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Exact solutions of the linear fractional diffusion and

diffusion-convection equations via the Regular
Perturbation Method (RPM)

Abstract
In this paper, we implement Regular Perturbatio@lethod (RPM) for the Solving frac-
tional diffusion and diffusion-convection equations, in order to determine the exact analytical
solutions of some linear fractional diffusion and linear fractional diffusion-convection equa-

tions.
Keywords : Linear fractional diferential equation, Regular Perturbation Method, Mittag-

Leffler, Caputo fractional derivative.

1 Introductim@

Today, the notion of fractional calculus is essential in the resolution of partial differential equa-
tions. Indeed, several researchers have applied it to several methods such as the method of
Adomian, the Homotopy Perturbation method (HPM), etc. However its application remains
partial and fragmented. In this document, we will attempt to apply it using the Regular Pertur-
bations method for solving linear fractional diffusion and linear fractional diffusion-convection
equations.

Let be the following fractional equation (P):

0%u (z,t) .
P! o - fGu@n)<asl

(z;t) € Q=R x [0, +o0c and u (z,t) € L*(Q)
where ¢ is any function dependent only on z, and f. is a continuous function. f. can be
the right-hand member of a fractional diffusion- convection equation for example, and ¢ the

perturbation coefficient.
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2 Preliminaries

In this part, we will recall some very important notions that come into play imperatively in
fractional calculus. These are the notions of gamma functions, Beta and Mitag Leffler function

as well as some notions of convergence and of solution uniqueness.

2.1 Gamma, Beta and Mittag LefHer functions
2.1.1 Definition 1

The Gamma function is a function on |0;1[, defined by the following integral:

+oo
I'(s) = / e "t*"ldt; s € C et Re(s) > 0.
0

Thus : T'(1) = 1.

I'(s) is a monotonous and strictly decreasing function for 0 < s < 1.

2.1.2 Property 1:

o¥s > 0, T(s + 1) = sT(s); r(%) -
ovneN, I'(n+1)=nl; 0l = 1.

2.1.3 Definition 2:
The Beta function is the function defined by:
1
Blu,v) = / (1—z)" 12" 1dz
0
where Re(u) > 0 et Re(v) > 0.

2.1.4 Property 2:

Vu e C; Yo eC ou Re(u) >0 et Re(v) >0,
Thus:

2.1.5 Definition 3

For s € C, the Mittag-Leffler function denoted E,(s) is defined by:

+00 sk
Eq(s) = gm

when it depends on a single parameter «.
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2.1.6 Property 3:
Vs € C where Re(s) > 0, we have:

Ey(s) = e®, Ey(s) = ch(y/s), where ch denotes the hyberbolic cosine.
2.1.7 Definition 4

Let considere f € L*([0,T]),T > 0. The Riemann-Liouville fractional integral of the function f
of order a € C, (Re(a) > 0) noted I, is defined by:

Iof(z,t) = I‘(la)/o (t—7)*" f(x,7)dr

t>0;zeR.

2.1.8 Definition 5

Let considere f € L([0,T]),T > 0 a integrable function on [0, T]. The fractional derivative in the
sens of Riemann-Liouville of the function f of order a € C, (Re(a) > 0) noted D, f is defined
by:

1 d

Do f(z,t) = Ti—a)d

t
/ (t—71)""f(z,7)dT;t > 0;2 € R.
0

2.2 Concept of convergence and uniqueness of the solution of the prob-
lem (P)

Let’s consider the problem (P) defined by:

- 5”‘%(:70 — f(tu(zt)  0<a<lo<a<l
u(z,0) = g(x)

with its solution in the form:

+oo
u(x;t) = anun(m, t)
n=0

,where g(x) € C(Q2). we obtain:

+o0 . +00 B 0 1 t ot +00 . ]
’26 Un(x,t) *;5 Un(xa )+F(Oé)\/0 (tf'r) f(T,;S ’u,n(([,'r)) T

As f is linear, we obtain:
too ()\wta)Qk-i-l

cos(wx);)(—l)’“(?k +0)2k+ )2k +3) 2k + ) i S e
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+o00 +oo 1 +o0 t .
nz::os Up(x,t) = nz::os Un (x,0) + m;g /0 (t=7)* f(7,un(z,7))dr.

