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Abstract 

The present paper investigates the existence of mixed solutions and provides sufficient 
conditions for null controllability of nonlinear mixed integrodifferential systems with unbounded 
linear operators in Banach space. The results are obtained using semi group of linear operators, 
fractional powers of operators and the schauder fixed point theorem. 
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1. Introduction 

Controllability of linear and nonlinear systems of ordinary differential space has been 
exclusively studied. Several authors have extended the concept to infinite dimensional systems 
represented by the evolution equations with bounded operators in Banach spaces [1-3]. Recently 
Alhazmi and Abdou [5] established sufficient conditions for the local null controllability of 
nonlinear functional differential systems using the Schauder fixed point theorem with unbounded 
operators in Banach space. The essence of this work is to extend the use of fixed point theorems 
to integrodifferential systems with unbounded operators and infinite delay in Banach space 
[4,6,7]. In particular, results are obtained for the null controllability of nonlinear mixed 
integrodifferential systems with unbounded linear operators in Banach space.  

2. Preliminaries 

Consider the following nonlinear mixed Voltera – Fredholm integrodifferential equation of the 
form 

∫ + (߶)ݔ	(ݐ)ܣ = (ݐ)ܺ ,ݐ)݂ ݏ݀(ݏ)ݔ(ݏ + (ݐ)(ݑܤ) +	௧
ିஶ ∫ ,ݐ)݇ ;ݏ݀(ݏ)ݔ(ݏ ݐ ∈ ܬ = [0,ܶ]	௧

ିஶ        (1)  

(߶)ݔ = ݐ  (ݐ)߶	 ∈ (−∞, 0] 

Here {(ݐ)ܣ: ݐ ≥ 0} is a family of unbounded linear operators mapping a Banach space ܺ௖ to 
itself. The state (ݐ)ݔ takes the values in the Banach space ܺ and the control function ݑ is given 
in ܮଶ	(ܬ.ܷ),  a Banach space of admissible control with ܷ as a Banach space. ܤ is a bounded 
linear operator from ܷ into ܺ. Let ܺఈ denotes the interpolation space defined in the ߙ power of 
  that is ,(0)ܣ

ܺఈ = ൛ݔ:ݔ ∈  ,ఈ(0)൯ൟܣ൫ܦ

With ‖ݔ‖ఈ = ‖ܣఈ(0)ݔ‖.  The space ܥఈ is the space of bounded uniformly continuous functions 
from (−∞, 0] to ܺ௣ endowed with the supremum norm. 



 

 

ߠ	:ఈ = sup{‖߶(0)‖ఈܥ‖߶‖ ∈ (−∞, 0]} 

Further let ߶	 ∈ ,∝ ఈ for someܥ	 0 < ߙ < 1 and ݂	be a continuous nonlinear operator on ܬ × ܬ ×
ܺఈ into ܺ. 

For the existence of a solution of (1), we need the following assumptions (see [6]). 

(i) The domain (ܣ)ܦ of (ݐ)ܣ, 	ݐ ∈]	is dense in the Banach space	ܺ and independent of ݐ. 
(ii) For each ݐ ∈ (−∞, 0], the resolvent ܴ((ݐ)ܣ,ߣ) exists for all ߣ such that ܴ݁ߣ ≥ 0 and 

there exists  ܿ > 0 such that ‖ܴ((ݐ)ܣ,ߣ‖ ≤ 	 ஼
(|ఒ|ାଵ)

 

(iii) for any ݐ, ,ݏ ߬ ∈ there exists a 0 ,ܬ < ߜ < 1 and ݇ > 0  such that  
−(ݐ)ܣ)‖ ‖(ݏ)ଵିܣ((߬)ܣ 	≤ ݐ|ܭ − ߬|ఋ  

Conditions (i) and (ii) imply that for each ݎ ≥  is the infinitesimal generator of an (ݎ)ܣ−,0
analytic semi group {݁ି௧஺(௥):ݐ ≥ 0}. 

