a unique fixed point.

4 Applications

Theorem 2 Let (M,dg) be complete RCMS and let T : Q x M — M be
(o, B)— admissible mapping such that

(dp(Tr(w), Ty(w))) < Pldp(z(w), y(W))) — ¢ldp(z(w), y(w)))  (40)

for all x(w),y(w) € Q x M with a(z(w))B(x(w)) —e € P, where v € ¥ and
¢ € D such that

P(W(t) < ot) V t>o0 (41)

zo(w) € Q x M such that a(xg(w)) — e € P and f(zo(w)) — e € P Suppose
that a(xg(w)) —e € P and B(xo(w)) —e € P, where xo(w) € Q2 x M such that
Assume that either

(1) T is continuous or

(2) if {z (W)} C Qx Mis a sequence such that lim,, o, dg(x,(w),z(w)) =0
and B(z,(w)) —e€P V n=1,2,3,..., then f(xz(w)) —e € P.

Then T has a fized point in M. If a(z(w))B(y(w)) —e € P for all fized points
z(w),y(w) of T, then T has unique fized point.

13
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Proof 2 Let f(s,t) =s—¢(s), V s,t € P wherek < g Then f is the C'—

class function.
For any z(w),y(w) € 2 x M with a(z(w))f(z(w)) —e € P

0 < 9(dp(z(w), y(W))) — ¢(dp(x(w),y(W))) — Y(dp(Tr(w), Ty(w)))
< P(dp(r(w), y(W))) — oY (dp(2(w), y(w)))) — Y(dp(Tx(w), Ty(w)))
= [((dp(z(w),y(w)), d(dp(x(w), y(w))) — (dp(Tx(w), Ty(w)))-

This result is same as from (8) and also it satisfies all the conditions of
theorem (1).

Corollary 3 Let (M,dg) be complete RCMS and let T : Q@ x M — M be
(cv, B)— admissible mapping such that

dp(Tr(w), Ty(w)) < dp(x(w), y(w)) — d(dp(z(w), y(w))) (42)

)
for all z(w),y(w) € Q x M with a(zx(w))B(x(w)) — e € P, where ¢ € ®
Suppose that a(zo(w)) —e € P and f(zo(w)) — e € P, where xo(w) € Q x M
such that
Assume that either

(1) T is continuous or

(2) if {x,(w)} C QxMis a sequence such that lim,_, dg(z,(w), x(w)) =0
and f(zp(w)) —e€P V n=1,2.3,..., then f(z(w)) —e € P.
Then T has a fived point in M. Further if a(x(w))B(z(w)) —e € P ffor
all fixed points x(w),y(w) of T, then T has unique fixed point.
By taking o(z(w)) = B(z(w)) = e in theorem (2), we have the following
results.

Next, take a(z(w)) = e and f(z(w)) = e Va(w) € Q x M in theorem (2), we
have the following corollaries.

Corollary 4 Let M be complete RCMS and let T : Q x M — M be a map-
ping such that

(dp(Tz(w), Ty(w))) < P(dp(z(w), y(W))) — ¢ldp(z(w), y(w)))  (43)

for all x(w), y(w) € Ax M, wherep € ¥ and ¢ € ® with p(¢(t)) < o(t) Vi >
0.
Then T has unique fixed point in € X M

14
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Corollary 5 Let M be complete RCMS and let T : QQ x M — M be a
mapping such that

dp(Tx(w), Ty(w)) < dp(z(w),y(w))) — d(dp(x(w), y(w))) (44)

for all x(w),y(w) € Q@ x M, where ¢ € &. Then T has unique fized point in
Qx M.
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