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Climate change data: use of an autoregresssive (AR)
model in presence of change points under a Bayesian
approach

Abstract

Objectives: T In this study, we introduce a statistical model applied to climate change data consist-
ing of an autoregressive times series (AR) model which represents a type of random process.
Methodology: Different existing times series models fitted for the annual mean climate variables as
MA (moving average) models or ARIMA (Autoregressive Integrated Moving Average) models. We
explore the behavior of the climate times series for possible change-points. A Bayesian approach
using MCMC (Markov Chain Monte Carlo) methods is considered to get the inferences of interest.
Results: we observe that the proportions of pairs of years with same annual temperature are differ-
ent for each climate station..

Conclusion: Was possible to detect from the adjusted model, significant differences between con-
secutive annual averages of two years and long periods where it was observed a sharp change in
mean annual temperatures in different weather seasons using CUSUM.

Keywords: climate data, AR models , change-points , annual mean temperature, Bayesian ap-
proach, MCMC methods.

1 Introduction

Climate change is of great concern since great changes in temperature and precipitation has been ob-
served worldwide in the last years (see, for instance, [1, 2]. See also https://www.un.org /en/sections/issues-
depth/climate-change/ - accessed on 01 July 2021). In the last decades we have seen glaciers shrink-
age, earlier melting of the ice in rivers and lakes, changes in plant and animal areas, and earlier ow-
ering of trees in different parts of the world ([3], [4]). As a special case, precipitation during winter and
spring is projected to be higher for the northern part of the USA, and lower for the southwest. Addition-
ally, for many regions of the planet there are predictions that heat waves will become more intense and
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cold waves will be less intense everywhere (see, for instance, https://www.ncdc.noaa.gov/monitoring-
references/fag/indicators.php). In the last decades, the global average temperature increased ap-
proximately 0.1 — C'(0.18 — F') per decade in the years from 1920 to 1940
(http://www.currentresults.com/Environment-Facts/changes-in-earth-temperature.php - accessed on
01 July 2021). From 2000 to 2009 the annual average global temperature has been 0.61 —C(1.1— F)
higher than the period ranging from 1950 to 1980. The use of different statistical models has been
considered in the literature as indispensable tools in the analysis of climate data. Therefore, it is very
important to introduce new statistical models to be used in the forecast of temperature (or precipita-
tion) and also to detect years of climate change-points.

The literature introduces many studies in climate change, a subject of general interest. [5] study
the impact of climate change on water resources and flooding; [6] deal with the relation between
climate change and health effects; [7] perform an analysis of the changes in global temperature taking
into account the time period since the pre-industrial era; [8] study the relation between global warming
and climate change; [9] analyse the impact of climate change on the costal areas of Bangladesh; [10]
deal with sea level changes in connection to global warming; [11] study the impact of climate change
on migration; [12] describes the developments in the understanding of how temperature and humidity
have changed; [13] study the impact of climate change on the marine life; [14] analyse the impact
of climate change on the sub-Saharan Africa; [15] study the health effects of future food production
under climate change; [16] analyse the threat posed on ecosystems by climate change; [17] present
an analysis of the relation between temperature increase and crop production; [18] gives a statistical
analysis of change in the global temperature; [19] study the changes in extreme temperature; [20]
study the joint change in temperature and precipitation from multiple climate models under a Baysian
approach. See also, [21]; [22]; [23] and [24].

The presence of specific change-points in climate time series also were studied by many authors;
[25] and [26], considered Bayesian approaches to study change-point problems for climate data; [27],
assumed autoregressive series in the detection of climate change-points; [28] studied change-points
detection applied to temperature and precipitation data; and [29] used a genetic algorithm to detect
change-points in climate data.

Given the complexity of the likelihood function considering the presence of change-points, many
authors assume a Bayesian approach using Markov Chain Monte Carlo (MCMC) methods to get
inferences for the parameters of the proposed models (see, for example, [30]; [31]; [25]; [26]; [32];
[33]; [34]).

In the present work, the estimation of the location of the possible change-points are obtained
assuming an autoregressive model for annual mean temperatures under a Bayesian approach using
MCMC methods. From the obtained Monte Carlo we obtain contrasts (diferences of the estimated
means for consecutive years) and CUSUM (cumulative sum control) chats to detect possible years of
climate change.