2.2.1 Proposition 1

Let’s suppose (P) is a linear diffusion equation, where u(z,t) € C?(£2)
and f is linear in u, with Q =R x [0;¢] and 0 < 7 <t < T < 4o0.

2
If 3M = sup %9:2’7) and m = sup |u(z, 0)| such as: Va,7 € Q,
z,7EN Ox z€EQ
u(z, 1) (= .
————| < M, then the series Zs”un (z,t) | is absolutely convergent.
9z? n=0

2.2.2 Proof1
We obtain progressively :

0

e’ uo(z, g(@)| <m
2 [e%
. _ uo(z, T <(um T
e fu(z,t < BE) )‘ = ( T(a+1)
0%y, 1z, T T
n n(z,t)] = < (M >1
5 |u x, < 2 )‘—( F(a+1)> "=
+0oo T«
We have: ;Enun z, t) S m+ ;6 < 1—‘(0["’_]-)>

<m+ (3 aH)zs — (g s )( 1+zs>

400 o
1
= " t)| < M——(-1+—],Db 0< 1
7;)5 U (x, 1) _m+( F(a+1))< —1—1_5), ecause ek
+oo
As a result, the series (Zanun(x, t)) is absolutely convergent, therefore convergente.
n=0

2.2.3 Proposition 2

82

Let’s suppose (P) a linear diffusion-convection equation, where u(z,t) € C(Q) and f = —— +
2
8 82
“ € C?(Q), with Q = Rx [0;t) and 0 < 7 <t < T < +o0. If 3 M = sup M,
Now erea| 022
2
N = sup u(, ) and m = sup |u(z,0)| such as: Vz,7 € Q, Oulz,m) <M, u(, ) <N
z,TEN Oz zEQ Ox? oz
+oo
and |u(z,0)| < m, then the series (Zs"un (x, t)) is absolutely convergent.
n=0
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2.2.4 Proof 2

We obtain progressively:

1 [ )
€0 Juo(x,t)| = lulx,0)| + ’F(a)/o (t =)ot A% dT‘
1 K 0?ug(z,T) Ouy (z,T)
! O == [ t—7)>""! ’ A — | d
(ot = [ [ -t (PG a2 or
I 0?uy_1(z,7) Oup(z,7)
" T, t)| = =—— t— 7)1 ) ) ZUn T, dr| on>1
e"  up(z,t)] ‘F(a)/o( T) ( 92 + g ) T, n >
g% Jug(x,t)| <m+ )\NL
= T(a+1)
! M + AN ™
t)| < —_—
e s (0 )
TOL
" < ((M N)/—/— >1
o funl )] < (1 4 AN s ) 2
+o00 +oo T
have: " < (M N)/—/——
We have 7;5 Un (2, 1) _m+7;)6 (( +A )I‘(a—i—l))
T\ X
< M+ AN)=—— n
—””(( * )r(aﬂ))nz_;f
Ta
400 <(M + /\N)>
r 1
ZE"un(x,t) <m+ T s(a +1) , because 0 < e < 1
n=0
+oo
As a result, the series (Zs"un(x, t)) is absolutely convergent, therefore convergent.
n=0

2.2.5 Proposition 3

The equation (P;) and (FP») each admit a unique solution which is written in the form:
u(z,t) = u(x,0)+ I, (f(1,u(x,7))), where I, (f) denotes the fractional integral of f defined
by:

L (f(r,ulz, 7)) = =

F(Oz)/o (t — 1) f (1, uo(z, 7))dT

2.2.6 Proof 3

Now let’s show the uniqueness of the solution.
Let’s suppose there are two distinct solutions u(z,t) and v(z,t) such that:
there is w(x,t) = u(z,t) —v(x,t) #0

Considering the following algorithms of v and v :
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uo(x,t) = u(z,0) + F(loz)/o (t— 1) f (1, u0(x, 7))dT
@) = s [ (=) e r)ar

up(z,t) = I‘(la)/o (t— 1) L f (7, up(z,7))dr

and
w(at) = o(@.0) + s [ (=) ()i
w(et) = o [ =D (e )
vp(z,t) = F(la)/o (t — 1)L f (7,00 (2, 7))dT

We have:

wo(z,t) = w(z,0) + F(la)/o (t— 1)L f(1,wo(z,7))dT =0

w(z,t) = ﬁ / (t — 1)L f(rwn (2, 7))dr = 0

! t o=l f(r wy(z,7))dr =
[ =T )i = 0

wy(x,t) =

Because from the conditions to the limits, it happens that

w(z,0) = g(z) = v(z,0) = w(z,0) =0

In addition, f(7,wo(x, 7)) is a linear function of w(z,0)

Where from wg(z,0) = 0 = f(r,wo(z, 7)) = 0 = wo(z,t) = 0;absurd.
Similary, f (7, wy, (z, 7)) is a linear function of g(x),n > 1

It follows that wy(z,t) = 0 = up(z,t) — vp(z,t), Vo > 0.

