
ON OPTIMAL CHANNEL CAPACITY THEOREMS VIA VERMA INFORMATION 
MEASURE WITH TWO-SIDED INPUT IN NOISY STATE 

 

 

 

Abstract 

The capacity for which the value ܴீ  or ܴ(ܽ∗) is its lower bound is referred to as the optimal 

channel capacity. Through this communication, we attempt to study the additive Gaussian 

interference ( ଵܵ,ܵଶ) that arises from the Gaussian channel's two-sided state information, which is 

non-causally known at both the transmitter and receiver and reliant on the channel's noise ܼ and 

input ܺ. Verma entropy maximized using normal distribution is noted by the author. He contrasts 

Verma's channel capacity with Shannon's channel capacity during this investigation, which has 

implications for communication technology.  
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1. INTRODUCTION 

Shannon [9] and Kosnetsov-Tsybakov [6] conducted substantial research on side information 

channels. As an extension of Gel’fand- Pinsker (GP) [4] theory, Cover-Chiang [3] obtained the 

capacity theorem in 2002 by analyzing the channel with two-sided and correlated state 

information that was not causally known at the transmitter and receiver. Open issues in 

information theory include the Cover-Chiang and Gaussian versions of the GP. Numerous more 

significant scholars who researched the issue in unique circumstances may be found in the 

literature and its references, in addition to Costa's Dirty Paper Coding (DPC) [1]. The channel 

with one-sided additive interference, which is known as the transmitter, is examined. In this 

channel, noise and interference have a random joint distribution, and noise is influenced by both 

interference and channel input. Costa [2] looked at the channel's Gaussian variant with 

transmitter-accessible side information [7]. At the receiver end, the side information [5] is seen 

as additive interference. Costa demonstrated the channel's capability ଵ
ଶ

log ቀ1 + ௉
ே
ቁ, which is the 

same for channels with no interference. According to Costa’s theorem, the maximum rate 



corresponds to independent ܺ and ଵܵ, and ܷ in form of linear combinatation of ܺ and ଵܵ. Now, 

we define ܨ஼ᇱ  as a subset of ܨ஼ with elements ݂ᇱ(ݔ,ݕ, ,ݑ  ଵ) having the following properties asݏ

well as the properties mentioned before: 

(i) ܺ is a zero mean Gaussian random variable with the maximum variance ܲ and 

independent of ଵܵ.  

(ii) The auxiliary random variable ܷ takes the linear form ܷ = ܽ ଵܵ + ܺ. 

It is clear that the set ܨ஼ᇱ  and their marginal and conditional distributions are subset of 

corresponding ܨ஼’s.     

A statistical model with an input ܺ and an output ܻ that is a noisy version of ܺ, both ܺ and ܻ 

being random variables, is referred to as a discrete memoryless channel. The channel accepts 

an input symbol ܺ chosen from an alphabet ܺ every unit of time and, in reaction, emits an output 

symbol ܻ chosen from an alphabet ܻ. When both the alphabets ݔ and ݕ have finite sizes, the 

channel is referred to as being "discrete." When the current output symbol depends only on the 

current input symbol and none of the earlier ones, it is said to be "memoryless." The input 

alphabet 

ݔ                                                            = ൛ݔ଴,ݔଵ, … … ,   ௝ିଵൟݔ

and the input alphabet are used to describe the channel 

ݕ                                                            = ,ଵݕ,଴ݕ} … …  {௞ିଵݕ,

and a set of transition probability 

௝൯ݔ|௞ݕ൫݌                                                      = ܲ൫ܻ = ܺ|௞ݕ =   .௝൯ݔ

The capacity of a discrete memoryless channel (ݔ|ݕ)݌ is defined as 

ܥ                                                          = max௣(௫	)  ,(ܻ;ܺ)ܫ

where X and Y are the input and output of the general discrete channel, respectively, and the 

maximum is taken over all input distributions ݔ)݌	(. 



The maximum value of ܫ(ܺ;ܻ) can be reached because ܫ(ܺ;ܻ) is a continuous function of ݔ)݌	( 

and the set of all ݔ)݌	( is a compact set (݅. ݁, closed and bounded) in ܴ|௫|. Will discover that ܥ 

is, in fact, the highest speed at which data can be properly transmitted [11] over a DMC. 

Capable of exchanging information across a channel at a positive rate [8] when ఢܲ → 0.     

