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HR-Stability of Generalized Quadratic functional equation in Random Norm spaces

Abstact: The purpose of this paper to propose a finite variable generalized quadratic functional

equation with solution. Also investigate Hyers Ulam stability in Random normed space by direct
method.
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1. Introduction: Functional equations play an important part in the study of stability. The first
question regarding stability is raised by Ulam [15] for group homomorphisms. After that Hyers
[1] proved the stability problem for Cauchy’s functional equation in Banach spaces. Hyers’ result
further expanded by many authors i.e., Aoki [18], Th.M. Rassias[22], J.M. Rassias[21], Gavruta
[12] and many more.

Recently the stability of many functional equations in various spaces like Banach spaces,
modular spaces, fuzzy normed spaces and Random normed spaces etc. have been established by
researchers[8,9,17-19]. Now we obtain the Hyers- Ulam stability of quadratic function equation

m0(—2v; + Dotz Uj) =(n—6)Yici<jcn o(v; + Uj) —(n*=8n+3)XL, 0(v) in
Random normed spaces.

We adopt the usual terminology, notions and conventions of the theory of random normed spaces
as in [8].

Throughout, A*™ denotes the distribution functions spaces , i.e., the space of all mapping f:RuU
(—o0,0) —[0,1] such that f is left continuous and increasing on R, f (0)=0 and f (+w)=1. D*
subset of A* consisting of all functions V of A*for which £~ V(+w0)=1 where ¢~ f(s) denotes
f‘f(s):tllrsn_ f(t). The space A* is partially order by usual wise ordering of functions, i.e.,

f<ge f(s)=g(s),Vs € R. The maximal element for A* in this order is the distribution
0, ifs<0

function €,(s) = {1 ifs>0

Definition 1.1: A Random Normed space (RN-space) is a triple (V,u, T), where V is a vector
space, T is a continuous t-norm and p:V— D* satisfying the following conditions:

(R1). uy(t)=¢€,(t) for all t>0 if and only if v=0,
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(Ra). tay (D)= uv(ﬁ) forall veV,t>0andacR witha #0,

(R3). pysu(t+s) = T(uy(t), uy(s)) forall v,u eV and t, u>0.
Definition 1.2. Let (V,u, T) be a RN- space.

(i A sequence {vn} in V is said to be convergent to v eV if lim u, _,(t) = 1,t>0.
n—-oo
(i)  Asequence {vn} in V is said to be Cauchy sequence if lim u, _, (t) =1,t>0.
n—-oo
(iii) A RN-space (V,u, T) is complete if every Cauchy sequence is convergent in V.

2. General solution

Theorem 2.1. If an even function @: V—W satisfies the functional equation (1.1) for all vy,

V2, i, ,vn€ V, then the function @ is quadratic.
Proof. Let function @: V—>W satisfies (1.1). Taking vi= Vo=......... =vp,=0 in (1.1), we have
@(0) = 0. Replacing (v1, va.......... ,Vn) by (v,0,........ ,0)in (1.1), we get

P(-2v)+ (n—1) B(v) =(n-6)(n-1) B(v) — (n* — 8n + 3)P(v)
@(-2v)=(n?> — 7n+6 — n? +8n — 3 — n +1) B(V)

?(-2v)=40(v)

Since @ is even mapping, so

@(2v)=2%¢(v) , for all veV.

Now, replace v by 2v, we have

B(2% v)= 2*p(v)

Continue like this, we generalize

B(2" v)= 22"¢(v)

For all veV and for any n>0.

Similarly, we have

P(2™ v)= 22¢(v)

Now, replacing (vi, va,......... ,vn) by (vi,vo,........ ,0), we get our desired result of @.

Remark: Let V be a linear space and a mapping @:V — W satisfies the functional equation (1.1),
then
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(N @(r™v) = r"@(v) for all veV,reQ, teZ.
(i)  o(v)=ve(1) for all veV if @ is continuous.

For notational handiness, we denote (V,¥, T), and (W,¥, T) are Complete RN spaces and define
a mapping @:V - W by

D@(Ul, Vgyeer ver en aee e .,Un) = ?=1 Q)(—Zvi + Z?=1,i¢j 17]) - (Tl - 6) 215i<j5n Q)(vi + vj) +
(n® —8n+3) X, B(vy) (1.2)
forall vi, vo,......... ,vneV.

