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Abstract  

In this article we proposed an exponential ratio type estimator for the estimation of finite 

population mean under systematic sampling .The mean square error of the suggested 

estimator is computed up to the first degree of approximation and we find suggested 

estimator is efficient as compared with existing estimators. Furthermore this result is 

supported by numerical examples as well.  
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Introduction:  

In the literature of survey sampling, a simple technique of utilizing the known information of 

the population parameters of the auxiliary variables is through ratio, product, and regression 

method of estimations using different probability sampling designs such as simple random 

sampling, stratified random sampling, cluster sampling, systematic sampling, and double 

sampling. In the present paper we will use knowledge of the auxiliary variables under the 

framework of systematic sampling. Due to its simplicity, systematic sampling is the most 

commonly used probability design in survey of finite populations; see W. G. Madow and L. 

H. Madow [23]. Apart from its simplicity, systematic sampling provides estimators which are 

more efficient than simple random sampling or stratified random Sampling for certain types 

of population.   

Hajeck [9], Cochran [24] and Gautschi [25]. later on the problem of estimating the population 

mean using information on auxiliary variable has also been discussed by various authors 

including Quenouille [15], Hansen et al. [12], Swain [1], Banarasi et al. [2], Kadilar et, al. 

[3], Robson [4], Singh et, al. [5], Singh et, al. [6], Singh at, al. [7], Singh et al. [8], Kushwaha 

et, al.[10], Khan at, al. [11], Khan et, al [13], Singh [14], Shukla [16], Koyuncu et, al. [17], R. 

Singh et al. [18], R. Singh et al. [19], Bahl et, al. [20], Srivastava et, al. [21], Tailor et al. 

[22], and Ozel Kadilar, et, al. [26]. 

 Consider a finite population ܷ = ଵܷ , ଶܷ,ܷଷ … … . .ܷே  of size N units. A sample of size n is 

taken at random from the first ݇ units and every ݇th subsequent unit then, N = ݊݇ where ݊ and 



 

 

݇ are positive integers thus, there will be ݇ samples each of size ݊ and observe the study 

variate ݕ and auxiliary variate ݔ for each and every unit selected in the sample. 

Let ൫ݕ௜௝,ݔ௜௝൯	݂ݎ݋	݅ = 1.2 … . .݇	,								݆ = 1,2 … … . . ݊ indicate the value of ݆th unit in the ݅th 

sample. Then, the systematic sample means are defined as follows: 

ത௦௧ݕ = ଴ݐ = 1/݊ ∑ ,௜௝ݕ
௡
௝ୀଵ  and ̅ݔ௦௧ = ଴ݐ = 1/݊ ∑ ,௜௝ݕ

௡
௝ୀଵ  unbiased estimators of the population 

means 

തܻ	 = 1/݊ ∑ ,௜௝ݕ
௡
௝ୀଵ  and തܺ	 = 1/݊ ∑ ,௜௝ݔ

௡
௝ୀଵ  ݔ	݊݋		ݕ		݂݋

To obtain estimators upto first order of approximation, using the following errors terms:  

݁଴ = ത௦௬௦ݕ − തܻ തܻ	,⁄  

ଵ݁ = ௦௬௦ݔ̅ − തܺ തܺ	,⁄  

݁ଶ = ௦̅௬௦ݖ − ܼ̅ ܼ̅	,⁄  

ܿݑܵ ݐ	 (ଵ݁)ܧ	ݐܽ = ݅	ݎ݋݂	0 = 0,1	ܽ݊݀	2 

and 

௬௫ߩ =
௬௫ݏ
௫ݏ௬ݏ

 

௬௭ߩ =
௬௭ݏ
௭ݏ௬ݏ

 

௫௭ߩ =
௫௭ݏ
௭ݏ௫ݏ

 

݇ =
௬ܥ௬௫ߩ
௫ܥ

 

݇∗ =
௬ܥ௬௭ߩ
௭ܥ

 

