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1. Introduction: Functional equations play an important part in the study of stability. The first 

question regarding stability is raised by Ulam [15] for group homomorphisms. After that Hyers 

[1] proved the stability problem for Cauchy’s functional equation in Banach spaces. Hyers’ result 

further expanded by many authors i.e., Aoki [18], Th.M. Rassias[22], J.M. Rassias[21], Gavruta 

[12] and many more.  

Recently the stability of many functional equations in various spaces like Banach spaces, 

modular spaces, fuzzy normed spaces and Random normed spaces etc.  have been established by 

researchers[8,9,17-19]. Now we obtain the Hyers- Ulam stability of quadratic function equation 

∑ ∅(−2𝑣𝑖 + ∑ 𝑣𝑗
𝑛
𝑗=1,𝑖≠𝑗 ) = (𝑛 − 6)∑ ∅(𝑣𝑖 + 𝑣𝑗)1≤𝑖<𝑗≤𝑛 − (𝑛2 − 8𝑛 + 3)∑ ∅(𝑣𝑖)

𝑛
𝑖=1

𝑛
𝑖=1  in 

Random normed spaces. 

We adopt the usual terminology, notions and conventions of the theory of random normed spaces 

as in [8]. 

Throughout, ∆+ denotes the distribution functions spaces , i.e., the space of all mapping 𝑓:R∪

(−∞,∞) →[0,1] such that 𝑓 is left continuous and increasing on R, 𝑓 (0)=0 and 𝑓 (+∞)=1. D+ 

subset of ∆+ consisting of all functions V of ∆+for which ℓ
−

V(+∞)=1 where ℓ
−𝑓(s) denotes 

ℓ
−𝑓(s)= lim

𝑡→𝑠−
𝑓(𝑡). The space ∆+ is partially order by usual wise ordering of functions, i.e., 

𝑓 ≤ 𝑔 ⟺ 𝑓(𝑠) = 𝑔(𝑠), ∀𝑠 ∈ 𝑅. The maximal element for ∆+ in this order is the distribution 

function 𝜖0(𝑠) = {
0,     𝑖𝑓 𝑠 ≤ 0
1      𝑖𝑓 𝑠 > 0

 

Definition 1.1: A Random Normed space (RN-space) is a triple (V,𝜇,Τ), where V is a vector 

space, T is a continuous t-norm and 𝜇:V→ D+ satisfying the following conditions: 

(R1).  𝜇v(t)= 𝜖0(𝑡) for all t>0 if and only if v=0, 

Abstact: The purpose of this paper to propose a finite variable generalized quadratic functional 
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(R2).  𝜇av(t)= 𝜇v(
t

|a|
)  for all v ϵV, t ≥ 0 and a ϵ R with a ≠ 0, 

(R3).  𝜇v+u(t + s) ≥ T(𝜇v(t), 𝜇u(s)) for all v, u ϵ V and  t, u ≥0. 

Definition 1.2. Let (V,𝜇,Τ) be a RN- space. 

(i) A sequence {vn} in V is said to be convergent to v ϵV if lim
𝑛→∞

𝜇vn−v(t) = 1, t > 0. 

(ii) A sequence {vn} in V is said to be Cauchy sequence if lim
𝑛→∞

𝜇vn−vm(t) = 1, t > 0. 

(iii) A RN-space (V,𝜇,Τ) is complete if every Cauchy sequence is convergent in V. 

2. General solution 

Theorem 2.1. If an even function ∅: V→W  satisfies the functional equation (1.1) for all v1, 

v2,………,vn ϵ V, then the function ∅ is quadratic. 

Proof. Let function ∅: V→W  satisfies (1.1). Taking v1= v2=………=vn=0 in (1.1), we have 

∅(0) = 0. Replacing (v1, v2,………,vn) by (v,0,……..,0) in (1.1), we get 

∅(-2v)+ (n – 1) ∅(v)  =(n – 6)(n-1) ∅(v) – (𝑛2 − 8𝑛 + 3)∅(v) 

∅(-2v)=(n2 – 7n+6 – n2 +8n – 3 – n +1) ∅(v) 

∅(-2v)=4∅(v) 

Since ∅ is even mapping, so 

 ∅(2v)=22∅(v) , for all vϵV.  

Now, replace v by 2v, we have 

∅(22 v)= 24∅(v) 

Continue like this, we generalize 

∅(2n v)= 22n∅(v) 

For all vϵV and for any n≥0. 

Similarly, we have  

∅(2-n v)= 2-2n∅(v) 

Now, replacing (v1, v2,………,vn) by (v1,v2,……..,0), we get our desired result of ∅. 