The paper is organized as follows: section 2 presents the methodology used in the data analysis.
Section 3 introduces some applications with temperature data from four climate stations followed by
long periods of time. Finally, Section 4 presents some concluding remarks.

2 Methodology

Different existing times series models could be fitted for the annual mean climate variables as MA
(moving average) models or ARIMA (Autoregressive Integrated Moving Average) models (see for ex-
ample, [35]; [36]; [37]). In this work, we consider the use of a simple AR (autoregressive) model in
the analysis of climate (temperature) variables which gives a good fit for the data and from the fitted
model we explore the behavior of the climate times series for possible change-points. Assuming tem-
poral climate data, as for example, monthly or annual averages of temperature denoted by a random
variable Y which could be transformed (e.g., logarithm transformation), we consider a autoregressive
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model AR(J) of order J, given by,

Model AR(1): y1 =ao+e€1, y2=aiy1 +€2, Yi=a1yi—1+¢, for i=345 - n

Model AR(2): y1 =ao+e€1, Y2 =a1y1 +e€2, ys=a1y2+ oy +e€3, i =01+ yi—1+ ayi—2+ €,
for i=4,5---,n.

Model AR(3): y1 =ao+e€1, y2=a1y1 + €2, Y3 = a1y + azy1 + €3, Ya = a1Y3 + a2y2 + a3y + €4,
Yi = a1Yi—1 + a2yi—2 + azyi—3, for i=5,6,--- n.

Model AR(4): y1 =ao+e€1, yo=aiyi+e2, ys=aiyz+ay1+e3, ya=a1ys+aayz +asyr +ea
Ys = q1lY4 + Q2yYs + a3y + qy1 + €5,  Yi = Q1Yi—1 + Q2Yi—2 + Q3Yi—3 + X4Yi—a + €,
for i=6,7,---,n.

(2.1)
where ¢; is an error term (a not observed random variable) assumed to be independent, identically

distributed with a normal distribution N (0, o). Similarly for other AR(J) models where .J > 4.

We assume a Bayesian analysis for the data assuming the model defined in (2.1). Combining
the joint prior distribution for the parameters of the assumed model with the likelihood function given

by,
L(ao, « o 02)—121;@( — e (2.2)
0,1, s Qg—1, 71.:1\/@ p 202 .
where ¢; is obtained from (2.1) for: = 1,2, 3, - - - , n, the joint posterior distribution for the parameters

of the model is obtained using the Bayes formula [38]. The posterior summaries of interest are ob-
tained using Markov Chain Monte Carlo (MCMC) simulation methods as the popular Gibbs sampling
algorithm or the Metropolis-Hastings algorithm ([33]; [39]) using the free existing OpenBUGS software
[40]. Since the OpenBugs software only requires the likelihood function and the prior distributions for
each parameter of the model, we do not present here all conditional posterior distributions p(6,/6;,
data), where 8; denotes the vector of all p parameters of the model except 6,5 = 1,2,--- , p needed
for the Gibbs sampling or Metropolis-Hastings algorithms (see for example,[41]).

For a Bayesian analysis, we assume independent prior distributions given by, normal distributions
N(0,a?) for the parameters g, a1, - - ,ay—1 and a uniform prior U (0, b) for the parameter ¢ = 1/0>
. The hyperparameters a and b, are assumed known.

2.1 Model Discrimination Criterion - Deviance Information Criterion
(DIC)

In the discrimination of better model, we use the DIC criterion thais is very popular to discriminate
Bayesian models using MCMC methods. In our case we discriminate the proposed model (2.1)
considering different choices of AR(J) structures.