௬∗ߩ = ൛1 + (݊ −  ௬ൟߩ(1

௫∗ߩ = {1 + (݊ −  {௫ߩ(1

௭∗ߩ = {1 + (݊ −  {௭ߩ(1

∗∗ߩ =
௬∗ߩ
௫∗ߩ

 

∗∗ଶߩ =
௬∗ߩ
௭∗ߩ

 



 

 

∗∗ଵߩ =
௬∗ߩ
௭∗ߩ

 

Where  

 .are intra class correlation among the pair of units for the variables y,x and z	௭ߩ,௫ߩ,	௬ߩ 

2. Estimators in Literature: 

In this part, we consider some estimators of the finite population mean in the sampling 
literature [27-29]. The variance and MSE’s of all the estimators computed here are obtained 
upto first order of approximation. 
The variance of the unbiased estimator for population mean is  

(଴ݐ)ݎܽݒ = ߣ തܻଶ߮଴																																																																																															(1.1) 

Swain [14] and Shukla [16] suggested the classical ratio and product estimators for finite 
population mean by are given by  

ଵݐ			 = ത௦௬ݕ ቆ
തܺ
௦௬ݔ̅

ቇ																																																																																																	(1.2) 

ଶݐ = ݌ݔത௦௬݁ݕ ൬
௦̅௬ݖ
ܼ̅
൰ 																																																																																														(1.3) 

                                                                 

The mean square errors upto first orders of approximation are given as follows: 

(ଵݐ)ܧܵܯ = ߣ തܻଶൣ߮଴ + ߮ଶ൫1 − 2݇ඥߩ∗∗൯൧																																																					(1.4) 

 MSE(ݐଶ) = ߣ തܻଶൣ߮଴ + ߮ଷ൫1 + 2݇ඥߩଶ∗∗൯൧																																																			(1.5) 

Singh et al. [20] suggested the following ratio and product type exponential estimators as: 

ଷݐ = ݌ݔത௦௬݁ݕ ቆ
തܺ − ௦௬ݔ̅
തܺ + ௦௬ݔ̅

ቇ																																																																													(1.6) 

ସݐ = ݌ݔത௦௬݁ݕ ቆ
௦௬ݔ̅ − തܺ
௦௬ݔ̅ + തܺቇ																																																																																						(1.7) 

The mean square errors upto first orders of approximation are given as follows: 

 MSE(ݐଷ) = ߣ തܻଶ ቂ߮଴ + ఝమ
ସ
൫1 − 4݇ඥߩ∗∗൯ቃ																																																					(1.8) 

 MSE(ݐସ) = ߣ തܻଶ ቂ߮଴ + ఝమ
ସ
൫1 + 4݇ඥߩ∗∗൯ቃ																																																					(1.9) 

 

Tailor et al. [25] define the following ratio-cum product estimator as: 
 

ହݐ = ത௦௬ݕ ቆ
തܺ
௦௬ݔ̅

ቇ ൬
௦̅௬ݖ
ܼ̅
൰																																																																																																	(2.0) 



 

 

The MSE	upto first order of approximation, is given by  

   MSE(ݐହ) = ߣ തܻଶൣ߮଴ + ߮ଶ൫1 − 2݇ඥߩ∗∗൯ + ߮ଷ	൫1 − 2݇∗∗ඥߩଵ∗∗൯ + 2߮ସඥߩ௬∗ߩ௭∗൧				(2.1) 

Where, 

߮଴ =  ௬ଶܥ∗௬ߩ

߮ଵ =  ∗௫ߩ∗௬ߩ௫ଶඥܥ2

߮ଶ =  ௫ଶܥ∗௫ߩ

߮ଷ =  ௭ଶܥ∗௭ߩ

߮ସ =  ଶ௭ܥ∗݇

Proposed estimator  

In this section, motivated Kadilar (2016) we proposed estimator for population mean under 
systematic sampling as given by : 

