The solutions of the linear fractional diffusion
and diffusion-convection equations via the

Regular Perturbation Method (RPM)

Abstract

In this paper, we implement Regular Perturbation Method (RPM) for
the Solving fractional diffusion and diffusion-convection equations, in or-
der to determine the analytical solutions of some linear fractional diffusion
and linear fractional diffusion-convection equations. In general, the solv-
ing using this method allow to obtain exact or approximate solutions. For
the case of the diffusion and diffusion-convection equations solved in this
document, the solutions obtained are exact. By comparing these solutions
with those obtained by other researchers using other methods for a certain
value of the parameter o, we obtain the same results.

Keywords: Linear fractional diferential equation, Regular Perturba-
tion Method, Mittag-Leffler, Caputo fractional derivative.

1 Introduction

Today, the notion of fractional calculus is essential in the resolution of par-
tial differential equations. Indeed, several researchers have applied it to several
methods such as the method of Adomian, the Homotopy Perturbation method
(HPM), etc. However its application remains partial and fragmented. In this
document, we will attempt to apply it using the Regular Perturbations method
for solving linear fractional diffusion and linear fractional diffusion-convection
equations. The objective of this work is to find solutions to fractional equations
using the Regular Perturbations method for 0 < o < 1. Secondly, we will com-
pare the solutions obtained with the solutions resulting from another resolution
method in a previous search for a given value of a. « is defined in the problem
below. Searchers such as Y. MINOUGOU have already solved the case where
a = 1 with several methods [13].
Let be the following fractional equation (P):



ote
u(z,0) = g(x)
(2;t) € Q=R x [0, +00[ and u (x,t) € L? ()
where ¢ is any function dependent only on x, and f. is a continuous function.
fe can be the right-hand member of a fractional diffusion- convection equation
for example, and e the perturbation coefficient.

(P){ LBY) ¢ (4w, ) where 0 < a < 1;

2 Preliminaries

In this part, we will recall some very important notions that come into play
imperatively in fractional calculus. These are the notions of gamma functions,
Beta and Mitag Leffler function as well as some notions of convergence and of
solution uniqueness.

2.1 Gamma, Beta and Mittag LefHler functions

2.1.1 Definition 1 [7]

The Gamma function is a function on |0;1[, defined by the following integral:
I'(s) = /+Ooe_tts_1dt; s € C and Re(s) > 0.
Thus: F(Ol) =1.
I'(s) is a monotonous and strictly decreasing function for 0 < s < 1.

2.1.2 Property 1:

1
Vs >0, I'(s+ 1) = sI['(s); F(i) = /7.
ovn e N, I'(n+1) =nl; avec 0l = 1.

2.1.3 Definition 2 [7]
The Beta function is the function defined by:
1
Bu,v) = / (1 —5)""ts""1ds;
0
where Re(u) > 0 and Re(v) > 0.

2.1.4 Property 2:

Yu € C ; Yv € C where Re(u) > 0 and Re(v) > 0,
Thus:



2.1.5 Definition 3 [11]
For s € C, the Mittag-Leffler function denoted E, (s), with o > 0, is defined by:

400 Sk
E(x =
(5)=2, T(ka +1)
k=0
when it depends on a single parameter «.

2.1.6 Property 3:
Vs € C where Re(s) > 0, we have:

Ey(s) = e®, E5(s) = ch(y/s), where ch denotes the hyberbolic cosine.
2.1.7 Definition 4 [7]

Let considere f € L'([0,7]),T > 0. The Riemann-Liouville fractional integral
of the function f of order @ € C, (Re(«) > 0) noted I, is defined by:

@f@J)-FéOA<tﬂalﬂa7mT

t>0;zeR

2.1.8 Definition 5 [7]

Let considere f € L'([0,7]),T > 0 a integrable function on [0,7]. The frac-
tional derivative in the sens of Riemann-Liouville of the function f of order
a € C,(Re(a) > 0) noted D, f is defined by:

1 d

t —
mﬁ/o (t—7)""f(z,7)dr;t > 0;z € R.