The DIC criterion [42] is based on the posterior mean of deviance. The deviance is defined by

D(6) = —2In(L(8)) + C (2.3)

where 6 is a vector of unknown model parameters; L(8) is the likelihood and C is a constant (not
always known) when comparing two models. The DIC criterion is then given by

D(0) = D(8) + 2pp (2.4)
where D(@) is the deviation calculated on the posterior mean 0= E(6 | y) and pp is the number of
model parameters, given by pp = D — D(6) where D = E[D(0 | y)] is the posterior mean of the
deviation that measures the goodness of fit of the data for each model. For the conclusion, the lowest
DIC values indicate the best models. DIC also could have negative values.
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2.2 Change-point detection

To detect the climate change-points we get from the generated Gibbs samples for the joint posterior
distribution obtained assuming model (2.1) the Monte Carlo estimates for the contrasts 6; = ; —pi—1,
where u;, = aiyi-1 + a2yi—2 + -+ + ag—1y1, if we assume a AR(J) model in (1), where, y; =
log(mean.temperature,). In this way, we detect a significant mean change-point in a specified year,
if a 95% credible interval for 6; does not contain the zero value (climate mean in year i is statistically
different of climate mean in year i — 1).

In the detection of year periods where the climate variable start a new behavior (could be above or
below a standard climate behavior in a specified period of time), we use standard CUSUM (cumulative
sum control) charts usually used in statistical quality control, which is used for monitoring change
detection ([43]; [44]). The CUSUM assumed in this work considers the cumulative sum up to time i
from all annual mean climate diferences in the previous years. Observe that if the climate variable
do not have changes in long periods of years, in general although the great volatility of the annual
mean climate variables, we should have CUSUM close to zero along all years. The purpose of
cumulative sum chart (CUSUM) is to monitor the small shift in the process mean of the samples
collects at a time intervals. These measurements of samples at a given time interval represents the
subgroups. Instead of calculating the subgroups mean independently, the CUSUM chart represents
the information of current and previous samples.

3 Results

The data sets considered as illustrations of the proposed methodology consist of the temperature
measures extracted from the Research Data Archive site managed by the Data Engineering Section
of the Computational and Information Systems Laboratory at the National Center for Atmospheric Re-
search, United States of America. This site contains a large and diverse collection of meteorological
and oceanographic observations, (see the sites https://rda.ucar.

edu/index.html?hash=data user&action=register and https://rda.ucar.edu/datasets/ds570.0/#!subset.html,
both accessed on 01 July 2021). It contains data from more than 4700 different climate stations (2600
in more recent years) from all around the world. Different follow-up periods are given for the differ-
ent climate stations, and collection of data for some of them goes as far back as the mid-1700s.The
primary data sets consist of monthly average temperature. Since the data sets have many miss-
ing observations (months with no information), these were replaced by the monthly averages of the
available data for that month. For instance, if in a given year we have missing data for the month of
January, we fill the hole in the data by assigning to that month the mean obtained using the values for
the month January from all the years in which they are available. The data used in our calculations
were the annual temperature averages.

As illustrative purposes for the proposed methodology, we consider the datasets from four climate
stations extracted from the file ds570 of the Research Data Archive. The climate stations, observa-
tional periods, the number T of observed data are: station 30910 in Aberdeen, United Kingdom
(1872-2020; T = 149); station 67000 in Geneva, Switzerland (1826-2020; T = 195), station 722080 in
Charleston, USA (1832-2020; T = 189) and station 171300 in Ankara, Turkey (1826-2020; T = 195).

Figure 1 show the plots of the annual temperature averages for the four climate stations given
in logarithm scale during their corresponding observational periods. From Figure 1, we see the pos-
sible presence of change points indicating changes from increasing/decreasing trends to decreas-
ing/increasing and that in the final years of the follow-up periods, for each climate station, there is an
indication of an increasing trend in the annual temperature averages.

For a Bayesian analysis of the AR(J) regression model (2.1), we assume independent prior distri-
butions for the parameters ao, o, k = 1,2,--- ,J, ¢ = 1/c> thatis, ag ~ N(0,10), ar ~ N(0,1), 0 =
1/6? ~ U(0,1000), considering the four climate stations. Observe that we are assuming approxi-
mately non-informative priors for all parameters.
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The posterior summaries of interest are obtained using the OpenBugs software [45]. The conver-
gence of the MCMC algorithm was monitored using the trace-plots of the generated Gibbs samples
(see Appendix 4 in the suplementary file). In the simulation process to generate the samples of
the joint posterior distribution of interest, we considered initially 200,000 Gibbs samples discarded to
eliminate the effect of the initial values in the iterative process and taking a final sample of size 1,000
to get the Monte Carlo estimates for each parameter (taking every 100" sample of a total of 100,000
simulated samples).
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Figure 1: Annual average temperature in the logarithmic scale (Aberdeen, Geneva,
Charleston and Ankara).