ோ௄ݐ = yതୱ୷ ൬
xതୱ୷
Xഥ
൰
஑

exp ቆ
Xഥ − xതୱ୷
Xഥ + xതୱ୷

ቇ																																																																													(2.2) 

To obtain estimators upto first order of approximation, using the following errors terms: 
(଴ଶ݁)ܧ =  ,௬ଶܥ∗௬ߩߣ

)ܧ ଵ݁
ଶ) =  ௫ଶܥ∗௫ߩ

(଴݁ଵ݁)ܧ =  ∗௫ߩ∗௬ߩଶ௫ඥܥߣ

Where, ߣ = ቀேିଵ
௡ே

ቁ 

Expressing (2.2) in terms of e’s 

ோ௄ݐ = തܻ(1 + ଴)(1ߝ + ݌ݔଵ)ఈ݁ߝ ቆ
തܺ − തܺ(1 + 	(ଵߝ
തܺ + തܺ(1 + 	(ଵߝ

ቇ 

ோ௄ݐ = തܻ(1 + ଴)(1ߝ + ݌ݔଵ)ఈ݁ߝ ൤
ଵߝ
2
ቀ1 +

ଵߝ
2
ቁ
ିଵ
൨ 																																																																								(2.3) 

ோ௄ݐ = തܻ(1 + ଴)(1ߝ + ݌ݔଵ)ఈ݁ߝ ቈ
ଵߝ
2 ቆ1 +

ଵߝ
2 +

ଵଶߝ

4 + ⋯ቇ቉ 

ோ௄ݐ = തܻ(1 + ଴)ቆ1ߝ + ଵߝߙ +
ߙ)ߙ − 1)

2 ଵଶߝ + ⋯ቇ݁݌ݔ ቈ
ଵߝ
2 ቆ1 +

ଵߝ
2 +

ଵଶߝ

4 + ⋯ቇ቉										(2.4) 

From (2.4) 

ோ௄ݐ − തܻ ≅ തܻ ቈߝߙଵ +
ߙ)ߙ − 1)

2 ଵଶߝ +
ଵߝ
2 +

ଵଶߝߙ

2 +
ଵଶߝ3

8 + ଴ߝ + ଴ߝଵߝߙ +
ଵߝ଴ߝ

2 ቉																(2.5) 

Squaring (2.5) on both sides and then taking expectation, the MSE of the estimator ݕതோ௄   



 

 

(ோ௄ݐ)ܧܵܯ = ߣ തܻଶ ൤߮଴ +
ଵ߮ܭ

2 + ଵ߮ܭߙ + ଶߙ) + (ߙ
߮ଶ
2 +

߮ଶ
8 ൨ 																																						(2.6) 

Obtain the optimum ߙ to minimize ܧܵܯ(ݕതோ௄). Differentiating  ܧܵܯ(ݕതோ௄) w.r.t ߙ	and 
equating the derivative to zero. Optimum value of ߙ is given by: 

ߙ = −
ଵ߮ܭ) + ߮ଶ)

2߮ଶ
 

Using the value of ߙ௢௣௧  in (2.6), we get the minimum value of ݕതோ௄ 	  

(ோ௄ݐ)௠௜௡ܧܵܯ = ߣ തܻଶ߮଴ൣ1 −  (2.7)																																																																																		௬௫ଶ൧ߩ

It follows from (2.7) that the proposed estimator ݕതோ௄ at its optimum condition is equal 
efficient as that of the usual linear regression estimator. 

Efficiency Comparisons   

In this section, the MSE of traditional estimators ݐ଴,ݐଵ,	ݐଶ,	ݐଷ,	ݐସand ݐହare compared with the 
MSE of proposed estimator ݕതோ௄ . 