The fact that 0 ∈  generates an analytic semigroup implies that fractional (ݎ)ܣ− and that	൯(ݎ)ܣ൫݌
powers of (ݎ)ܣ can be defined for 0 < ߙ < 1. We set  

= (ݎ)ఈିܣ 	 ଵ
୻(ఈ)∫ ܵ∝ିଵஶ

଴ ݁ିௌ஺(௥)݀ݏ 

Where Γ(. ) denotes the Euclidean gamma function. The operator ିܣఈ(ݎ) can be shown to be a 
bounded linear operator with a well-defined inverse [7]. Let ܣఈ(ݎ) = 		  If conditions	ଵ.ି(ݎ)ఈିܣ
(i) – (iii) are satisfied, then there exists an operator valued function ܺ(ݐ, ߬) which is defined on 
the triangle 0 ≤ ߬ ≤ ݐ < ∞ and has values in (ݑ)ܤ, [8, ଵܲ଴଴]. ܺ(ݐ, ߬) is strongly continuous 
jointly in ݐ and in ܻ and maps ܺ into (ܣ)ܦ if ݐ > ߬. The family {ܺ(ݐ, ߬): 0 ≤ ߬ ≤ ݐ < ∞} satisfy 
the identity  

,ݐ)ܺ ߬) = ,ݐ)ܺ (ݏ × ,ݏ) ߬), for 0 ≤ ߬ ≤ ܵ ≤ ݐ < ∞ 

The derivative ఋ×	(௧,்)
ఋ௧

 exists in the strong operator topology and belongs to ܺ whenever0 ≤ ߬ <
,9] ,ݐ ଵܲଶଽ]. Finally ܺ(ݐ, ߬) satisfies the following initial value problem. 

,ݐ)ܺߜ ߬)
ݐߜ = (ݐ)ܣ × ,ݐ	) ݐ	ݎ݋݂	(߬ >  	ݎ

,ݐ)ܺ ߬) =    (identity operator =	ܫ)   ܫ

Further, if 0	≤ ݒ ≤ 1, 0	≤ ߚ ≤ ߜ < 1 + ≥	then for any 0 ,ߤ ߬ ≤ ݐ < ݐ + ݐ∆ < ܶ and ܵ ∈ ߬, there 
exists a ܤ)ܭ,  ;such that (ߜ,ݒ

ฮܣ௥(ݏ)[ܺ(ݐ + ,ݐ∆ ߬) − ,ݐ)ܺ ఉ(߬)ฮିܣ[(߬ ≤ ݐ|ఋି௥(ݐ∆)(ܵ,ݒ,ߚ)ܭ − ߬|ఉିఋ          (2) 

(iv) There exist a ߚ଴ > 	߱ and	ߙ	 > 0 such that for all0	 ≤ ߚ < ߚ଴, there exists Kߚ > 0 
satisfying for all 0ฮܣఉ(0) × ,ݐ) ฮ(ݏ ≤ ݐ)ߚܭ −  ఉ݁ିఠ(௧ି௦)                    (3)ି(ݏ

(v) The function ݂: ܬ × ܬ × ܺఈ → ܺ is continuous, ݂(ݐ, ,ݏ 0) = 0 for all ݏ ≤  and there ݐ
exists an ܮ > 0 and ݒ = 0 such that  



 

 

,ݐ)݂‖ −(ݔ,ݏ ,ݐ)݂ ,ݏ ‖(ݕ ≤ ݁ି௩(௧ି௦)ݔ‖ܮ −  ఈ           (4)‖ݕ
(vi) The bounded linear operator ିܣఈ(ݐ) is compact for all ߙ ∈ (0,1] 

Note that (ݒ) is satisfied by the function; 

,ݐ)݂  (ݔ,ݏ = 	 ൜0,			݂ݎ݋	ݏ ≤ ݐ
ܿ݁ିఈ(௧ି௦_ ߙ,ݔ݊ܽݐܿݎܽ  > 0	ܽ݊݀	ܿ > 0 

Suppose that (i) – (iii) and (v) are satisfied, if ߶	 ∈ ܿఈ	ܽ݊݀			߶(0)  for(ఉ(0)ܣ)ܦ ∋
some ߚ > 0 and (iv) is satisfied for some ߚ଴ 	>  then there exists a unique function ,ߚ
.)(߶)ݔ ): ܬ → ܺ	such that 
(߶)ݔ = ,ݐ)ܺ 0)߶(0) + 	∫ ܺ௧଴ ,ݐ) ∫(ݏ ݂൫ݏ, ݏఛ(థ)൯݀߬݀ߜ,߬ + ∫ ,ݐ)ܺ ݏ݀(ݏ)ݑܤ(ݏ +௧

଴
௦
ିஶ

∫ ,ݐ)ܺ ,ݐ൫ܭ(ݏ ,ݏ 																					ݏ൯݀(ݏ)ݔ →௧
଴                                 (5ܽ) 
(߶)ݔ = ,(ݐ)߶ ݐ ∈ [ݒ,∞−) 																		→          (5ܾ) 
Moreover, ݔ(߶) is continuously differentiable for ݐ > 0 and satisfies (1) 
 