From the DIC discrimination criterion, we observed that AR(2) model (2.1) gives better fit (par-
simony) for the annual temperature data of the four climate stations (smaller Monte Carlo estimates
for DIC in all cases). The DIC values were estimated by negative values. Table 1 shows the pos-
terior summaries (posterior mean, posterior standard deviation and 95% credible intervals) for each
parameter of the assumed model.

Figure 2 shows the scatter plots of the estimated means obtained for each fitted model togetter
with the observed annual mean temperatures, from where, we observe good fit of the proposed model
for the four climate data sets (see also Appendix 2 in the suplementary file).

Figure 3 shows the normality plots of the residuals used to check if the assumption of normality
of the errors is verified. In general we observe that the normality assumption for the residuals are well
verified for all cases. Appendix 3 in the suplementary file shows the autocorrelation plots of the resid-
uals for each climate station, from where we observe noncorrelated residuals.Thus the assumptions
of the proposed model are satisfied in all cases.
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Table 1: Posterior summaries (Aberdeen, Geneva, Charleston, Ankara)
Lower Upper

Aberdeen mean sd
95%ci 95% ci
Qg 2.1040 0.0726 1.9640 2.2460
o 0.9014 0.0306 0.8438 0.9589
Qo 0.0990 0.0309 0.0420 0.1583
¢»=1/c> 191.9000 21.7600 151.4000 237.0000
Geneva
Qg 2.3640 0.0646 2.2410 2.4910
o 0.9326 0.0241 0.8873 0.9798
Qo 0.0679 0.0241 0.0220 0.1150
¢ =1i/c®> 251.2000 25.0400 206.4000 304.2000
Charleston
ag 2.9560 0.0333 2.8900 3.0180
a1 0.9898 0.0277 0.9161 1.0240
Qo 0.0102 0.0113  -0.1021 0.0325
¢=1/02 921.1000 58.2000 778.3000 997.2000
Ankara
ag 2.5190 0.0745 2.3690 2.6710
aq 0.9698 0.0277 0.9161 1.0240
Qo 0.0308 0.0278  -0.0230 0.0840

¢»=1/0c? 187.4000 26.8100 139.8000 246.2000

From the Monte Carlo estimates for the contrasts 6; = u; — pi—1, where p; = a1yi—1 + aoyi—2 +
.-+ aj—1y1, Where y; = log(mean.temperature,), we can detect the consecutive years showing the
same annual mean temperatures for each climate station (95% credible interval for 6, containing the
zer value). From Tables A.1, A.2, a.3, and A.4 in Appendix 1 in the supplementary file, we see the
years with not significant differences between the annual mean temperatures for two consecutives
years considering each assumed climate stations given by:

» Aberdeen, UK: 653 (years 1923-1924), 055 (years 1928-1929), 055 (years 1955-1956), 693
(years 1963-1964) and 6149 (years 2019-2020). All the other consecutive pairs of years have
significant change in the annual mean temperatures (95% credible intervals for the associated
contrasts 0 does not contain the zero value).

+ Geneva, Switzerland: 052 (years 1856-1857), 64 (years 1888-1889), 6:05 (years 1929-1930),
0145 (years 1969-1970), 6174 (years 1998-1999), 01ss (years 2012-2013) and 6101 (years 2015-
2016). All the other consecutive pairs of years have significant change in the annual mean
temperatures (95% credible intervals for the associated contrasts 6 does not contain the zero
value).
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+ Charleston, USA: 05 (years 1833-1834), 629 (years 1859-1860) and 6103 (years 1933-1934). All
the other consecutive pairs of years have significant change in the annual mean temperatures
(95% credible intervals for the associated contrasts 6 does not contain the zero value).

» Ankara, Turkey: 03 (years 1927-1928), 05 (years 1929-1930), 611 (years 1935-1936), 0ss (years
1992-1993), 075 (years 1999-2000), 0s4 (years 2008-2009) and 6y3 (years 2017-2018). All the
other consecutive pairs of years have significant change in the annual mean temperatures
(95% credible intervals for the associated contrasts 6 does not contain the zero value).