Now, suppose ܣ௢௣௧is the covariance matrix, for the random variables (ܺ, ଵܵ, ܵଶ,ܼ)in optimum 

situation of the channel, which is defined such that 

௢௣௧ܣ     =

⎝

⎛

ܲ ଴,ଵܧ
଴,ଵܧ ܳଵ

			
଴,ଶܧ ଴,ଷܧ
ଵ,ଶܧ ଵ,ଷܧ

଴,ଶܧ ଵ,ଶܧ
଴,ଷܧ ଵ,ଷܧ

			
ܳଶ ଶ,ଷܧ
ଶ,ଷܧ ܰ ⎠

⎞ and ܦ = det൫ܣ௢௣௧൯. Here the minors of the determinant ܦ  

݅. ଵଵ are having 3ܦ,ଽܦ,଻ܦ,ହܦ,ଷܦ,ଵܦ.݁ × 3 determinants and the minors ܦଶ,ܦସ,ܦ଺,଼ܦ, 

ଵଷ are having 2ܦ,ଵଶܦ,ଵ଴ܦ × 2 determinants which, are as follows:  

ଵܦ = ቮ
ܳଵ ଵ,ଶܧ ଵ,ଷܧ
ଵ,ଶܧ ܳଶ ଶ,ଷܧ
ଵ,ଷܧ ଶ,ଷܧ ܰ

ቮ etc. and ܦଶ = ฬ
ܳଵ ଵ,ଶܧ
ଵ,ଶܧ ܳଶ

ฬ etc. Also, ܦଵே = ቮ
1 ௦భ௦మߩ ௦భ௭ߩ

௦భ௦మߩ 1 ௦మ௭ߩ
௦భ௭ߩ ௦మ௭ߩ 1

ቮ   

Later in 2013, Verma [12, 13] presents the modified version of the new parametric measure of 

information which, is given by 

                     ௔ܸ(ܲ) = ∑ ln(1 + (௜݌ܽ − ∑ ௜݌ ln݌௜ − ln(1 + ܽ)௡
௜ୀଵ

௡
௜ୀଵ ,         ܽ > 0                   (1.1)                                                                                                                            

He also discuss the maximization of this measure (1.1), for the set of random variables 

ଵܺ,ܺଶ, … … … ,ܺ௡, by multivariate normal distribution ݅. ݁.    

(݂)ܪ                      = ∫ ln൫1 + ݔ൯݀(ݔ)݂ܽ − ∫ (ݔ)݂ ln݂(ݔ)݀ݔௗ
௕

ௗ
௕                                                                                      

                       = ∫ ln ቊ((ଶగ)೙|௄|)
భ
మା௔௘ష

భ
మ(೉షഋ)೅಼షభ(೉షഋ)

((ଶగ)೙|௄|)
భ
మ

ቋ ௗݔ݀
௕  

                                                    + ଵ
ଶ ∫ ܺ)(ݔ)݂ − ܺ)ଵିܭ்(ߤ − ௗ(ߤ

௕  ݔ݀

                                                                              +∫ (ݔ)݂ ln((2ߨ)௡|ܭ|)
భ
మ

ௗ
௕  ݔ݀

                               = log ቄ((2ߨ)௡|ܭ|)
భ
మ + ܽ݁ି

೙
మቅ − ௡

ଶ
log((2ߨ)௡݁ିଵ|ܭ|) + ଵ

ଶ
log((2ߨ)௡|ܭ|)   bits. 



and provided further information, if the arithmetic average [8] of the probability of error ݅. ݁. 

௘ܲ
(௡) → 0 for a sequence of (2௡ோ,݊) codes [10] for a Gaussian channel with power constraint ܲ, 

achievable rate [8] ܴ, channel capacity ܥ with noise ܰ then   

                                                  ܴ ≤ ܥ = log ቀ1 + ௉
ே
ቁ                                     bits per transmission. 

2. OUR RESULTS 

2.1 ACHIEVABLE RATE FOR MODIFIED VERMA [6, 7] CHANNEL 

Theorem 2.1.1 For every, memoryless channels with discrete time and continuous alphabets 

when modified Verma [6, 7] entropy is maximized through Gaussian distribution, the achievable 

rate ܴ(ܽ) is given by 

                                                  ܴ(ܽ) = log ቀ ௉(௉ାொభାே)
௉ொభ(ଵି௔)మାே(௉ା௔మொభ)

ቁ 

and                                  max௔ ܴ(ܽ) = ܴ(ܽ∗) = log ቀ1 + ௉
ே
ቁ where ܽ∗ = ௉

௉ାே
.  