Remark: Let V be a linear space and a mapping ∅:𝑉 → 𝑊 satisfies the functional equation (1.1), 

then  
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(i) ∅(𝑟𝑛𝑣) = 𝑟𝑛∅(𝑣) for all vϵV,rϵQ, tϵZ. 

(ii) ∅(𝑣)=v∅(1) for all vϵV if ∅ is continuous. 

For notational handiness, we denote (V,Ψ,Τ), and (W,Ψ,Τ) are Complete RN spaces and define 

a mapping ∅:𝑉 → 𝑊 by 

𝐷∅(𝑣1, 𝑣2, …………… . , 𝑣𝑛) = ∑ ∅(−2𝑣𝑖 + ∑ 𝑣𝑗
𝑛
𝑗=1,𝑖≠𝑗 ) − (𝑛 − 6)∑ ∅(𝑣𝑖 + 𝑣𝑗)1≤𝑖<𝑗≤𝑛 +𝑛

𝑖=1

(𝑛2 − 8𝑛 + 3)∑ ∅(𝑣𝑖)
𝑛
𝑖=1          (1.2) 

for all v1, v2,………,vnϵV.       

3. Hyers-Ulam Stability : Direct method 

Theorem 3.1. If  an even mapping ∅: V→W  with ∅(0) = 0 for which there exists a mapping 

Φ:Vn→D+  for some 0<α<4,  

Φ2v1,2v2,…………,2vn(ε) ≥ Φv1,v2 ,…………,vn (
ε

α
)       (3.1) 

And  lim
𝑡→∞

Φ2tv1,2
tv2,…………,2

tvn
(22tε)=1       (3.2) 

for all v1, v2,………,vn ϵ V and all ε > 0 such that  

𝜇D∅(𝑣1,𝑣2,………,𝑣𝑛)(ε) ≥ Φ𝑣1,𝑣2,………,𝑣𝑛(ε).       (3.3) 

Then there exists a unique quadratic mapping Q2: V→W satisfying the functional equation (1.1) 

with 𝜇Q2(v)−∅(𝑣)(ε) ≥  Φv,0,…………,0((2
2 − α)2ε)       (3.4) 

for all v ϵ V and all ԑ > 0. The mapping Q2: V→W is defined by 

  𝜇Q2(v)(ε) = limt→∞
𝜇∅(2𝑡𝑣)

22t

(ε)        (3.5) 

for all v ϵ V and all ԑ > 0. 

Proof: Replace (𝑣1, 𝑣2, ……… , 𝑣𝑛) by (v,0,………,0) in (3.3), we have 

𝜇∅(2v)−22ϕ(v)(ε) ≥ Φ𝑣,0,………,0(ε). 

𝜇∅(2v)
22

−ϕ(v)
(ε) ≥ Φ𝑣,0,………,0(2

2ε).        (3.6) 

Replace v by 2tv  in (1.7), we have 

𝜇∅(2t+1v)
22

−ϕ(2tv)
(ε) ≥ Φ2𝑡𝑣,0,………,0(2

2ε) 
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𝜇∅(2t+1v)
22(t+1)

−
ϕ(2tv)

22t

(ε) ≥ Φ3𝑡𝑣,0,………,0(2
2(t+1)ε) 

          ≥ Φ𝑣,0,………,0(
22(t+1)ε

αt
).   (3.7) 

for all v ϵ V and all ԑ > 0. Since  

𝜙(2𝑚𝑣)

22𝑚
−𝜙(𝑣) = ∑

𝜙(2𝑖+1𝑣)

22(𝑖+1)
−
𝜙(2𝑖𝑣)

22𝑖
𝑚−1
𝑖=0        (3.8) 

From (3.7) and (3.8), we have 

𝜇∅(2mv)
22m

−ϕ(v)
(∑

αi

22(i+1)
m−1
i=0

ε

2
) ≥ Φ𝑣,0,………,0(ε). 

𝜇∅(2mv)
22m

−ϕ(v)
(ε) ≥ Φ𝑣,0,………,0 (

2ε

∑
αi

22(i+1)
m−1
i=0

)       (3.9) 

Replace v by 22v , we got 

𝜇∅(2m+nv)
22(m+n)

−
ϕ(2nv)

22n

(ε) ≥ Φ𝑣,0,………,0 (
2ε

∑
αi

22(i+1)
m+n−1
i=n

)  

For all vϵV and all ԑ > 0. As Φ𝑣,0,………,0 (
2ε

∑
αi

22(i+1)
m+n−1
i=n

) → 1 as m, n → ∞ then {
𝜙(2𝑛𝑣

22𝑛
} is a 

Cauchy sequence in (W,𝜇,Τ), Since (W,𝜇,Τ) is complete RN- space, thus sequence 

{
𝜙(2𝑛𝑣

22𝑛
} converges to some Q2(v) ϵW. fix v ϵV and put n=0 , we obtain 

𝜇∅(2mv)
22m

−ϕ(v)
(ε) ≥ Φ𝑣,0,………,0 (

2ε

∑
αi

22(i+1)
m−1
i=0

)  