Daf(xvt) =

2.2 Concept of convergence and uniqueness of the solution
of the problem (P)

Let’s consider the problem (P) defined by:

ote

(m{ P _ 1t u(@.t) where 0<a<1and 0<e <1
u(z,0) = g(x)

with its solution in the form:

+oo
u(x;t) = Zenun(x, t)
n=0

where g(x) € C(€2). we obtain:



+oo +o00 1 t
T;S”un(%t) = 7Z%s"un(x,O) + m/ (t—1) f(r ZE Un (2, T)

As f is linear, we obtain:

+oo
Zs"un(:c t) Zs Un (x,0) + Zs / — 1) (7, un (@, 7))dT.
n=0

2.2.1 Proposition 1
Let’s suppose (P) is a linear diffusion equation, where u(x,t) € C?(Q)
and f is linear in u, with Q =R x [0;¢] and 0 <7 < ¢ < T < +o0.

0%u(x,T)
IfdM = s —_—
m?‘il'lgl axQ

0%u(z, 1)
Ox?
absolutely convergent.

and m = sup |u(z,0)| such as: Vx,7 € Q,
e

+oo
< M, and |u(z,0)] < m, then the series <Z€”un(x,t)) is
n=0

2.2.2 Proof1l

We obtain progressively:
e Juo(z,t)] < lg(z)| <m

0ug(x,7) re
1. = — )| < T(v -+ 1)
et fur(z,t) Ia( 02 )‘ = (MI‘(a+1)>
8271;71—1('1:’7—) ™
n. ) = —_— < 2
5 ‘un(ﬂj,tﬂ Ioc( Ox2 )‘ - ( F(Oé+1)>7n_1
+oo —+o0 Ta
< s
We have: n§ Os Un (2, 1) m+n§€ ( NG 1))

+oo
T 1
= T;)En’u,n(x,t) S m+ (Mw) < 1 + 1) 5 because O < e 1
+oo
As a result, the series (anun(a:,t)> is absolutely convergent, therefore
n=0
convergente.



2.2.3 Proposition 2

Let’s suppose (P) a linear diffusion-convection equation, where u(zx,t) € C()

0? 0
and f = a—ng)\a—Z €C?(Q), with Q=R x[0;t] and 0 <7 <t < T < +oo. If
2
I M = sup 9 u(i’ 7) , N = sup M and m = sup |u(zx,0)| such as:
z,7EN Ox z,7EN €T TEQ
0? 0
Ve, T € Q, % <M, % < N and |u(z,0)| < m, then the series
x x

+o00
(Zs”un(m, t)) is absolutely convergent.
n=0

2.2.4 Proof 2

We obtain progressively:

¢ Oug(x, T)

1
e ug(a,t)| = |u(z,0)| + ’F(a)/o (t—7) (A 5 dT‘
1 ¢ 0%ug(z, ) Ouy (z,T)
1. _ _ a—1 ’ ’
el fun(e )] = ‘F(a)/o (t—7) ( e )df‘
1 ¢ 1 0up_1(z,7) Oup (z,7)
" n\L, = —7) 2
€ |t (2, 1)] ‘F(a)/o (t—7) ( 92 +A 5 >dT n>1
0. < Nia
5 luo(z, )] <m+ ()\ Mot D)
TOé
1. <
) e lug (z,t)| < <(M+)\N)F(a+1)>
o
o < ((M N)=—/— >1
N R e
+o0 +oo T
‘We have: ;5”un(x,t) S m + ;En ((M + )\N)IM)
T\ X
< M+ AN)———— "
=m <( + )F(a—|—1)> 7;)5
Tll
e ((M + sz))
Za‘"un(a:,t) <m-+ 1 71;(04 +1) , because 0 < e < 1
n=0 oo
As a result, the series (anun(x,t)> is absolutely convergent, therefore
n=0
convergent.