Definition: The system (1) is said to be NULL controllable on the interval ܬ if for every 
continuous initial function ߶	 ∈ 	 ܿఈ, there is a control ݑ	 ∈ ,ܬ)ଶܮ  of (߶)ݔ such that the solution (ݑ
(߶)ݔ satisfies (ߣ) = 0 

 
3. Main Results 

Theorem 3.1 : Suppose conditions (݅)	–  to ܺ defined ݑ hold and the linear operator ܹ from	(݅ݒ)	
by ܹݑ = 	 ∫ ܺ(ܶ, ்(ݏ)ݑܤ(ݏ

଴ ,ܬ)ଶܮ has an invertible operator ܹିଵ defined on ݏ݀  ఈே if thereܭ/(ݑ
exists positive constants ଵܰ, ଶܰ such that ‖ܤ‖ ≤ 	 ଵܰ and ‖ܹିଵ‖ 	≤ 		 ଶܰ. Then the system (1) is 
Null controllable on ܬ. 

Proof: Define the control 

(ݐ)ݑ = 	−ܹିଵ[ܺ(ܶ, 0)߶(0)

+ න ܺ(ܶ, ((ݏ
்

଴
න ݂൫ݏ, (ݐ)[ݏ൯݀߬݀(߶)ݔ,߬ + න ܭ

,ݐ) ݏ݀(ݏ)ݔ(ݏ 	→
௧

ିஶ

଴

ିஶ
																									(6) 

Now it is shown that, when using this control, the operator defined by 

Φݔ(߶) = 	ݐ for (ݐ)߶	 ∈ (−∞, 0] 

Φݔ(߶) =
	X(ݐ, 0)߶(0)−	∫ ௧ܤ(ݑ,ݐ)ܺ

଴ ܹିଵ[ܺ(ܶ, 0)߶(0) + ∫ ܺ)ܶ, ∫(ݏ ݂൫ݏ, ߤ݀(ߤ)[ݏ൯݀߬݀(߶)ݔ,߬ +଴
ିஶ

்
଴

∫ ,ݐ)ܺ ∫(ݏ ,ݏ)݂ ݏ݀߬݀(߶)ݔ,߬ + 	∫ ,ݐ)ܭ 		ݏ݀(ݏ)ݔ(ݏ →௧
ିஶ

଴
ିஶ

௧
଴                    

         (7) 

has a fixed point. 



 

 

This fixed point is a solution of equation (1) clearly Φݔ(∅) = 0 which means that the control ݑ 
steers the nonlinear mixed integrodifferential system from the initial function ∅ to 0 in time T 
provided that the nonlinear operator Φ has a fixed point. 

Define, 

ܵ = ݔ} ∈ ܿ((−∞,ܶ]:ܺ଴(0):‖(0)ݔ‖ = 	 ‖∅(t)‖ on  ݐ ∈ ‖(∅)ݔ‖ and [݋,∞−) ≤ ܰ, ݐ ∈  {ܬ

Consider the transformation 

Φ: s	 → ܿ(−∞,ܶ]:ܺఈ(଴))  defined by	(7) 

It is claimed that Φ: s	 →  for that ݏ

 ‖Φ(0)ݔ‖ஶ 	≤ ‖Φ(0)‖ܭఈିݐஶ݁ିఠ௧ + ܮఈܭ	 ∫ ݐ) − ఈ௧ି(ݏ
଴ ݁ିఠ(௧ି௦) ∫ ݁ିஶ(௦ିఛ‖ݔ(ϕ)‖ఈ݀߬݀ݏ

଴
ିஶ +

ఈܭ	 ∫ ݐ) − ఈ௧ି(ߤ
଴ ݁ିఠ(௧ିఓ)

