ON OPTIMAL CHANNEL CAPACITY THEOREMS VIA VERMA INFORMATION
MEASURE WITH TWO-SIDED INPUT IN NOISY STATE

Abstract

The capacity for which the value R; or R(a*) is its lower bound is referred to as the optimal
channel capacity. Through this communication, we attempt to study the additive Gaussian
interference (S;,S,) that arises from the Gaussian channel's two-sided state information, which is
non-causally known at both the transmitter and receiver and reliant on the channel's noise Z and
input X. Verma entropy maximized using normal distribution is noted by the author. He contrasts
Verma's channel capacity with Shannon's channel capacity during this investigation, which has

implications for communication technology.
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1. INTRODUCTION

Shannon [9] and Kosnetsov-Tsybakov [6] conducted substantial research on side information
channels. As an extension of Gel’fand- Pinsker (GP) [4] theory, Cover-Chiang [3] obtained the
capacity theorem in 2002 by analyzing the channel with two-sided and correlated state
information that was not causally known at the transmitter and receiver. Open issues in
information theory include the Cover-Chiang and Gaussian versions of the GP. Numerous more
significant scholars who researched the issue in unique circumstances may be found in the
literature and its references, in addition to Costa's Dirty Paper Coding (DPC) [1]. The channel
with one-sided additive interference, which is known as the transmitter, is examined. In this
channel, noise and interference have a random joint distribution, and noise is influenced by both
interference and channel input. Costa [2] looked at the channel's Gaussian variant with
transmitter-accessible side information [7]. At the receiver end, the side information [5] is seen

as additive interference. Costa demonstrated the channel's capability %Iog (1 + %) which is the

same for channels with no interference. According to Costa’s theorem, the maximum rate



corresponds to independent X and S;, and U in form of linear combinatation of X and S;. Now,
we define F/ as a subset of F, with elements f'(y, x,u,s;) having the following properties as
well as the properties mentioned before:

(1 X is a zero mean Gaussian random variable with the maximum variance P and
independent of S;.

(i) The auxiliary random variable U takes the linear form U = aS$; + X.

It is clear that the set F/ and their marginal and conditional distributions are subset of

corresponding F;’s.

A statistical model with an input X and an output Y that is a noisy version of X, both X and Y
being random variables, is referred to as a discrete memoryless channel. The channel accepts
an input symbol X chosen from an alphabet X every unit of time and, in reaction, emits an output
symbol Y chosen from an alphabet Y. When both the alphabets x and y have finite sizes, the
channel is referred to as being "discrete.” When the current output symbol depends only on the
current input symbol and none of the earlier ones, it is said to be "memoryless.” The input
alphabet

and the input alphabet are used to describe the channel

y={yo. y1, e oo Vi-1}
and a set of transition probability
p(velx;) = P(Y = yilX = x5).
The capacity of a discrete memoryless channel p(y|x) is defined as
C = max,)I(X;Y),

where X and Y are the input and output of the general discrete channel, respectively, and the

maximum is taken over all input distributions p(x ).



The maximum value of I(X;Y) can be reached because I(X;Y) is a continuous function of p(x )
and the set of all p(x ) is a compact set (i.e, closed and bounded) in R*!. Will discover that C
is, in fact, the highest speed at which data can be properly transmitted [11] over a DMC.

Capable of exchanging information across a channel at a positive rate [8] when P. — O.

Now, suppose A,,.is the covariance matrix, for the random variables (X, S;, S,, Z)in optimum

situation of the channel, which is defined such that

P Ey1 Epz Eps

A = Eovp Q1 Ei2 Eiz
opt Eyp Eip Q2 Ezs
Eos Ei3 Ey3 N

and D = det(4,,.). Here the minors of the determinant D

i.e.D{,D3,D5,D;,Dy,D;; are having 3 x 3 determinants and the minors D,, D,, Dg, Dg,

Dy, D15, D15 are having 2 x 2 determinants which, are as follows:

Q. Ei; Ei3 0 E Psis,  Psyz
D, =|Ei2 Q2 E;z|etc.and D, = E ! 121 etc. Also, Dy = |Ps,s, 1 Ps,z
E1,3 E2,3 N 2 g pslz pszz 1

Later in 2013, Verma [12, 13] presents the modified version of the new parametric measure of

information which, is given by
() =Y, In(A+ap;) — X piInp; — In(1 + a), a>0 (1.1)

He also discuss the maximization of this measure (1.1), for the set of random variables

), CTD CTIT. , X, by multivariate normal distribution i. e.