Proof. The above result shows the achievable rate for Verma channel  

For this purpose, first of all the Verma channel capacity for memoryless channel with time 

discrete and continuous alphabets is given by  

௩௘௥௠௔ܥ = max
௙(௨,௫|௦భ	)

(ܻ;ܷ)ܫ] − ;ܷ)ܫ ଵܵ)]	 

Where the maximum is over all ݂(ݔ,ݕ, ,ݑ ஼ᇱܨ ஼. Sinceܨ ଵ)’s inݏ ⊆   ஼ we haveܨ

௩௘௥௠௔ܥ                                                ≥ max௙(௨,௫|௦భ	)[ܫ(ܷ;ܻ) − ;ܷ)ܫ ଵܵ)] 

                                                           = max௙ᇲ(௨,௫|௦భ	)௙ᇲ(௫|௦భ	)[ܫ(ܷ;ܻ) − ;ܷ)ܫ ଵܵ)] 

                                                           = max௔[ܫ(ܷ;ܻ) − ;ܷ)ܫ ଵܵ)]                                       (2.2.1) 

                                                  ܴ(ܽ) = log ቀ ௉(௉ାொభାே)
௉ொభ(ଵି௔)మାே(௉ା௔మொభ)

ቁ 

and                                  max௔ ܴ(ܽ) = ܴ(ܽ∗) = log ቀ1 + ௉
ே
ቁ 



where   ܽ∗ = ௉
௉ାே

. This completes the proof.  

2.2 UPPER BOUND OF THE MODIFIED VERMA [6, 7] CHANNEL CAPACITY  

Theorem 2.2.1 For every, memoryless channels with discrete time and continuous alphabets 

having the side information ଵܵ the upper bound for the modified Verma channel capacity is given 

by 

௩௘௥௠௔ܥ                                                 = log ቀ1 + ௉
ே
ቁ  

Proof. The proof is completed as follows: 

Since, from the given information, we have           

(ܻ;ܷ)ܫ                              − ;ܷ)ܫ ଵܵ) = (ܻ|ܷ)ܪ− + |ܷ)ܪ ଵܵ) 

                                                            ≤ ,ܻ|ܷ)ܪ− ଵܵ) + |ܷ)ܪ ଵܵ) 

                                                            = ,ܻ;ܷ)ܫ ଵܵ) 

                                                            ≤ ,ܻ;ܺ)ܫ ଵܵ)   

 To solve the problem, we use the Markov chain ܷ → ܺ ଵܵ → ,ݕ)݂ ܻ ,ݔ ,ݑ      (ଵݏ

௖௢௦௧௔ܥ                                                  = max௙(௨,௫|௦భ	)[ܫ(ܷ;ܻ) − ;ܷ)ܫ ଵܵ)]  

                                                            ≤ max௙(௫|௦భ	)[ܫ(ܺ;ܻ| ଵܵ)] 

                                                            = max௙(௫|௦భ	)[ܪ(ܻ| ଵܵ) ,ܺ|ܻ)ܪ− ଵܵ)] 

                                                            = max௙(௫|௦భ	)[ܪ(ܺ + ܼ| ଵܵ) − ,ܺ|ܼ)ܪ ଵܵ)] 

                                                            ≤ max௙(௫|௦భ	)[ܪ(ܺ + ܼ)  [(ܼ)ܪ−

                                                            = log ቀ1 + ௉
ே
ቁ 

Now, transmission in the absence of interference we can apply the condition ܷ = ܺ and          

ܥ                                                         = log ቀ1 + ௉
ேାொభାொభᇲ

ቁ   



Now, transmission when ଵܵ is known, then ܷ = ܺ + ܽ ଵܵ and ܥ = log ቀ1 + ௉
ேାொభᇲ

ቁ      

Also, transmission when ଵܵ and ଵܵ
ᇱ  are known, then ܷ = ܺ + ܽ ଵܵ + ܾ ଵܵ

ᇱ  and ܥ= log ቀ1 + ௉
ே
ቁ.             