From these results, we observe that the proportions of pairs of years with same annual tem-
perature are different for each climate station: 0.03356 or 3.36% (5 pairs of consecutive years in a
follow-up period of 149 years) for Aberdeen, U.K.; 0.035897 or 3.59% (7 pairs of consecutive years
in a follow-up period of 195 years) for Geneva, Switzerland; 0.01587 or 1.59% (3 pairs of consecu-
tive years in a follow-up period of 189 years) for Charleston,USA and 0.07368 or 7.37% (7 pairs of
consecutive years in a follow-up period of 95 years) for Ankara, Turkey.
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Figure 2: Fitted and observed temperature means for the data of the four climate
stations (Aberdeen, Geneva, Charleston and Ankara). Plots with dotted line asso-
ciated to the fitted model.

Figure 4 shows the graphs of CUSUM (partial sum of consecutive mean temperature differences)
versus time order (Aberdeen, Geneva, Charleston and Ankara). Figure 4 (see also Tables A.1, A.2,
A.3 and A.4 in Appendix 1 in the suplementary file) shows the following behavior for each climate
station:
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Figure 3: Residual graphs (Aberdeen, Geneva, Charleston and Ankara).

» Aberdeen, UK: the graph of CUSUM (partial sum of consecutive mean temperature differences

for two consecutive years) show a cyclic behavior (up/down) but in general there is a trend in
the increasing in the CUSUM of the estimated diferences from the begining of the follow-up
period until the year close to 1940 (07¢); after the year 1940 there is a decreasing in the
CUSUM of the estimated diferences of consecutive pairs of years until the year close to 1960
(090); after the year 1960 we observe a increasing in CUSUM of the estimated diferences
showing that the annual mean temperatures are increasing year after year until the end of the
follow-up period.

» Geneva, Switzerland: the graph of CUSUM (partial sum of consecutive mean temperature

differences for two consecutive years) show a cyclic behavior (up/down) but in general there
is a decreasing in the CUSUM of the estimated diferences from the begining of the follow-up
period until the year close to 1845 (621); after the year 1845 there is a increasing in the CUSUM
of the estimated diferences of consecutive pairs of years until the year close to 1960 (6137);
after the year 1960 we observe some decreasing in the CUSUM of the estimated diferences
(more stability of the annual diferences).

» Charleston, USA: the graph of CUSUM (partial sum of consecutive mean temperature dif-

ferences for two consecutive years) show a cyclic behavior (up/down) but with more stability
around zero for the CUSUM of the estimated diferences from the begining of the follow-up
period until the year close to 1960 (0:2s); after the year 1960 we observe a increasing in
the CUSUM of the estimated diferences showing that the annual temperatures of the year is
becoming larger to the annual mean temperature of the previous year.

» Ankara, Turkey: the graph of CUSUM (partial sum of consecutive mean temperature differ-

ences for two consecutive years) show a cyclic behavior (up/down) but with more stability
around zero for the CUSUM of the estimated diferences from the begining of the follow-up
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period until the year close to 1995 (070); after the year 1995 we observe a increasing in the
CUSUM of the estimated diferences showing that the annual temperatures of the year is be-
coming larger to the annual mean temperature of the previous year.

4 Conclusion

Climate changes (temperature, rainfall, etc.) have been observed all over the world. As these climate
changes can have different effects in diferents locations, the detection of times when changes occur
is of great interest to all. The modeling of climate time series has been considered in different ways,
as observed in the literature. In this study, we assumed a simple model based on an auto-regressive
structure, which in addition to leading to a good fit to the data, it was also possible to detect from the
adjusted model, significant differences between consecutive annual averages of two years and long
periods where it was observed a sharp change in mean annual temperatures in different weather
seasons using usual CUSUM control charts usually used in industrial statistical control. The results
obtained are simple to be reproduced for any climate series especially under a Bayesian approach
using MCMC methods to generate samples of the joint posterior distribution for the parameters of the
proposed model. It is important to point out that two-by-two comparisons for the climatic averages in
two consecutive years are obtained simultaneously with the simulation of the Gibbs samples. These
results can be of great interest in the study of the climatic changes observed throughout the planet.
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Figure 4: Graph of CUSUM (partial sum of consecutive annual mean temperature
differences) versus order (Aberdeen, Geneva, Charleston and Ankara).
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