ଵܰ ଶܰ{‖߶(0)‖ܭఈିݐఈ݁ିఠ௧ +

ܮఈܭ	 ∫ (ܶ − ఈ்ି(ݏ
଴ ݁ିఠ(்ି௦) ∫ ݁ି௩(௦ିఛ)‖ݔ(∅)‖ఈ

଴
ିஶ  ߤ݀(ߤ){ݏ݀߬݀

We choose ߜ > 0 and observe that  

݁ିఋ௧‖Φ(0)ݔ‖ஶ ≤ ܮଶܭଵܭ ∫ ݐ) − (௧ି௦)(ఠାఋ)ି݁(ݏ ∫ ݁(జାఋ)(௦ିఛ)݁ିఋఛ଴
ିஶ

௧
଴ ݏ݀ݐߜఈ‖(߶)ݔ‖ +  ఈܭ

ଵܰ ଶܰ ∫ ݐ) − ఈ௧ି(ߤ
଴ ݁ିఠ(௧ିఓ) ቄܭଵ +

ܮଶܭ	 ∫ (ܶ − ఈ்ି(ݏ
଴ ݁ି(ఠାఋ)(்ି௦) ∫ ݁ି(௩ାఋ)(௦ିఛ)݁ିఋ௧଴

ିஶ  	ߤ݀(ߤ)ቅݏఈ݀߬݀‖(∅)ݔ‖

for ܭଶ > sup	{ܭଵ,‖∅‖ܿఈ} and for (ݐ)ݕ = ݁ିఋ௧‖(0)ݔ‖ఈ‖Φ(ݐ)ݕ‖ఈ ଶܭ	≥ + ܮఈܭ ∫ ݐ) −௧
଴

ఈି(ݏ ݁(ఠାఋ)(௧ି௦) ∫ ݁ି(௩ାఋ)(௦ିఛ)ݏ݀߬݀(߬)ݕ}଴
ିஶ  ߤ݀(ߤ)

if ܭଷ > 0, introduce a function ݖ(. )by (ݏ)ݖ= ቊ
,௦∈[଴		௜௙									ଷ,ܭ బ்]

ݏ		݁ିఋ௦		ଷܭ < 0
  

and note that for ݐ ≥ 0 

ଶܭ +
ܮఈܭ	 ∫ ݐ) − ఈ݁ି(ఠାఋ)(௧ି௦)ି(ݏ ∫ ݁ି(ఠାఋ)(௦ିఛ)ݏ݀߬݀(߬)ݕ +଴

ିஶ
௧
଴

	 ଵܰ ଶܰܭఈ ∫ ݐ) − ଶܭ}ఈ݁ିఠ(௧ିఓ)ି(ߤ +்
଴

଴ܭ ܮ	 ∫ (ܶ − ఈ்ି(ݏ
଴ ݁ି(ఠାఋ)(்ି௦) ∫ ݁ି(௩ାఋ)(௦ିఛ)ݕ(߬)଴

ିஶ ଶܭ ≥ ߤ݀(ߤ){ݏ݀߬݀ + −Γ(1ܮఈܭ α) (ଵ
௩
) 

(߱ + ଷܭఈିଵ(ߜ + 	 ଵܰ ଶܰܭఈ ∫ ݐ) − ଶܭ}ఈ݁ିఠ(௧ିఓ)(ߤ + ఈܭ
்
଴ −Γ(1ܮ	ܮ α) (ଵ

௩
) (߱ +  ߤ݀(ߤ)ఈିଵ(ߜ

Thus if ߜ > 0 is chosen large enough to ensure that  ܭఈܮΓ(1− α) (ଵ
௩
) (߱ + ఈିଵ(ߜ 	< 1  and  

ଷܭ ଷ is suchܭ > −ଶ[1ܭ −Γ(1	ܮ଴ܭ3 α)	(ଵ
௩
)	(߱ +  ఈିଵ]ିଵ(ߜ

Then for suitable ଵܰ, ଶܰ, it follows that  



 

 

‖(0)ݔΦ‖݌ݑܵ ≤ ,ܰ = ଷ݁ఋ௧ܭ	 ݏ ∈ [0, ఈܶ], 

Hence the result follows by applying Schauder’s fixed point theorem to the mapping. 

4. Application 

Consider the partial nonlinear integrodifferential equations 

ݑ߲
ݐ߲ + ,ݐ)ܣ ௫(ܦ,ݑ = 	න ,ݐ)݃ ݏ݀(ݑ∇)݂(ݏ + (ݐ)(ݒ)ܤ

௧

ିஶ
 

,ݔ)ݑ (ݐ = ,ݔ)		0 (ݐ ∈ ߲Ω	 × R				 →	                                                          (8) 

Where (ܦ,ݑ,ݐ)ܣ = 	 ∑ ܽ௡(ݔ, ௡ܦ(ݐ
|௫|ஸଶ  

The operators (ܦ,ݔ,ݐ)ܣ are assumed to be uniformly elliptic. Thus there exists a constant 
଴ܥ 	> 0  such that  −ܴ݁	∑ ,ݔ)݊ܽ ௡ߞ(ݐ  ଶ|ߞ|଴ܥ	≤