2.3 LOWER BOUND OF THE MODIFIED VERMA [6, 7] CHANNEL CAPACITY 

Theorem 2.3.1 For every, time discrete memoryless channels with two side informations ଵܵ and 

ܵଶ then the minimal capacity for the modified Verma channel is given by 

                                   ܴீ = log൭1 + ൣఙೣ൫ଵିఘೣೞభ
మ ൯ିఙ೥൫ఘೣೞభఘೞభ೥ିఘೣ೥൯൧

మ൫ଵିఘೞభೞమ
మ ൯

ఙ೥మ൬൫ଵିఘೣೞభ
మ ൯஽భಿି൫ఘೣೞభఘೞభ೥ିఘೣ೥൯

మ൫ଵିఘೞభೞమ
మ ൯൰

൱  

and                             ܴீ = log൭1 +
ቀଵାఘೣ೥

ഐ೥
഑ೣ
ቁ
మ
ఙ೉
మ

ଵିఘ೉೥
మ ିఘೞభ೥

మ ఙ೥మ
൱ when ߩ௫௦భ = ௦భ௦మߩ = 0.  

Proof. On using the extension of Cover-Chiang capacity [2] theorem for random variables with 

continuous alphabets, the capacity of modified Verma channel may be expressed as                                                                        

ܥ                                     = max௙(௨,௫|௦భ	)[ܫ(ܷ;ܻ,ܵଶ) − ;ܷ)ܫ ଵܵ)]. 

Where the maximum is over all distributions ݂(ݕ, ,ݔ ,ݑ ,ଵݏ (ଶݏ ∈ ܨ But .ܨ ⊆   then, we have ∗ܨ

ܥ                                                  ≥ max௙∗(௨,௫|௦భ	)௙ᇲ(௫|௦భ	)[ܫ(ܷ;ܻ, ܵଶ) − ;ܷ)ܫ ଵܵ)]  

                                                     = max௔[ܫ(ܷ;ܻ, ܵଶ) − ;ܷ)ܫ ଵܵ)].      

Now, define                        ܴ(ܽ) = (ଶܵ,ܻ;ܷ)ܫ − ;ܷ)ܫ ଵܵ).  

Then we have                           ܥ ≥ max௔ ܴ(ܽ) = ܴ(ܽ∗). 

To compute                ܫ(ܷ;ܻ,ܵଶ) = (ܷ)ܪ + ,ܻ)ܪ ܵଶ) ,ܻ,ܷ)ܪ− ܵଶ)                                    

and                                 ܫ(ܷ; ଵܵ) = (ܷ)ܪ + )ܪ ଵܵ) − ,ܷ)ܪ ଵܵ)                                             

For                                ܪ(ܻ, ܵଶ) = log൫(2݁ߨ)ଶ det൫ܿݒ݋	(ܻ,ܵଶ)൯൯ 

Where                        ܿݒ݋(ܻ,ܵଶ) = ൣ݁௜௝൧ଶ×ଶ
 



and ݁ଵଵ = ܲ + ܳଵ + ܳଶ + ܰ + ଴,ଵܧ2 + ଴,ଶܧ2 + ଵ,ଶܧ2 + ଴,ଷܧ2 + ଵ,ଷܧ2 +  ,ଶ,ଷܧ2

݁ଵଵ = ݁ଶଵ = ܳଶ + ଴,ଶܧ + ଵ,ଶܧ + ଶ,ଷ, ݁ଶଶܧ = ܳଶ. After manipulations we get the following result 

det൫ܿݒ݋(ܻ,ܵଶ)൯ = ଶܦ + ଺ܦ + ଼ܦ + ଵ଴ܦ2 − ଵଶܦ2 −   .ଵଷܦ2

Hence, ܪ(ܷ,ܻ,ܵଶ) = log൫(2݁ߨ)ଷ det൫ܿݒ݋(ܷ,ܻ,ܵଶ)൯൯ and ܿݒ݋(ܷ,ܻ, ܵଶ) = ൣ݁௜௝൧ଷ×ଷ
. 