And so , for every 𝛿>0, we get 

𝜇Q2(v)−ϕ(v)(ε+ δ) ≥ T(𝜇
Q2(v)−

ϕ(2mv)

22m

(δ), 𝜇ϕ(2mv)

22m
−ϕ(v)

(ε)) 

≥ T

(

 
 
𝜇
Q2(v)−

ϕ(2mv)

22m

(δ),Φv,0,………….0(
2ε

∑
αi

22(i+1)
m−1
i=0

)

)

 
 

 

For all vϵV and all ԑ, 𝛿 >0.Taking the limit m→∞,  
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𝜇Q2(v)−ϕ(v)(ε+ δ) ≥  Φv,0,………….0(2(2
2 − α)ε)        (3.10) 

For all vϵV and all ԑ, 𝛿 >0. Since 𝛿 was arbitrary, taking 𝛿→0, 

𝜇Q2(v)−ϕ(v)(ε) ≥  Φv,0,………….0(2(2
2 − α)ε) 

For all vϵV and all ԑ >0. Replacing (𝑣1, 𝑣2, ……… , 𝑣𝑛) by (2𝑡𝑣1, 2
𝑡𝑣2, ……… , 2

𝑡𝑣𝑛) in (3.7),  

𝜇D𝑄2(2𝑡𝑣1,2𝑡𝑣2,………,2𝑡𝑣𝑛)(ε) ≥ Φ2𝑡𝑣1,2
𝑡𝑣2,………,2

𝑡𝑣𝑛
(22𝑡ε).   

Since lim
𝑡→∞

Φ2tv1,2
tv2,…………,2

tvn
(22tε)=1, so Q2 satisfies the functional equation (1.1). To prove the 

uniqueness of  Quadratic mapping Q2. Assume that there exists another Quadratic mapping Q’
2, 

which satisfies inequality (3.10). Fix v ϵV. Clearly, Q2(2
tv)=22tQ2(v) and Q’

2(2
tv)=22tQ’ 2(v) for 

all vϵV. from (3.10), we have 

𝜇Q2(v)−Q′
2(v)
(ε) = lim

t→∞
𝜇Q2(2tv)

22t
−
Q′
2(2

tv)

22t

(ε) 

 

Theorem 3.2. If an even mapping ϕ: V→W  with 𝜙(0) = 0 for which there exists a mapping 

Φ:Vn→D+  for some 0<α<4,  

Φv1
2
,
v2
2
,…………,

vn
2
(ε) ≥ Φv1,v2,…………,vn

(αε)        

And  lim
𝑡→∞

Φv1
2t
,
v2
2t
,…………,

vn
2t
(

ε

22t
)=1        

for all v1, v2,………,vnϵV and all ε > 0 such that  

𝜇D𝜙(𝑣1,𝑣2,………,𝑣𝑛)(ε) ≥ Φ𝑣1,𝑣2,………,𝑣𝑛(ε).        

Then there exists a unique quartic mapping Q2: V→W satisfying the functional equation (1.1) 

with 𝜇Q2(v)−ϕ(𝑣)(ε) ≥  Φv,0,…………,0(
ε

(22−α)2
)        

for all vϵV and all ԑ>0. The mapping Q2: V→W is defined by 

  𝜇Q2(v)(ε) = limt→∞
𝜇22t𝜙( 𝑣

2t
)
(ε)         

for all vϵV and all ԑ>0. 

Corolarry 3.3. If  an even mapping ∅: V→W  with ∅(0) = 0 for which there exists a mapping 

Φ:V→D+  satisfying 

𝜇D∅(𝑣1,𝑣2,………,𝑣𝑛)(ε) ≥ Φ∑ ||𝑣𝑖||
𝜃𝑛

𝑖=1
(ε).        
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Then there exists a unique quadratic mapping Q2: V→W satisfying the functional equation (1.1) 

with 𝜇Q2(v)−∅(𝑣)(ε) ≥  Φ||v||θ((2
2 − 2p)2ε)        

for all vϵV, where p<2 and all ԑ>0  

We take α=2p-2 and 𝑣1, 𝑣2, ……… , 𝑣𝑛=∑ ||𝑣𝑖||
𝜃𝑛

𝑖=1  in the theorem 3.1. 

References 

1. D. H. Hyers, “On the stability of the linear functional equation,” Proceedings of the 

National Academy of Sciences of the United States of America, vol. 27, no. 4, pp. 222–

224, 1941. 