2.2.5 Proposition 3

The equation (P;) and (P) each admit a unique solution which is written in
the form:

u(z,t) = w(z,0) + I (f(r,u(z,7))), where I, (f) denotes the fractional
integral of f defined by:

L (f(r,u(z,7))) = ﬁ / (£ — 1) f(r oz, 7))dr

2.2.6 Proof 3

Now let’s show the uniqueness of the solution.
Let’s suppose there are two distinct solutions u(z,t) and v(z,t) such that:
there is w(z,t) = u(z,t) —v(x,t) #0
Considering the following algorithms of v and v :

. t) = u(e.0) + s [ (0= 7 ()i
() = gy | (=1 )i
un(x,t) = ﬁ/o (t — 1)L f (7, un (2, 7))dr
and
vo(z,t) = v(x,0) + ﬁ/g (t — 1)L f(r,v0(, 7))dT
vi(z,t) = F(la)/o (t— 1)L f(r,v1 (2, 7))dT
e t) = s [ (=) v r)ar
We have:
wo(z,t) = w(z,0) + ﬁ/o (t — 1)L f(r,wo(w,7))dT =0
wy(x,t) = ﬁ/o (t—71) " f(r,wi(w,7))dT =0

wp(z,t) = ﬁ/ol(t — 1) (1w (2, 7))dT = 0

Because from the conditions to the limits, it happens that
u(z,0) = g(z) = v(z,0) = w(z,0) =0
In addition, f(7,wo(x, 7)) is a linear function of w(zx, 0)



Where from wo(z,0) =0 = f(7,wo(x, 7)) =0 = wp(x,t) = 0;absurd.
Similary, f (7, wy (z, 7)) is a linear function of g(x),n > 1

It follows that w,(x,t) = 0 = up,(z,t) — v, (z,t), Yn > 0.

Thus u(z,t) = v(x,t) hence the uniqueness of the solution.

3 APPLICATIONS

3.1 Fractional diffusion linear equation

Let’s considere the following fonctional equation to fractional order :
Lu= f+ Ru+ Nu and let (P;) be the problem to be studied defined by:

(P1) 815;:,)2583(;27) where 0 < a<land 0<e < 1;

u(z,0) = sinwz

(z;t) € Q=R x [0, +oo[ and u (z,t) € L (Q)
Let’s find the solution of (P;) in the form of:

u(z,t) = Jrzooa"un(a:,t), where 0 < e < 1
As - 0%u (x,t)
L(u(z,t)) = T‘;
" Ru (x;t) = 578211(:@ 2
T a2

L(u(x,t)) = Ru (z;1)
with
LY (u(z,t)) = Iy (u(z,t))

By applying L~ in equation (P;), we obtain:

u(z,t) —u(z,0) = L™ Ru(x, t)

which is equivalent to:

(1) = u(,0) + I (W)

S~ N (e (@)
:>Z€ ’U/n<.'L',t) :U(Z‘,O)—f—ZIQ e T
n=0 n=0

The following equations are obtained successively by identification of powers
of e:



e’ wo(z,t) = u(z,0) = g(x) = sinwx
el wup(x,t) =1, (W)
e up(z,t) =1, (W) in>1
Ox?
This leads us to solve the following equations:
. 0%up(x,t) —0
o { uo(a(?,tg) = sin(wx)
- 0%uy(x,t) _ 0ug(w,t)
R B S (1.2)

0%uyn(x,t) up_1(x,t)

ate N Oz
un(x,0) =0,n>1

,Vn>1

Let’s solve the system & :
o t
% = 0 with up(x,0) = sin(wx)

In Caputo’s sense, the solutiotn to this equation is in the form:
uo (z;t) — up(z,0) = ﬁ/o (t — 1)L f (1, uo(z, 7))dr

As f(7,uo(7)) = 0,then,

uo (z;t) = ug (2;0)

where from ug (x;t) = ug (z;0) = sin(wz)

The solution to this equation is:

uo(z,t) = sin(wz)

Let’s solve the system ¢! :

Orua(w,t) _ uo(@,1) o (20) = 0

«@ 8332
In Caputo’s sense, the solution to this equation is in the form:
1 t
uy (z;t) —up (2;0) = —/ (t — 1)L f(r,uy (2, 7))dr
52 L(a) Jo
As f(r,ui(7)) = ngi?T),