Thus u(z,t) = v(x,t) hence the uniqueness of the solution.

3 APPLICATIONS

3.1 Fractional diffusion linear equation

Let’s considere the following fonctional equation to fractional order :
Lu= f+ Ru+ Nu and let (P;) be the problem to be studied defined by:

0%u (z,t) 0u(z,t) ) _
(Pl){ =¢ ;0<a<l;

ot 02

u(z,0) = sinwzx
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(w5t) € Q=R x [0, +o0[ et u (x,t) € L*(Q)
Let’s find the solution of (P;) in the form of:

u(z,t) = fe"un(x,t), where 0 < e < 1
n=0
) Lu(a 1)) = 280
ot
" Ru(z;t) = EM
T Ox?
L(u(z,t)) = Ru (z;t)
with

L™ (u(z, 1) = Lo (u(z, 1))

By applying L™! in equation (Py), we obtain:

u(z,t) — u(z,0) = L™ Ru(x,t)
which is equivalent to:

wn (1) = u(z,0) + I, (W)

:,Ze n(2,) = u(z,0) +ZI (M)

2

The following equations are obtained successively by identification of powers of e:

e wug(z,t) = u(x,0) = g(x) = sinwz
0ug(w,t)
51 : Ul(l’,t) = Ia <8§c2>

This leads us to solve the following equations:
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0%ug(x,t) 0
g ote B
uo(x,0) = sin(wx)
0%ui(z,t)  Oug(x,t)
el: ot - Oa?

ui(x,0) =0 (1.2)

0%un(x,t) 0%y _1(,t)
en: ot B 022
tun(2,0) =0,n >1

,Vn >1

Let’s solve the system & :
o t
% = 0 with ug(x,0) = sin(wx)

In Caputo’s sense, the solution to this equation is in the form:

1 [t .

m/0 (t — 1)L (o (w, 7)) dr
As f(1,uo(7)) = 0,then,

ug (x;t) = ug (z;0)

where from ug (z;t) = ug (x;0) = sin(wx)

uo (z5t) — up(z,0) =

The solution to this equation is:

uo(x,t) = sin(wz)

Let’s solve the system ¢! :

0%uyr(z,t)  DPug(x, 1) B
oo~ opz @0 =0
In Caputo’s sense, the solution to this equation is in the form:
1 t
up (x5t) —uq (2;0) = —/ (t —7) L f(r,ui(z, 7))dr
o2 I(a) Jo
As f(r,ui (7)) = %,

—w?sin(wz) [*
= uy (z;t) = 7/ (t—7)* tdr
I'(a) 0
Let’s posing 7 = tz, d7 = tdz; When 7 — t,alors z — 1

2 1
We obtain: u; (z;t) = M/ (t —tz)* tdz
0

2 o F(Oé>1
= uy (x;t) = Wto‘/o (1—z)2"1171dz
oy (23 t) = —w? sin(w) 4o
A T (a+1)
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The solution to this equation is:

uy (z;t) = sin(wx)lm

Let’s solve the system &2 :

0%uso(x,t 0%uy (z,t
2((1 ) = 81(2 ) avec ug(z,0) =0
2
Using the same approach of resolution as in € and €', we obtain as solution of the system

2.

