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Abstract

A sign operator of energy, analogous to the helicity operator, but in the direction of what we call
energy vector has been introduced. It is possible that there will be@ical phenomena where
energy vector should be considered. However, to write a wal nct is energy vector needs
a time vector. But, unf~=he energy vector the time vector h t physical meaning yet. To give
physical senses to th@mponents of the time vector, the time dilation in special relativity has
been studied and also the components of the time vector have been related to the tunneling times
when ar@tron crosses a potential barrier. Physical results for quantum tunneling time will not be
limited i study.

Keywords: Tunneling time; helicity; time dilation; Dirac equation; superluminal velocity

1 Introduction

The mysteri@ time incres physics penetra@deeper and de@ into the secrets of the
Universe. [1] said "The treatment of time in quantum mechanics is one of the tmportant and challenging
open questions in the foundations of quantum theory”.
The title of the paper make think immediately ab ultidimensional time. Three dimension
» theories are not somet@new. Many authors have already mentioned them, including [2—6!
~m our side, we have by chance fallen to this question when we encountered the energy vector.
ut, many different time quantities: tunneling times, decay time, dwell time, delay time, arrival time, E@‘

Jump time in quantum mechanics and proper time, time dilation in special relativity make us to da
to introduce time vector in the Dirac theory, a quantum relativistic theory which puts time and spac

on an equal footing.
@The energy +/c2p? + m2c* of a free particle in special relativity is a combination of an energy due to
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the momentum and an energy due to @nass. We think that it is more fundamental to take such
energy as the magnitude of a vector E, whose components are an energy due to the momentum and
an energy due to the mass. We call this vector "energy vector”.
The resolution of the Dirac equation by using the tensor product or Kronecker product of matrices
gives rise to an operator [7] whose eigenvalues are negative energy and positive energy. We called
this operator the "sign operator of energy”. Both this operator and the helicity operator are vectors in
the Pauli algebra. Their components with respect to the Pauli basis (o', 07, o) are, respectively the
components of the energy vector and the momentum vector.
It is known that the phase —+ (Et —p - x) of a wave function solution of the Dirac equation is a
combination of the components of the momentupyactor coupled with the components of the position
vector, i.e. the scalar product p - , and the e! coupled with the classical time, i.e. Et. Thus,
regarding the energy vector, a time vector should be needed in the phase of the wave function, in
order that we have as phase of the wave function —% (E -t — p - ), where t is the time vector.
However, the components of this time vector should be given sa=2 senses, in order to know in what
@ situations they should be considered. H
We shall study at first the time vector for a free electron and shall try to explain the time dilation in
special relativity.
The components of a time vector and any combing*==s of these components would evolv@'lultaneously
from the beginning to the ending of a phenom like the passage time and the dwell time in
quantum tunneling, from the entrance to the outrance of a potential barrier. So, it is normal to think
that it is possible to give senses to the components of the time vector by using the tunneling times in
quantum tunneling.
The method proposed in this study consists of putting forward some hypotheses about the couplings
of energies with different combinations of the components of the time vector, for example the magnitude
of the energy vector couples with the magnitude of the time vector, E - t = \/c2p2 + m2c4V/12 + 072,
mc?t’, etc..., and trying to find out what combination of the components of the time vector couples
with the same energy as the energy coupled with such and such tunneling time. That will lead us to
which combination of components of the time vector is equal to the tunneling time.
The paper is organized as follows: in the first section we show the road which has led us to an energy
vector; in the second section we introduce the time vectors for a free electron and for an electron
crossing through a potential; in the last section we try to give senses to the components of the time
vector compared with the quantum tunneling times when the electron crosses a potential barrier.

2 Sign Operator of energy in the Dirac Theory

The Dirac equation [8]

ihy" 0 — mep =0 (2.1)
is the quantum relativistic equation for a free spin-% fermion, where the v*’s are the gamma matrices.
In this equation 7 is the Planck constant, c the speed of light, m the mass of the spin-3 fermion and
1 is its wave function.
Throughout this paper we use the Dirac representation, where the gamma matrices are