H() = [ In(1+ af(x)) dx — [ F(x)In f(x)dx

e 2= TK1(X-p)
_ fbdln{((z”) K1)z +ae 20" } .
((2m)"|K|)2

30 FOO = TR (X — p) da

+ 1 £G) In(@n)" K]z dox

= log{((2m)"|KI)? + ae 2} — log((2m)e*|K[) +log((2m)" K]) ~bits.



and provided further information, if the arithmetic average [8] of the probability of error i.e.

Pe(”) — 0 for a sequence of (2"%,n) codes [10] for a Gaussian channel with power constraint P,

achievable rate [8] R, channel capacity C with noise N then
R < C =log (1 + %) bits per transmission.
2. OUR RESULTS

2.1 ACHIEVABLE RATE FOR MODIFIED VERMA [6, 7] CHANNEL

Theorem 2.1.1 For every, memoryless channels with discrete time and continuous alphabets
when modified Verma [6, 7] entropy is maximized through Gaussian distribution, the achievable

rate R(a) is given by

_ P(P+Q.+N)
R(a) =log (pQ1(1—a)2+N(P+a2Q1))

and max, R(a) = R(a*) = log (1 + %) where a* = ﬁ.

Proof. The above result shows the achievable rate for Verma channel

For this purpose, first of all the Verma channel capacity for memoryless channel with time
discrete and continuous alphabets is given by

Cverma = _max [I(U; Y) - I(U; 51)]
flux|s1)

Where the maximum is over all f(y,x, u, s;)’s in F. Since F, < F. we have
Cverma = rnaxf(u,)ds1 )[I(U; Y) - I(U; 51)]
= MaXe (s, ) xlsy )L (U Y) = 1(U; S1)]

= max,[I(U;Y) —I(U;S,)] (2.2.1)

_ P(P+Q.+N)
R(a) =log (pQ1(1—a)2+N(P+a2Q1))

and max, R(a) = R(a*) = log (1 + %)



where a* = ﬁ. This completes the proof.

2.2 UPPER BOUND OF THE MODIFIED VERMA [6, 7] CHANNEL CAPACITY

Theorem 2.2.1 For every, memoryless channels with discrete time and continuous alphabets
having the side information S, the upper bound for the modified Verma channel capacity is given
by

Cyerma = 109 (1 + %)
Proof. The proof is completed as follows:
Since, from the given information, we have
I(U;Y) —I1(U;S;) = —HWU|Y) + H(U|S,)
< —-H(UJY,S,) + H(U|S,)
=1(U;Y,S;)
<I(X;Y,S;))

To solve the problem, we use the Markov chain U —» XS; = Y f(y,x,u,s;)

Ceosta = MaX¢(y x5, )LI(U;Y) — I(U; S;)]
< MaXg (x5, ) [I(X; Y[S1)]
= MaXg(ys, ) [H(Y]S;) — H(Y[X, S1)]
= MaXy (s, ) [H(X + Z|S1) — H(Z|X, S,)]
< MaXg(ys, ) [HX + Z) — H(Z)]
(142

Now, transmission in the absence of interference we can apply the condition U = X and

¢ = log (1 + N+le+Q{)



Now, transmission when S; is known, then U = X + aS; and C = log (1 + qu')
1

Also, transmission when S; and S; are known, then U = X + aS; + bS; and C = log (1 + %)

2.3 LOWER BOUND OF THE MODIFIED VERMA [6, 7] CHANNEL CAPACITY

Theorem 2.3.1 For every, time discrete memoryless channels with two side informations S; and

S, then the minimal capacity for the modified Verma channel is given by

ox(1-p%s, )0 - ?(1-p2
RG — |Og 1+ [x( pxsl) Nz(pxslpslz pxz)]z( pslsz)
03((1-p2s, DY~ (b5, Py 2=Px) (1-Pys,))
pz\? 2
_ (1+sza_x) ox _ _
and RG = IOg 1 +m when Pxs; = Psys, = 0.