= uy (z;t) = C‘W/O (t — 1) 1dr




Let’s posing 7 = tz, dr = tdz; When 7 — t,alors z — 1

2 1
We obtain: u; (x;t) = M/ (t —tz)* tdz
) F(O‘)l 0
—w? sin(wz)
= (ait) = e [ syt
nfo)
—w? sin(wz
= u (x;t) TlatD)
The solution to this equation is:
_ Qt(x
uy (w;t) = sin(ww)r(:_~_1))

Let’s solve the system 2 :

Oug(x,t)  O*uy(w,t) _
e = 2 with ug(x,0) =0

Using the same approach of resolution as in € and ¢!, we obtain as solution

of the system &2 :
_ Qta 2
ug (z;t) = Sin(wx)lm
In summary, we have:
ug(z,t) = sin(wx)
_ 2to¢
up(z,t) = sin(ww)rg(l(:_i_l)
_ Qtoc
us(x,t) = sin(wx)I(,(;;_l_)l) (1.3)
) _w2to¢ n
Up(z,t) = Sm(wx)I(‘(na—i—)l)
By posing, ¢, (x,t) = Zskuk(x,t) (1.4)
k=0
The solution of this equation (Py) is:
B ) . ' n (—z’:‘o.)QtO‘)k . +oo (—€w2t°‘)k
u(z,t) = nErJrrloO oz, t) = sm(wx)ngﬂr_loo];)m = sm(ww)kzzom
We thus obtain: u((z,t) = sin(wz)Ey(—ew?t®) (1.5)

Note: When a = 1, ,the solution of system is:u(x,t) = sin(wx)e_EWQt.
Thus, this solution is the same as that obtain by Y. Minougou in his thesis
[13]) where hie used the Adomian method with o = 1.
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3.2 Fractional diffusion-convection linear equation

Let (P») be the problem to be studied defined by:

ot 02 ox
u (2;0) = sin (wz)

(z;t) € Q=R x [0, 400 and u (x,t) € L*(Q)

0%u (z,t 0?u (z,t 9] t
(PQ)Z{ (@) =c (x,)+)\ u(@, )WhereO<E<<1;)\>0andO<a§1

Let’s posing L(u(x,t)) and Ru (z;t) = 6 SS;? ) + A

= L (u(z,t)) = L, (u(z,t)) where L(u(x,t)) = Ru( ;1)
By L~ to the equation (P,), we obtain: u(x, t) —u(x,0) = L~ Ru(x,t)

Ou(z,t)
Ox

o~ (z t)

Finding the solution in the form of: w(z,t) Zs U (x, 1) (2.1)
n=0
+0o too
Which equals: Za”un(x, t) = u(z,0)+ Zs”[aR (un(z,t))
n=0 n=0

0% (1) 8un(x,t)>

or Zs”un z,t) = u(z,0) —I—ZE"I ( 8x2’ + A pe

We successwely obtain the followmg equatlons

e wug(x,t) = u(x,0) + N, W
0%up(z,t) Ouy(x,t)
1. _ ’ 9
et wu(z,t) =1, 2 907 + A pe
0%uq(x,t) Oug(z,1)
2. _
et ug(w,t) =1, ( 92 + A D
,
e un(ant) = I, (8 uné;Q(x,t) N )\au%(;,t)) > 1

This leads us to solve the following equations:

0%ug(z,t) Oug(z, 1)
20 { =A

uo(z, 8) = sin(wx)

« 2
r { 0%uy(x,t)  O%ug(w,t) +)\8u1(:1c7t)

ot - 02 ox
uy(z,0) =0
0%ug(x,t)  0%uy(x,t) n A@uz(:z:,t)
52 . ata - 83}'2 ax (22)
uz(x,0) =0

10



O%Up(x,t)  OPup—1(x,t) Oup(,t)
em - B = 5 + A O n >0
Up(2,0) =0;n >0

Let’s solve the system & :

aauo(xat) _ )\aUO(l'vt)
ot B Jx

with ug(z,0) = sin(wz)