0 3 0 1_ .2 1 2 .2 2 3 _ . 2 3
Yy =0 Qo , v =10 Qo , YV =10 ®o" v =10 R0

y (0 1 2 (0 —i s (1 0
=\ o) o) 79 o 41

1 0
0 1
The wave function solution of the Dirac equation may be written as a Kronecker product or tensor

with

are the Pauli matrices and ¢° = ( ) the 2 x 2-unit matrix.
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product (See, for instance [9])

w(t7 m) _ f ® Se—%(iEt—p.z) 2

of the energy state ¢e~# (£2t=P®) and helicity state s, where ¢ = |£(E,p)) = E+mc2 ( cop >
E+'mc

is the eigenvector associated to the positive energy £ = +4/c¢2p% +m2c* or £ = \g (E,p) =

ecp

\/Egi’gcg ( E{mc ) eigenvector associated to the negative energy —FE = —/c?p? + m2c* of the

hamiltonian operator hp = ecpo’ + mc?o®, and s is the eigenvector of the helicity operator 2o .n, i.e

1 1

p n

the spin operator in the direction of the momentum vector p = | p? |, withn = = E= n?
3 3

% n

In all of that € is the sign of the helicity or the handedness.
We call the operator hp = ecpo! + mc®o® ”sign operator of energy” [7,10].

ecp
Let us introduce the “energy vector” E = | 0 |. Therefore, the operator 222 = 1 2.E js the

2

mc
projection of the spin operator in the direction of the energy vector E. Let us call the eigenvalues of
this operator “enginity” and this operator the "enginity operator”. Therefore there is the probabilities
of the particle of having the positive enginity +% or the negative enginity —%. So, a spin-1 particle
can be in a superposition of a state of positive and a state of negative energy. For seeing that more
clearly let us compare the enginity operator with the helicity operator.

Table 1: Comparison between helicity operator and enginity operator

o0.E = ecpo! +mc?o? o.p=pio! +pro? +pso?
cep ”M
with F = 0 energy vector with p = | p2 | momentum vector
me? P3
S — 24 2.0 o — /2 452 4 2
E=|E| = ym?c +cp p = |lpll = v/pt + 3 + P2
the {rl‘l{:rgy th{‘ ilnpul%ion
i — 2.3
EO’.E rrpr:r + sggmcio 23} o.p= 23}1 1ot + - pgt’)’ +3 pr;rr
enginity op{rrator or helicity operator or

spin operator in the direction of E | spin operator in the direction of p
2B = Pyl 4 %03 enginity sign —pP %c’r + &rf + erq‘ helicity
operator sign operator

Probability for having positive | Probability for having positive

or negative enginity (energy) or negative helicity

ecp t1
But, as mentioned in the introduction, the energy vector E = 0 nime vector t = | t2

mc> t3

3 The components of the Time Vector

Consider an electron with a mass m, moving freely along an x axis, from a point O to a point A of this
axis. An observer observes the motion of the electron in a frame where the electron is at rest. So,
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this observer can measure the time, the proper time = = ¢ that the electron takes to move from O to
A. To calculatetka energy of the electron the observer uses the formula E = mc?.

Now, another‘rver in a frame fixed at the point O measures the time that the electron takes to
move from O to A with velocity v. For this observer, A is at a distance L from O. The electron

takes the impulsion p = ——2%__ and the observer measures the time 7’ for the passage of the
p P /o2 T p g
electron from O to A and uses the formula E = /m?2c* + ¢2p? to calculate the energy of the electron.
ECp,
Then, the energy is the magnitude of the energy vector E = 0 | which needs the time vector
’H’LCQ
th
t' = | 0 |, where ¢ is the sign of the helicity.
ts
mcits = mc?th + ecpth — px (3.1)
A3 = At + A — a2 (3.2)
From these equations, t; = ¢3 if, and only if, for helicity positive, t; = £ and for helicity negative,
th=—2.
Otherwise, where—t5 # ts, solving this system of two equations there are two time vectors. But,

according to (3.2), these two time vectors have the same euclidian norm, and according to the special

relativity of Einstein
Sy I R — (3.3)

1—(v/e)®

t5 < ts if, and_only if for helicity positive, t; > £ and for helicity negative#) < —Z2, that is ¢; is the
time of a subIQ al velocity for moving from O to A. Then, accordin he formula (3.3) the time
t1 which appearwhen the electron takes the impulsion p is responsible of the time diliiiin in special

relativity.

But otherwise, t5 > t3, where t; < Z for helicity positive or ¢; > —Z for helicity negauve; we cannot
say what the contribution of ¢] to the dilation of time is.

The classical time 7/ = /t%? +#£2-and the component times 3, ¢; evolve from O to A, but only the
classical time can be observed.@n, the wave function is of the form (2.2).