2. D. H. Hyers, G. Isac, and T. M. Rassias, “Stability of functional equations in several 

variables,” in Progress in Nonlinear Differential Equations and their Applications, vol. 

34, Birkhäuser Boston, Inc., Boston, MA, 1998. 

3. G. Sadeghi, “A fixed point approach to stability of functional equations in modular 

spaces,” Bulletin of the Malaysian Mathematical Sciences Society, vol. 37, no. 2, pp. 

333–344, 2014. 

4. G. Zamani Eskandani and J. M. Rassias, “Stability of general a cubic functional 

equations in modular spaces,” Revista de la Real Academia de Ciencias Exactas, Físicasy 

Naturales. Serie A. Matemáticas, vol. 112, no. 2, pp. 425–435, 2018. 

5. H. Nakano, Modulared Semi-Ordered Linear Spaces, Maruzen Co., Ltd., Tokyo, 1950. 

6. K. Jun, Y. Lee, On the Hyers-Ulam-Rassias stability of a Pexiderized quadratic 

inequality, Math. Inequal. Appl., 4, 93–118, 2001. 

7. K. Tamilvanan, J. R. Lee, C. Park, Ulam stability of a functional equation deriving from 

quadratic and additive mappings in random normed spaces, AIMS Math., 6 pp. 908—

924, 2020. 

8. M. A. Khamsi, “Fixed point theory in modular function spaces,” in Recent advances on 

metric fixed point theory, vol. 48, pp. 31–57, Univ. Sevilla, Seville, 1995, Ciencias. 

9. M. A. Khamsi, “Quasicontraction mappings in modular spaces without Δ2-condition,” 

Fixed Point Theory and Applications, vol. 2008, no. 1, Article ID 916187, 2008. 

10. N. Alessa, K.Tamilvanan, G. Balasubramanian and K. Loganathan, Stability results of the 

functional equation deriving from quadratic function in random normed spaces,6(3), 

2385-2397,2020. 

11. N. Uthirasamy , K. Tamilvanan , H. K. Nashine  and R. George, Solution and stability of 

quartic functional  equations in Modular spaces by using Fatou property, Journal of 

Function Spaces, 2022. 

12. P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately 

additive mappings,Journal of Mathematical Analysis and Applications 184(3), 431 – 

436,1994. 

13. S. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific 

Publishing Co., Inc., River Edge, NJ, 2002. 

UNDER PEER REVIEW



14. S. Koshi and T. Shimogaki, “On F-norms of quasi-modular spaces,” Journal of the 

Faculty of Science, Hokkaido University. Series, vol. I, no. 15, pp. 202–218, 1961. 

15. S. M. Ulam, “Problems in modern mathematics,” in Science Editions, John Wiley & 

Sons, Inc., New York, 1964. 

16. S. S. Jin, Y. H. Lee, On the stability of the functional equation deriving from quadratic 

and additive function in random normed spaces via fixed point method, J. Chungcheong 

Math. Soc., 25 , 51–63, 2012. 

17.  S. Yamamuro, “On conjugate spaces of Nakano spaces,” Transactions of the American 

Mathematical Society, vol. 90, no. 2, pp. 291–311, 1959. 

18. T. Aoki, “On the stability of the linear transformation in Banach spaces,” Journal of the 

Mathematical Society of Japan, vol. 2, no. 1-2, pp. 64–66, 1950. 

19. T. Dominguez Benavides, M. A. Khamsi, and S. Samadi, “Uniformly Lipschitzian 

mappings in modular function spaces,” Nonlinear Analysis: Theory, Methods and 

Applications, vol. 46, no. 2, pp. 267–278, 2001. 

20. T. Dominguez-Benavides, M. A. Khamsi, and S. Samadi, “Asymptotically regular 

mappings in modular function spaces,” Scientiae Mathematicae Japonicae, vol. 53, no. 2, 

pp. 295–304, 2001. 

21. T. M. Rassias, “On the stability of the linear mapping in Banach spaces,” Proceedings of 

the American Mathematical Society, vol. 72, no. 2, pp. 297–300, 1978. 

22. Th. M. Rassias, K. Shibata, Variational problem of some quadratic functionals in 

complex analysis, J. Math. Anal. Appl., 228 , 234–253, 1998. 

23. Th. M. Rassias, On the stability of the quadratic functional equation and its applications, 

Studia Univ. Babes-Bolyai, 89–124, 1998. 

24. W. M. Kozlowski, “Modular function spaces,” in Monographs and Textbooks in Pure and 

Applied Mathematics, vol. 122, Marcel Dekker, Inc., New York, 1988. 

25. Z. Gajda, On stability of additive mappings, Intern. J. Math. Math. Sci., 14 , 431–

434,1991. 

 

 

UNDER PEER REVIEW