Proof. On using the extension of Cover-Chiang capacity [2] theorem for random variables with
continuous alphabets, the capacity of modified Verma channel may be expressed as

C = maXg s, ) [I(U;Y,S;) — 1(U; S;)].
Where the maximum is over all distributions f(y, x,u, sy, s,) € F. But F < F* then, we have
C 2 ma.Xf*(uvxls1 )f’(xlsl )[I(U, Y, 52) - I(U, Sl)]

= max,[I(U;Y,S;) — I(U; S;)].

Now, define R(a) =1(U;Y,S,) — I(U;S,).

Then we have C = max, R(a) = R(a*).

To compute 1(U;Y,S,)=HW)+H(Y,S,) —H(U,Y,S,)
and 1(U;S;) =HW)+H(S,)—HU,S,)

For H(Y,S;) = log((2me)? det(cov (Y, S,)))
Where cov(Y,S,) = [eij]2><2



and ey =P+ Qy +Q, + N+ 2E; + 2Ey, + 2E; , + 2Eq 5 + 2E; 3 + 2E, 3,

e11 = ey = Qy + Eg, + E 5 + Ej 3, €55 = Q,. After manipulations we get the following result
det(cov(Y,S;)) = D, + Dg + Dg + 2D,y — 2Dy, — 2Dy5.

Hence, H(U,Y,S,) = log((2me)* det(cov(U,Y,S,))) and cov(U,Y,S;) = [ey], ..
Also, e;; = P + a?Q, + 2akE, ,,

e1; = ey =P +aQ; +(a+1)Ey; +aEy; +aE 3+ Ey, + Eg3,

e13 = €31 = aFE;; v Egy, €3 = €3, = Qy + Egy +Ej; +Ey3,

€32 =P+ Q+Q; + N+2Ey, +2Ey; +2E,; + 2Ey3 + 2E; 3 + 2E; 3 and e33 = Qs
After manipulations we get the following result

det(cov(U,Y,S,)) = a?D; + 2a(a — 1)D5 + 2(a — 1)D, + (a — 1)?Dy — 2aD;; — 2Ds.
Now, for H(S,) and H(U, S;) we have H(S,) = log((2me)Q, ) and

H(U,S;) = log((2me)? det(cov(U, S,))) where

a’Q, + P + 2aE, aQ, + E
cov(U,S;) = ( Qlan By, 0.1 Q1Q1 °'1> and det(cov(U, S;)) = D,. Now, from
I1(U; Y,SZ) =H() + H(Y,SZ) —H(U, Y,SZ)
and 1U:S,) = HU) + H(S,) — H(U.S,)

we acquire the following result

D4{Dg+D,+Dg+2D19—2D15—2D13}
0:1{(a—1)2Dg+a?D,+2a(a—1)D3+2aD11+2(a—1)D;+Ds}l’

R(a) = Iog[

The optimum value of a corresponding to maximum value of R(a) can be evaluated

+ — (D3+Dg)—(D7+D14)
2D3+D;+Dg




Finally, we conclude that in brevity

R. = IO 1+ [O'x(1_pazcsl)_Uz(pxslpslz_pxz)]z(1_p52152)
¢ =109 2((1_,2 N_ _ 20,2 )
Uz((l pxsl)D1 (pxslpslz pxz) (1 pslsz))

Setting pys, = Psys, = 0N Cperma = Max[I(U;Y) — I(U; S;)] then DY =1 — pZ,. Hence,

2 2
1-p%,—P5,20%

(1 +png_i)2 0')2( )

RG:Iog(1+ 5

Which is the lower bound of modified Verma channel capacity and this completes the proof.

3. CONCLUSION
The following results emerge from the above investigation:

(i) Optimal channel capacity is the capacity for which the value of channel capacity equalize

with its lower bounds.

(i) It is observe that the lower and upper bounds of the modified Verma channel capacity
coincide and therefore the modified VVerma channel capacity is equal to

oo(1+1)

but, in the case of Shannon [9] the channel capacity is equal to

%Iog (1 +§)
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