Also, ݁ଵଵ = ܲ + ܽଶܳଵ +   ,଴,ଵܧ2ܽ

݁ଵଶ = ݁ଶଵ = ܲ + ܽܳଵ + (ܽ + ଴,ଵܧ(1 + ଵ,ଶܧܽ + ଵ,ଷܧܽ + ଴,ଶܧ +   ,଴,ଷܧ

݁ଵଷ = ݁ଷଵ = ଵ,ଶܧܽ + ଴,ଶ, ݁ଶଷܧ = ݁ଷଶ = ܳଶ + ଴,ଶܧ + ଵ,ଶܧ +     ,ଶ,ଷܧ

݁ଶଶ = ܲ + ܳଵ + ܳଶ + ܰ + ଴,ଵܧ2 + ଴,ଶܧ2 + ଵ,ଶܧ2 + ଴,ଷܧ2 + ଵ,ଷܧ2 + ଶ,ଷ and ݁ଷଷܧ2 = ܳଶ.  

After manipulations we get the following result 

det൫ܿݒ݋(ܷ,ܻ,ܵଶ)൯ = ܽଶܦଵ + 2ܽ(ܽ − ଷܦ(1 + 2(ܽ − ଻ܦ(1 + (ܽ − 1)ଶܦଽ − ଵଵܦ2ܽ −  .ହܦ2

Now, for ܪ( ଵܵ) and ܪ(ܷ, ଵܵ) we have ܪ( ଵܵ) = log൫(2݁ߨ)ܳଵ൯ and 

,ܷ)ܪ ଵܵ) = log൫(2݁ߨ)ଷ det൫ܿݒ݋(ܷ, ଵܵ)൯൯ where   

,ܷ)ݒ݋ܿ ଵܵ) = ቆ
ܽଶܳଵ + ܲ + ଴,ଵܧ2ܽ ܽܳଵ + ଴,ଵܧ

ܽܳଵ + ଴,ଵܧ ܳଵ
ቇ and det൫ܿݒ݋(ܷ, ଵܵ)൯ =  ସ. Now, fromܦ

(ଶܵ,ܻ;ܷ)ܫ                                 = (ܷ)ܪ + ,ܻ)ܪ ܵଶ) ,ܻ,ܷ)ܪ− ܵଶ)                                    

and                                 ܫ(ܷ; ଵܵ) = (ܷ)ܪ + )ܪ ଵܵ) − ,ܷ)ܪ ଵܵ)                                             

 we acquire the following result 

                      ܴ(ܽ) = log ቂ ஽ర{஽ఴା஽మା஽లାଶ஽భబିଶ஽భమିଶ஽భయ}
ொభ{(௔ିଵ)మ஽వା௔మ஽భାଶ௔(௔ିଵ)஽యାଶ௔஽భభାଶ(௔ିଵ)஽ళା஽ఱ}

ቃ.     

The optimum value of ܽ corresponding to maximum value of ܴ(ܽ) can be evaluated 

                                                     ܽ∗ = (஽యା஽వ)ି(஽ళା஽భభ)
ଶ஽యା஽భା஽వ

.  



Finally, we conclude that in brevity  

                           ܴீ = log൭1 + ൣఙೣ൫ଵିఘೣೞభ
మ ൯ିఙ೥൫ఘೣೞభఘೞభ೥ିఘೣ೥൯൧

మ൫ଵିఘೞభೞమ
మ ൯

ఙ೥మ൬൫ଵିఘೣೞభ
మ ൯஽భಿି൫ఘೣೞభఘೞభ೥ିఘೣ೥൯

మ൫ଵିఘೞభೞమ
మ ൯൰

൱.                             

Setting ߩ௫௦భ = ௦భ௦మߩ = 0 in ܥ௩௘௥௠௔ = max௔[ܫ(ܷ;ܻ) − ;ܷ)ܫ ଵܵ)] then ܦଵே = 1 − ௫௭ଶߩ . Hence,    

                                                     ܴீ = log൭1 +
ቀଵାఘೣ೥

ഐ೥
഑ೣ
ቁ
మ
ఙ೉
మ

ଵିఘ೉೥
మ ିఘೞభ೥

మ ఙ೥మ
൱. 

Which is the lower bound of modified Verma channel capacity and this completes the proof.  

 

3. CONCLUSION 

The following results emerge from the above investigation: 

(i) Optimal channel capacity is the capacity for which the value of channel capacity equalize 

with its lower bounds. 

(ii) It is observe that the lower and upper bounds of the modified Verma channel capacity 

coincide and therefore the modified Verma channel capacity is equal to 

                                                                     log ቀ1 + ௉
ே
ቁ 

but, in the case of Shannon [9] the channel capacity is equal to 

                                                                   ଵ
ଶ

log ቀ1 + ௉
ே
ቁ. 
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