Now, suppose that from O to A the electron moves in a uniform potential U. For the observer at

07
the frame where the electron is fixed the energy vector is E/ = U | and the time vector is
ch
0 ecp,
T = | 72 | - Whereas for the observer at the second frame the energy vectoris € = | U | whose
T3 mc?

components are respectively the energy due to the impulsion, the energy due to the mass and the
potential energy, i.e the energy due to the space, which makes the second component of the time
!

1
vector appear, 7' = | 73 |. It follows
73/
¢ = Tamc® + ToU = m®T; + eepT] +UTS — px (3.4)
027—32 + 027—22 _ 0273/2 + 027—1/2 + C27—2/2 _ x2 (35)
and

1
VIS ATEAT? = sy (U/C)Q\/ﬁ? +75
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The total energy of the electron is the magnitude
m2ct + ¢2p? 4+ U2 (3.6)

of the energy vector, which is like the one in [11] for the extension to the Klein-Gordon equation, and

we suppose that the magnitude

of the time vector T~ is the classical time.
The following hypotheses are put forward for possible couplings of energy with time in the phase of

the wave function:
57—/ _ /m2c4 + CQpQ + U2 7:‘3/2 + 7-1/2 + 7-2/2 (3'7)

ET =/m2c* + c2p?\/T% + T2 (3.8)

mc® T3 (3.9)

UT; (3.10)

VIR T U\ TR+ T (3.11)
ecpT; (3.12)

4 Components of the Time Vector and the Tunneling Times
of an Electron

To give physical sensesto the components of the time vector, we think that it is normal to try to find
their possible relations with the tunneling times. But firstly, the Dirac type equation for the electron in
a potential less than the kinetic energy of the electror@ to be determined.

4.1 A Dirac equation with parity violation

2

€cp,
The Dirac equation to be determined is a Dirac equation which has the energy vector € = ( U > ,
mc

i.e whose operator enginity is ‘
H = ecpo’ + Uo? + mc?c® (4.1)
with U < \/c2p? + m2c?. _ @
The search for a solution of the form ¢ = A(p)e~#¢*~P'®) ofthe Dirac-Sidharth equation [12]
ihy" 8,0 — mey — in/alhy® A = 0
@l/ using the kronecker product leads to the operator enginity

l
H' = ecpot — c\/&ngaz +mco®

with 4% = i7%91y24® = o @ o°.
Then, following the backward way, from the operator enginity (4.1) we obtain as a Dirac equation
for discribing electron in a potential U the following equation

ithy" 9, — mey + i%’y%} =0 (4.2)
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Because of the presence of v°, the parity is violated [13]. Looking for a wave function of the form
b= Ap)e HETPE)

i.e. of the form of (2.2), by using the kronecker product of matrices, the following

Y= & + me? 1 ( I )@(fnl+in2)
26 \2(1+ %) \Fhmer 14+n® @

x e R E-P®) (43

is obtained as solution with positive enginity and negati@'alicity. The resolution of this equation by
using the kroneker product has been given in appendix.

4.2 The Components of the Time Vi r and Tunneling Times

The components of the time vector make us think to this one of the controversial issues of modern
quantum theory, the question of tunneling time, i.e. the time a particle takes to move from one side
of a barrier of potential to the other side [14]. Some imental investigations have supported

a nonzero tunneling time, while others supported a zert neling time, [15, 16]. However, to give@
senses to the components of the time vector we have to opt to the nonzero tunneling time and let us
consider the case of one dimensional tunneling of an electron through a potential barrier.

Quantum tunneling is a phenomenon in which particles penetrate a tial energy barrier with a
height greater than the total energy of the particles. The phenomen@nteresting and important
because it violates the principles of classical mechanics. Suppose that an uniform and time-independent
beam of electrons with an energy FE traveling along the z-axis (in the positive direction to the right)
encounters a potential barrier (Figure4.2) described by (See, for instance [17])

0 whenz <0
U(x) =< U when0<z<L
0 whenz > L

When both the width L and the height U are finite, a part of the incident quantum wave packet on
one side of the barrier can penetrate the barrier boundary and continue its motion inside the barrier,
where it is gradually attenuated on its way to the other side. A part of the incident quantum wave
packet eventually emerges on the other side of the barrier in the form of the transmitted wave packet
that tunneled through the barrier. How much of the incident waves can tunnel through a barrier
depends on the barrier's width L and its height U , and on the energy E of the incident quantum
particle. For such transmitted waves, there a”r widely used tunneling times calculated by finding
the transmission amplitude given by: T' = |T'| e—T118].The two of them are : Larmor time [19,20], 7z
and Eisenbud-Wigner times [21], Tew . The first has been called resident or dwell time:

00

TLM = —h@ (44)
The second has been called the passage time,
00 L

An additional term, L/k is present in 7ew, where L and k are the barrier width and the electron
velocity, respectively. This additional term would correspond to the propagation of the electron in the
barrier region if that barrier were absent, and has to be added to get the total time [22], since the first
term only gives a relative time shift [21].