From (1.1) - (2.0) and (2.1) 

(଴ݐ)ݎܽݒ] [(തோ௄ݕ)௠௜௡ܧܵܯ− > 0 

ߣൣ                                                            തܻଶ߮଴ߩ௬௫ଶ൧ 	> 0																																																								(2.8) 

(ଵݐ)ܧܵܯ] [(തோ௄ݕ)௠௜௡ܧܵܯ− > 0 

ߣ                                         തܻଶൣ߮଴൫1 − 2݇ඥߩ∗∗൯൧ − ߣൣ തܻଶ߮଴ߩ௬௫ଶ൧ > 0																																(2.9) 

[(തோ௄ݕ)௠௜௡ܧܵܯ−(ଶݐ)ܧܵܯ] > 0 

ߣ                                         തܻଶൣ߮଴൫1 + 2݇ඥߩ∗∗൯൧ − ߣൣ തܻଶ߮଴ߩ௬௫ଶ൧ > 0																																	(3.0) 

[(തோ௄ݕ)௠௜௡ܧܵܯ−(ଷݐ)ܧܵܯ] > 0 

ߣ                                       തܻଶ ቂఝబ
ସ
൫1 − 4݇ඥߩ∗∗൯ቃ − ߣൣ തܻଶ߮଴ߩ௬௫ଶ൧ 	> 0																																			(3.1) 

[(തோ௄ݕ)௠௜௡ܧܵܯ−(ସݐ)ܧܵܯ] > 0 

ߣ                                       തܻଶ ቂఝబ
ସ
൫1 + 4݇ඥߩ∗∗൯ቃ 	− ߣൣ തܻଶ߮଴ߩ௬௫ଶ൧ 	> 0																																	(3.2) 

[(തோ௄ݕ)௠௜௡ܧܵܯ−(ହݐ)ܧܵܯ] > 0 

ߣ തܻଶൣ߮଴൫1 − 2݇ඥߩ∗∗൯ + ߮ଷ	൫1 − 2݇∗∗ඥߩଵ∗∗൯ + 2߮ସඥߩ௬∗ߩ௭∗൧ − ߣൣ തܻଶ߮଴ߩ௬௫ଶ൧ > 0								(3.3) 

Empirical Study 
To examine the merits of the proposed estimator over the other existing estimators at 

optimum conditions, we have considered natural population data sets from the literature. The 

sources of population are given as follows. 



 

 

(Source: Tailor et al. [20]). Consider Population 

ܰ = 15 , ݊ = 3, തܺ = 44.47, തܻ = 80, ܼ̅ = ௬ܥ,48.40 = ௫ܥ,0.56 = ௭ܥ,0.28 = 0.43 

ܵ௬ଶ = 2000,ܵ௫ଶ = 149.55,ܵ௭ଶ = 427.83,ܵ௬௫ = 538.57,ܵ௬௭ = −902.86,ܵ௫௭ = −241.06, 

௬௫ߩ = ௬௭ߩ,0.9848 = ௫௭ߩ0.9760− = ௬ߩ,0.9530− = ௫ߩ,0.6652 = ௭ߩ,0.707 = 0.5487. 

To find (PREs) of the estimator, we use the following formula  

ఈݐ)ܧܴܲ , (଴ݐ = (ఈݐ)ܧܵܯ/(଴ݐ)ܧܵܯ × 100, For ߙ = 0,1,2,3,4,5 and ܴܭ 

 
Table 1 The percent relative efficiency of different estimators with respect to ݐ଴. 

Population 

Estimator                                           MSE(ݐఈ)                                       ܴܲݐ)ܧఈ ,  (଴ݐ

 ଴                                                         1455.08                                              100.00ݐ

  ଵ                                                          373.32                                               389.62ݐ

 ଶ                                                          768.06                                               189.45ݐ

 ଷ                                                          820.09                                               177.43ݐ

 ସ                                                          1044.42                                             139.32ݐ

 ହ                                                          187.08                                               777.79ݐ

 ோ௄                                                        43.88                                                 3316.04ݐ

 

 

Conclusion 

A new exponential type estimator is proposed under systematic sampling and the properties 

of the suggested estimator are obtained up to first order of approximation. It has been seen 

that the suggested estimator performed better than the existing estimator both theoretically 

and empirically. 
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