Where Ω	is a bounded domain in ܴଷ with smooth boundary. The coefficients ܽ݊(ݔ.  are smooth (ݐ
functions of (ݔ. (ݐ ∈ Ω	 × ்ܴ and there exists constants ܥଷ > 0 and ߤ ∈ (0,1) such that 

,ݔ)݊ܽ| −(ݐ ,ݔ)݊ܽ ߬| ≤ ݐ|ଶܥ − ߬|ఓ for ݐଵ߬ > 0, ݔ ∈ Ω 

Finally, stipulate that the coefficients  ܽ݊(. ):Ωഥ 	→ ܴ are such that 

lim஼→଴ ,ݔ)݊ܽ| ݌ݑݏ (ݐ − |(ݔ)݊ܽ = 0 

The nonlinearity ݂(. ):	 ܴଷ 	→ ܴ vanishes at zero and has the property that there exists a ܥଷ > 0 
satisfying  

−(ݑ)݂| |(ݒ)݂ ≤ ଷܥ 	෍|ݑ௜ |௜ݒ	−
ଷ

௜ୀଵ

 

The function	݃(. ):ܴା 	→ ܴ is Lipschitz continuous. Moreover, there exists ܥସ݁ି௩௦,  

for ݏ ∈ (−∞, 0] 

Let ܺ = 	 :(ݐ)ܣ} ଶ(Ω). A family of operatorsܮ ݐ ≥ 0} is introduced on ܮଶ(Ω) by specifying  

	ܦ = (ݐ)ܣ)ܦ	 	= ଶ(Ω)ܪ	 ,ݐ)ܣ = ݑ(ݐ)ܣ ଴ଵ(Ω) and lettingܪ	∩ 	ݑ for ݑ (ܦ,ݔ ∈ ߙ If .ܦ > 3
4ൗ  

define  

g: ܴା × ܴ × ܺఈ 			→ 		ܺ  by setting ݃(ݐ, ,ݏ (ݑ 	=  (u∇)݂ (ݏ−,ݐ)݃	

ܺఈ will denote the interpolation space obtained from ܣఈ(0). Suppose ∅ ∈  and identity	ଶܥ
,ݔ)ݑ (ݐ =   then (8) assumes the form of the function space integrodifferential equation ,(ݔ)(∅)ݔ

(∅)ݔ + ∫ =(∅)ݔܣ ,ݐ)݂ ,ݏ ݏ݀(∅)ݔ + ௧(ݐ)ݑܤ
ିஶ 					→				                       (9) 



 

 

If ∅ ∈ ߙ)ܥ > 3
4ൗ )then from [6] there exists a unique functionܤ:(∅)ݔ		 → ܺ which satisfies 

equation (9) and ‖ݔ(∅) − ଴,ஶ‖(Ψ)ݔ 	≤ (∅)ݔ‖ܥ − ܥ ఈ for some‖(Ψ)ݔ > 0 

This yields the solution and the system is controllable in ܬ. 

References: 

1. AL-Nahhas MA, Ahmed H, El-Owaidy HM. Null boundary controllability of nonlinear 
integrodifferential systems with Rosenblatt process. J. Math. Comput. Sci. 2022;26:113-27. 

2. Sakthivel K, Balachandran K, Sritharan SS. Exact controllability of nonlinear diffusion 
equations arising in reactor dynamics. Nonlinear Analysis: Real World Applications. 2008 
Dec 1;9(5):2029-54. 

3. Matar MM. On controllability of linear and nonlinear fractional integrodifferential systems. 
Fract. Differ. Calc. 2019;9(1):19-32. 

4. Sakthivel R, Mahmudov NI, Nieto JJ, Kim JH. On controllability of nonlinear impulsive 
integrodifferential systems. DYNAMICS OF CONTINUOUS DISCRETE AND IMPULSIVE 
SYSTEMS SERIES A. 2008 Jun;15(3):333. 

5. Alhazmi SE, Abdou MA. A Physical Phenomenon for the Fractional Nonlinear Mixed Integro-
Differential Equation Using a General Discontinuous Kernel. Fractal and Fractional. 2023 
Feb 9;7(2):173. 

6. Alhazmi SE, Abdou MA. A Physical Phenomenon for the Fractional Nonlinear Mixed Integro-
Differential Equation Using a General Discontinuous Kernel. Fractal and Fractional. 2023 
Feb 9;7(2):173. 

7. Zhao H, Zhang J, Lu J. Numerical approximate controllability for unidimensional parabolic 
integro-differential equations. Mathematics and Computers in Simulation. 2023 Feb 
1;204:575-96. 