However, the quantum tunneling phenomena and the consideration of the time vector lead to think
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U(x)
u
E
Incident, Transmitted
— ?
Ref ected
Barrier region
| I 11
y y°
0
o X o e X
z Z0
X
0 L

Direction of tunndling

Figure 1: An electron e with kinetic energy £ moves along the =
-axis and interacts with a rectangular barrier with height
U,U > FE, and width L.

that the Dirac equation inside the potential barrier (E < U) is not of the form (4.2) [24]. So, let us
construct the wave function of the electron inside the barrier in terms of the components of the time

ecp €cp

vector. The energy vector E = 0 before the barrier region becomes € = U | when the
2 2
mc mc

particle is inside the barrier region. The time 7 = /772 + 772 and 75 can be qualified respectively
as passage time 7, = /772 + 7/? and resident time 7, = 7. These three types of time, the
classical time 7' = /TJ% + T/? + T2, the passage time T, and the resident time 7. evolve from the
entrance to the outrance of the barrier region. But according to the quantum tunneling phenomena,
the classical time can not be observed, whereas at least one of the passage time and the resident
time can be. Actually,

T >T T >T
All these times evolve from zero to positive values.
Let us search for 6 in (4.4) and (4.5) in terms of 7 and 7gw. From (4.4)

1
0=——71omU + K(E)

h
where K(FE) is a function of E. Then,
00
o5 = )
in substituting in (4.5)
| 1L
K (E) = hTEW i
Using the relations p = —22_ and E = me? (See for instance, [23]), we have
147 1-22
1 1 E

K'(BE) = ~mpw — —
(E) TEW —

>t

E2 — m2c4

1 1
K(E):ﬁTEW_E E2_m2C4L—|—)\(L)

=l
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and then,

1
ezﬁ(ETEw—UTLM—pL)—F)\(L) (46)

with A(L) independant of E and U, such that U > E.

It will be possible to have the value of the constant \(L) if boundary conditions on the phase difference
0 are determined. But, according to the couplings (3.8) and (3.10), to give senses to the components
of the time vector, the phase which evolves from the phase at x = 0 to x = L, inside the potential
barrier, should be defined as

1 ,
&j:—ﬁ<Edﬂ2+ﬂ?—Uﬁ—qn) (4.7)

withat z = L, \/T;?> + T/? = 7ew and T3 = —7ra. Then, we have XA(L) = 0 and for the case of
positive enginity and negative helicity: incident, reflected and transmitted wave functions are

1) = ( = ) @ (*1> o (BT )

a(pan) o () KT <o

E+mc2

Yir(z) =B (—cpl—O-iU) ® (71) e~ # (EVTPHT-UT;—pe)

1 -1
+C(cp+iU>®(1)
E+mc?

w e~ # (BVTPRTEUTS40e) (g 0 1) (4.8)

Yrr(z) = D( —1cp )® (_1) x e h (BVEHE pe-Brpw Uy pL) (L < z) (4.9)

E+mc2 1

The form of each term of the wave function (4.8) inside the barrier is not like the one that has been
thought in [24]. It is a wave function solution, not of (1 + 1) spacetime Dirac equation, like a particular
case of (4.3), but a (1 + 2) spacetime Dirac equation.

In the case where the energy of the electron is higher than the value of the potential (E > U), the
wave function inside the potential will be of the form

1/’”@):%1’( . )®(‘1) o~k (e TP )

—cp—iU 1
-4 <_0p1—iU> ® <_11> 67%(6 TgEWjLT%M?pZ)

E+mc?
E+mc?

because according to (3.7) the classical time ¢ in the wave function (4.3) is t = /732 + T3 + T
Since the larmor time 7z is positive and the the second component of the time vector should evolve
from 0 to the future, that is 75 should be positive, then there is negative energy —U in the phase
inside the barrier.
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5 Results and Discussion

The first component ¢; of the time vector which occurs when the electron takes an impulsion is
responsible for the time dilation in special relativity, if it is the time of a subluminal velocity. Otherwise,
we cannot say what the contribution of ¢ to the dilation of time is.