3. Hyers-Ulam Stability : Direct method

Theorem 3.1. If an even mapping @: VW with @(0) = 0 for which there exists a mapping
®:V"-D" for some 0<a<4,

Doy 2vg, 2Vn (e) = Dy VsV (E) (3.1)
And P—{g Dty 2tvy 2tv, (2%'€)=1 (3.2)
forall vi, va,......... ,vne V and all € > 0 such that

DG 0gsmvn) (&) = Py v (€). (3.3)

Then there exists a unique quadratic mapping Q2: V—W satisfying the functional equation (1.1)
With pq,)-p@) (€) = Dyg,..........0 (27 — 1) 2¢) (3.4)

forall ve V and all € > 0. The mapping Q2: V—W is defined by

Hq,wv) (e) = %1_{2 Hgatvy (e) (3.5)
22t

forallveVandalle>0.

Proof: Replace (vq, vy, ... ... ... ,Up) by (v,0,......... ,0) in (3.3), we have
Uo2v)-226(v) (€) = Pyp,........0(€)-

Ho@) o) (&) 2 Qup,......, 0(2%€). 6
2

Replace v by 2'v in (1.7), we have

Ho(2t+1v) (€) = @yptyy,.....0(2%)

T2
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Ho(2t*1v) ¢(2tv) (&) = P3ty,...0 (22 g)

22(t+1) 2t

22(t+1)
2 q)v,O,.........,O( at : (37)

forall veV and all e > 0. Since

2 2i+1 2t
¢(22m1’) (rb( ) - Zm 1¢2(2(l+11)7) ¢(22iv) (38)
From (3.7) and (3.8), we have
MQ(ZZZTnV)_qJ(V)( i= 0 22(1+1) 2) = ,0(8)

2

Ho™y) () Z Pog......0 (m—aal) (3.9)

Tpzm i=0 32(+1)

Replace v by 2%v , we got

2¢
u®(2m+nv)_¢(2nv) (8) = (DU,O ........... 0 (W)

22(m+n) 22N 22(i+1)

2 2" .
For all veV and all € > 0. As @,, °< - )—>135m:n—>00 then {¢(2 v} IS a
AU RN 221
220+1D)

Cauchy sequence in (W,u,T), Since (W,u,T) is complete RN- space, thus sequence
{¢>(2”

} converges to some Qz(v) eW. fix v €V and put n=0 , we obtain

2¢e
szm . 0(v) z:i=0122(i+1)

And so , for every §>0, we get

Ho, - (8 +8) = T (MQZ( e B), tyemyy_ (e )>

22m 22m

e\

>T my(0), D —_—
k#Qz( )_¢(222mv)() V0 | T )

i=0 22(i+1)

For all veV and all ¢, § >0.Taking the limit m—oo,
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Ho,w)—ow)(E+8) = Dyy  4(2(2% — 0)e) (3.10)

For all veV and all ¢, § >0. Since § was arbitrary, taking §—0,

HQy(w)—ow) (8) = D@y, .....0(2(2% — a)e)

Forall veVand all e >0. Replacing (vs, vz, .. ,Vn) bY (2°04, 2P0, e ,2t,) in (3.7),
HDo, (201,20 2tvn) (e) 2 ®2tv1,2tvz,.........,ztvn(ZZtS).

Since %im Dyty, oty, 2ty (22t¢)=1, so Q satisfies the functional equation (1.1). To prove the

..............

uniqueness of Quadratic mapping Q2. Assume that there exists another Quadratic mapping Q,
which satisfies inequality (3.10). Fix v eV. Clearly, Q2(2'v)=2%Q,(v) and Q'2(2'v)=2%Q’ (V) for
all veV. from (3.10), we have

HQ,()-Q,m (&) = lmpg, 2ty Q) (€)
22t -

22t

Theorem 3.2. If an even mapping ¢: V—>W with ¢(0) = 0 for which there exists a mapping
®:V"—D* for some 0<o<4,
71,"_2 ‘%1(8) 2 CDVl,Vz,............,Vn (ag)

..............

; €
And lim ®v, v, vn(=)=1
t—ooo Ztlzt .............. Zt 2

forall vi, va,......... ,vneV and all € > 0 such that

UDp(v1,v9, s Vn) (8) = q)vl,vz,.........,vn (8)

Then there exists a unique quartic mapping Qz2: V—W satisfying the functional equation (1.1)
- €
With uq, v)-p@)(€) = Pyg,......0 (m)

for all veV and all 0. The mapping Q2: V—W is defined by
HqQ,(v) (8) = ll_)rg ,UZth)(%) (8)
for all veV and all e>0.

Corolarry 3.3. If an even mapping @: VW with @(0) = 0 for which there exists a mapping
®:V—-D" satisfying

HDo (w105 V) (&) = CI)Z§1=1 [lvil|® ().
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Then there exists a unique quadratic mapping Q2: V—W satisfying the functional equation (1.1)
with HQ,(v)-8(v) (8) = dDHVHe((ZZ - Zp)ZE)

for all veV, where p<2 and all >0

We take 0=2"2 and vy, v, ... ... ... , V=2 |1v;11? in the theorem 3.1.
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