In Caputo’s sense, the solution to this equation is in the form:
1
uo (z;t) — up(z,0) = (—
U

a )/ (t — 1)L f (1, uo(z, 7))dr
As f(r,up(z, 7)) = O(; 7) ,2then,

We have : ug(z,t) Zuo,c x,t)

Uoo (x, t) = ug (z;0) = sin(wz)

Thus : A t Oug, (z, T
u0n+1 (l',t) = m/o (t —T)O‘_l%ch y n Z 0
we obtain after calculation :
. (Awt®)??
ug,, (z;t) = sin(wz) (—1)P m;p >0
(Awta)2p+1
Ug,, , (T3t) = cos(wz)(—1)P ip>0

T((2p+1)a+1)

—+o0
We have: up(z,t) = Z uo,, (2, 1) ZUO% (z,t) + E:UO%+1 (z,t)
k=0

The solution to this equation is:

+00 +00
iy Quwt)* Quot?)*7)
ug(x,t) = s1n((,u:t:)]§:%(—1)’C m—kcoa(wx)g(—l)k T((2k + D+ 1)

Let’s solve the system ¢! :
o ¢ 9? t
We have: ult(f’ ) = uog’ ) + A , with uy(2,0) =0

In Caputo’s sense, the solution to this equation is in the form:

w (1) = un(2,0) + = / (£ — 1) f(run (2, 7))dr

Ouy (x,t)

I'(a) Jo
As f(r,ui(7)) = o Ug(z .7) + )\auoéjT) ,2then,
up (a3t) = 1)/Ot(t = T)a—l(aQ“gif’ ™) Aaula(i” D)

NG
—+oo

t) = Zulk(ac7 t)
k=0

11



Uy, (z51) = uq (2;0) =0

Thus: 1 ¢ Pug (z, T ous, (x, 7
uy,, (z3t) = F(oz)/o (t—7) Y (gx(z ) + A 18(96 ))dT

Using the values of up, obtained in £2,we obtain after calculation:

(Awta)Qk_l
I'(2ka +1)

Ulgpqr (.’E;t) = _(_1)k(2k + 1) T

uy,, (z3t) = (=1)F2k (w?t) cos(wz); k>0
()\wta)Qk

(2k+1Da+1)

(—w?t®) sin(wx); k > 0

+o00o +o0
We have:  wuj(z,t) = Zulzk (z,t) + Zul%ﬂ (z,t)
k=0 k=0

The solution to this equation is:

+00 -
- - ()\wta)2k 1
up (z,t) = (W2t )cos(wx)kzzo(—l)ka m
e aon By e
—(w?t )sm(wx)Z(—l) (2k +1) T((2k + Da+ 1)

k=0

Let’s solve the system &2 :

o t o t 0 t
We have: u;t(j’ ) _ ugif’ ) + A u%(j? ), with ug(z,0) =0
Using the same approach of resolution as in € and e'and using the values

of uy, obtained in !, we obtain after calculation:

()\wta)Zk—2 .
F(@Ra+ 1) ="

Wt 2k—1
Uy, (T,1) = —%(—1)k(2k + 1)(2k) (w*2%) cos(w) I‘(((Q)\k i i)oz Y k>0

Us,, (x,1) = —%(—1)k2k‘(2/€ — 1) (w*t?*) sin(wz)

+o0o +oo
We have: wus(x,t) = Zug% (z,t) + Zuz%ﬂ (z,t)
k=0 k=0

The solution to this equation is:

N PACYOES - (ot
us(z,t) = —§(w ) sm(wx);(—l)@k(?k - 1)W
) X 400 ()\wta)Qk—l
g eoslom) 3ok + DR F

Let’s solve the system ¢3 :

12



0%us(z,1t) 0?us(z,t) Oug(z,t) .
We have: e = 2 +A Era with ug(z,0) =0

Using the same approach of resolution as in € and e'and using the values
of uy, obtained in €2, we obtain after calculation:

()\w toz)2k73
MO P)T s
r2ka+1) " =0
()\w toz)2k‘72
T((2k + Da + 1)