Under the hypotheses that the classical time is the magnitude of the time vector and that the energy
couples with time under the form of the expressions (3.7) to (3.12), the following results have been
obtained, in the Dirac representation, during the tunneling of the electron through a potential barrier.
Only for the second component a physical meaning can be given. It can be defined as the Larmor time
7. Or the dwell time, 73 = 71 . But, due to the minus sign in the equation (4.4), a negative energy
(—U) couples with 73 in the phase (4.7) inside the barrier. According to the Dirac interpretation of
negative energy (See, for example, [25]), can we interpret it that it is not the electron which spends
the dwell time but its antiparticle a positron?

It is not possible to give physical senses to the first and the third components. But, the magnitude of
the projection of the time vector into the plan of the first and third components can be defined as the
Eisenbud-Wigner time 7gw or the passage time, /772 4+ 772 = 7ew. Then it follows the following

relation
HTIH =V T%W + TEI\I

between the classical time, the Eisenbud-Wigner time and the Larmor time. Then, we can see that
the classical time is higher than the Eisenbud-Wigner time and the Larmor time. Thus,

—i<L and U_L< L
T~ 7ew T T Tem

v

This show the possibility of supeluminality. @

Finally, for a free electron, it is not possible to give sense % or t} separately. We think that a
possible observability of these two components of the time vector would be in a phenomenon of free
superluminal spin-% particle, whose wave function would be a solution of a (3 + 2) spacetime Dirac
equation. Thus, this study agrees with the authors of [26,27] who said :"The problem of representation
and localizations of superluminal particles has been solved only by the use of higher dimensional
space and it has been claimed that the localization space for tachyons is T- space with one space
and three times”. As a consequence, the wave function of a spin-% particle inside a potential barrier

would be of the form &;; = AePT{ ~UTs+me* T it the particle was a free superluminal spin-2 particle
before the potentiel barrier U, U > /P2 + m?2c* [24].

Conclusion

helicity and enginity. This energy vector needs a time vector. A component of the ti ctor appears
when the electron takes an impulsion. This component time vector is responsible © e dilation in
special relativity.

Under some hypotheses, during the tunneling of the electron through a potential barrier, one component
can be defined as the Larmor time, whereas the Eisenbud-Wigner time is a combination of the two
other components. Then, a relation between the classical time, the Larmor time and the Eisenbud-
Wigner time has been obtained. When the electron is inside the barrier, in the phase of the wav@
function a negative energy couple with the Larmor time. We interpret it that it is the antiparticle whic
spends the Larmor time.

The energy vector in the Dirac theory came out when the purpose was to show the i nllogy between
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Appendix A. Resolution of the Dirac equation ihy* 9,19 — mcyp +iZ~%) =0
To make appear the operator enginity we use, for solving the equation (4.2), the kronecker product.
Put this solution of the form ,
\i/ _ A(p)efﬁ(gtfp.z)

Then,
iho® ® aoi\il +ihioc® ® a'ii\i/ — meV + igal ® o’V =0
cot ox; c
iho® ® JOQ\TI +icho! ® in\i/ —mcto® @’V —Us? 2’0 =0
8t aitj
Let p/ = ,m% the mometum operator in the direction of z; and & = ih% the energy operator,

J
PU = p’ ¥ and EV = V. Then, we have
Ec° @ 0 A(p) — epjo’ @ o A(p) — mc’o® @ 6 A(p) — Uo® @ c®A(p) =0
But let us search for a solution where A(p) is of the form A(p) = ¢ ® u with u is an eigenvector of

the helicity operator (2o - n) = (222, whose eigenvalues are the helicities +2 and — 2.
y p 2 2 p 2 2

500®00¢®u— %cpa1 ® <§Jn> g0®u—m0203®004p®u—U02®00g0®u:0
Sap®u—cp01<p®eu—m(:2cr3<p®u—U02<p®u:0
or
(Ego — ecpalga — mc203<p - U02g0) Qu=20
where ¢ is the sign of helicity. However, u # 0, thus
Ep = (ecpal +mdc*o® + Ucr2) %) (5.1)
That is ¢ is the eigenvector of the operator
hp = ecpa1 +mcet+ U =0 &
in the Dirac representation, whose eigenvalues are the negative energy —& and the positive

energy +&. The enginity operator g’%’ = %‘% in the direction of the energy vector € will be the

analogous of the helicity operator.
The resolution will be finished in solving the equation (5.1) and the equation

(Jlnl + o’n? + 03n3) U = €u
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