Us,, (x,1) = f(—l)k%Qk(Qk —1)(2k — 2)(w3%) cos(w)

sy, (2, ) = (_1)’6%(% +1)(2k) (26 — 1)(w53) sin(ws) >0

+oo +oo

We have : wug(z,t) = Zu;;% (z,t) + 2“32k+1(m7t)
k=0 k=0

The solution to this equation is:

—+oo

ug(x,t) = —é(w%a)i’) cos(w:c)kz:o(—nkzk(gk —1)(2k — 2)
+l(w2ta)3 sin(wm)f(_nk@k +1)(2k)(2k — 1)
3! .
=0
Let’s solve the system ¢* :

()\UJ ta)2k73
I'(2ka+1)
()\w ta)2k72
T((2k + Da+1)

80éu4(m7 t) a2“3 (333 t) Ouy (SC, t) :
We have: e = 5.2 +A o with uy(z,0) =0

Using the same approach of resolution as in € and e'and using the values
of uz, obtained in €2, we obtain after calculation:

a\2k—4
D) s
[(2ka +1)" " =
()\wtoz)2k73

Uy, (x,1) = (—1)’“%%}(2]@ —1)(2k — 2)(2k — 3)(wBt**) sin(wx)

1 4o -
Uty (T,) = (—1)k1(2k +1)(2k)(2k — 1)(2k — 2)(wBt )cos(wx)r((zk Fat 1)

—+oo —+oo
We have: ug(x,t) = Zm% (z,t) + Zu;bk“ (z,t)
k=0 k=0

The solution of this equation is:

W24 foo wt)2k—4
% sin(wz) 3 (~1)¥2k(2k — 1)(2k — 2)(2k 3)%
k=0
(tho‘)4 ‘ too ()\wta)2k73
i cos(wx)kzzo(—l)k(2k+1)(2k)(2k—1)(2k—2)F((zk et T
From close to close, we obtain:

ug(z,t) =

13
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too (Awte)2k

uo(z,t) = sin(wx)Z(—l)k

k=0 m
+o00 ()\wta)Qk—i-l
+ COS(OJ-%')kZZO(_l)k F((Qk + 1)a —+ 1)
1) = (w2t = 1)*2k (ot
uy (1) = (w )cos(wx);(— ) T(2ka+1)
+oo
N ()\wta)2k
~@he)sin(en) ) (DR D) Fr )
w2 a2 +00 w 1% 2k—2
ug(x,t) = ( Qt! ) sin(wx);(_l)mk@k_ 1)(1?\(2];0{)_1_1)
L2402 +00 w 1% 2k—1
—% cos(wx)k;(—1)’€(2’C + 1)(%)F(8k +t 1))a +1)
2oy Too w $)2k=3
us(e,t) =~ cos(wz) ) (~1)"2k(2k — 1)(2k — ) e 1)
(tha 3 +oo ()\w toz)2k72
3 s1n(wa:)kz::1(*1)k(2k +1)(2k)(2k — 1)F((2k +Da+1)
w2 aa +o0 Wt 2k—4
wa(at) = ¢ L ) bin(wx)kzﬁ(—l)ka(Qk — 1)(2k = 2)(2k — 3)%
(w2ta 4 +oo . ()\wta)Qk—S
+ 1 cos(wx);(—l) (2k +1)(2k)(2k — 1)(2k — 2)1"((2k +Da+1)
Let’s posing:
pn(@,t) =Y etui(e,t) (24)
k=0
with
u(x’t): lim (pn(ZE,t)

n—-+o0o

The solution of this equation (Ps) is:

u(z,t) = Qug(z,t) + eluy (z,t) + ug(w, t) + 3uz(x,t) + ctug(z, t) + ...

Which allows us to get by reducing the smallest value from k to 0, we obtain:

14



+oo ()\wto‘)% +00 / (Awta)2k+l

u(z,t) = [sin(wm)kzzo(—l)k T (2o +1) +cos(w$)kz:0(—1)k T(2k + Do+ 1)]+
+00 ]
- (/\wta)2k+1
(mewttt)leos(ion) ) (120 + 1) Fro07 507,
) +oo . . o . ()\wta)Qk
Sm(w“’)kgo(‘ VD g Dar )t
(—ew?t®)? . oo (Awt)2k
)Y (D20 + D@0 ) gy
400 i ()\wta)2k+1
cos(wz))_ (DR + D) + D+ 1) o e
(—ew?t®)3 +oo (Awt®)2k+1
o leoslwn) 3 (1)2(k +2) 20k +2) = DRk +2) = Aga g gyt
. = (Awt®)?F
sm(wz)’;)(*l) 2(k+1)+1)(2(k+1))(2(k+ 1) 71)F((2(k+1)+1)a+1)]+
(et ) S (1R 20k 4 2)(2(k 4 2) — 1)(2(k 4 2) — 2)(20k + 2) — 3)— QD
1 [Sln(wx);(*) (k+2)(2(k+2) - 1)(2(k+2) —2)(2(k +2) - )F(2(k+2)a+1)+
(oS 1k2k_2 D)(2(k +2)(2(k +2) — 1)(2(k +2) — 2 Quot) 2
coson) (¥ (2(h-+2) + D205+ 2)(205-+2) = D206+~ s 1 ey

Which still gives:
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L +o0 Oawste)2k = o (Qwt)At
u(z,t) = [sm(wa:)kzzo(—l)k m + cos(wx)kz:;)(_l)k T((2k + Do + 1)]+
2ta . +o0 . i ok . (/\wta)Qk

(—ew >[sm<wx>kzzo<— D) o Da D)

+oo ’

(Awta)2k+1

COS(ww)kZ:O(—l)k(% ) k120t D)
(—8&)275@)2 ) too ()\Wta)gk
g i) 3D @k DRk D e

“+o0

(Awt®)2k+1
cos(wz) ) (~DN2k + 32k + 2) pro g
ew2t)3 = wt®)*

(E?ﬂt)[sm(wm)kz_o(_l)k(% + 3)(2k + 2)(2k + 1)F((2](€)‘+t3)L ) +

“+o00

()\wta)QkJrl
cos(wz)kzzo(q)k(% @k +3) 2R+ ) T
(7€w2to¢)4 ) too ()‘Wta)2k
T[SIH(M);JH)k(Qk 2k +3)(2k + 2) 2k + D g s
cos( )io(—n'f(zk £ 5)(2k + 4)(2k + 3)(2k + 2) T
s(wz 2 L(2k+5)a+1)"

In the end, we obtain:
+oo Iy +o0 a2k
B (—ew?t)P . A (Awt®)?
w(z,t) = E T[sm(wx) E (—1) Agk"‘pF((Qk—i—p)a—l—l)

p=0 k=0
“+oo
)\wta)Qk-‘rl
3 —1)kAP ( 2.
+C05(wx)k§%( ) 2k+p+1 F((Qk +p + 1)a + 1)] ( 5)
where A7, avec m > r is the arrangement of r in m
Note: For a = 1, we have:
+00 too
o Awt )2k (Awt)2k
-1 kAP ( — -1 k —
kzzo( Aok Tk + pya 1) kzzo( = st
+o0 a)2k+1 too 2k+1
C\E 4P (Awt®) Nk Awt)
D M@ a2 @R O
X (—ew?t)P
= u(x,t) = [sin(wz) cos(Awt) + cos(wz) sin()\wt)]zi'
p!
p=0

u(z,t) = sin(wz 4+ Awt)e ="t
Thus, this solution is the same as that obtaill’by Y. Minougou in his thesis
[13] where he used the Adomian method with o = 1.
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3.3 Conclusion

The resolution of fractional equations by the Perturbation method regular is
very tedious because it requires much more vigilance in calculations. The use of
the Mittag-Leffler function is essential. In the event that o = 1, the solutions
become simpler because they appeal to the exponential function. In short, the
method, although tedious, is very effective because it provides solutions to most
linear partial differential equations. However, it requires mastery of the basic
notions of numerical series. In addition, we have in perspective to apply it to
the nonlinear equations.
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