€
. L (_w2to¢)2
ug (x;t) = bln(wx)m
In summary, we have:
uo(z,t) = sin(wx) ,
up(z,t) = sin(wx)r((_l:frl)
. —w?t?)
ug(x,t) = bln(wz)m (1.3)
up(z,t) = Sin(wx)m

By posing,

oz, t) =Y Fup(x,t); (1.4)
k=0

The solution of this equation (Py) is:

u(z,t) = lim (z,t) = sin(wz) lim iﬂ = sin(o.):r)giOM
T S e Pl t) = n—tool— D(ka+1) P I(ka+1)
We thus obtain: u((z,t) = sin(wx) By (—ew?t®) (1.5)

Note: When a = 1, ,the solution of system is:u(z,t) = sin(wz)e=’t

3.2 Fractional diffusion-convection linear equation

Let (P») be the problem to be studied defined by:
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ot 0x? or
u (2;0) = sin (wz)

0%u (z,1) 0?u (z,1) Ou (x,t)
(Py) : { =€ +A

(1) € Q=R x [0, +00[ et u(z,t) € L*(Q)

oulll<e<<hA>0et0<a<l1

€T 2u x u\x
Let’s posing L(u(x,t)) = 87(0"t) et Ru(z;t) = 88 8;27t) +)\3 éx,t)
= L™ (u(x,t)) = In(u(x,t)) where L(u(z,t)) = Ru (x;t)

By L~! to the equation (P), we obtain: u(x,t) —

x,t) = Zs”un(x,t)
n=0

Finding the solution in the form of:

u(z,0) = L~ Ru(z,t)

—+oo +oo
Which equals: anun(ac7 t) = u(z,0) + ZE"IQR (un(x,t))
n=0 n=0
or Ze”un z,t) = u(zr,0) + Zs”[ ( & u" z,t) +/\8u%(;3,t)>
We successwely obtain the followmg equatlons
el wg(x,t) = u(x,0) + A, %
0?ug(z,t) Ouy(z,1)
el wuy(z,t) =1, < 5 T A B
5‘2u1(z t) 8UQ($ t)
2. t) =1, ! A !
c ua(2, 1) ( Ox? Oz >
" 0y _1(x,t) Oup (z,t)
e up(z,t) =1, ( 92 + A % in>1

This leads us to solve the following equations:
0%ug(z,t) Oug(z,t)
0 =A
e’

ot ox

uo(z,0) = sin(wz)

ot 02 oz

B { 0%uy(x,t)  0%up(x,t) +)\8u1(m,t)

ui(z,0) =0

0?uy (,t) Oug(z, 1)

8au2($7t) _ ’
52:{ g oz T as

us(z,0) =0

(2.2)

;m >0

ot~
tn(x,0) = 0;n >0

Let’s solve the system &° :

un(x,t)  9up_ (1) L\ Dunla1)
en - 0z2 ox

0%uo(z,t) N Oug(z,t)
ote B Ox

avec ug(z,0) = sin(wz)

In Caputo’s sense, the solution to this equation is in the form:

10
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o (a5t) = wo(.0) = s / (t — 1) £, o, 7))dr
As f(r,uo(z, 7)) 73710{;5,7)

o (a18) = uo(@,0) + s [ (0= )2 T gy

A ,then,

We have : ug(z,t) Zuok x,t)

Thus : _1
uo, ., (t) = —— (t —7)%

we obtain after calculation :

(Awt®)?P s
I'(2pa+1) b=
(Awt)2p+L

T((2p+ Da+1)

U, (x;t) = sin(wz) (—1)?

U02p 41 ((,C; t) = cos(wx)(—l)p ip=>0

+oo
We have:ug(z,t) = Z uo,, (2,1) Zuozk x,t) —|—Zu02k+1 (z,t)
k=0

The solution to this equation is:
too ()\wta)% too ()\wta)2k+1

g _1\k _1\k
ug(z,t) = sm(wx)];)( 1) T2k +1) + Cos(wx)kzzo( 1) T2kt Datl)
Let’s solve the system ¢! :

le" 2
We have: 9 Qgt(j’t) _ 2 ugif’t) + A , with uy(z,0) =0

In Caputo’s sense, the solution to this equation is in the form:

uy (z;t) = uy(2,0) + ﬁ/o (t —7) (7, uy(z,7))dr
Oug(x, T)

ug(x,7)

Ouy (z,1)
ox

As f(r,ui(r)) = 92 + A o

+oo
t) = ka (z,t)
k=0

uy, (25t) = uy (2;0) =0
Thus: 1 ¢ Oug (z, 7T Ouy, (z, 7
uy,,, (z;t) = F(a)/o (t— 1) 1( ‘gxg ) +A 1"8; ))dT

Using the values of ug, obtained in 2 ,we obtain after calculation:

,then,

(Awta)Qk‘fl
I'2ka+1)

Ulggqa (l‘;t) = _(_1)k(2k + 1)

Uy, (z3t) = (—1)"2k (W?t*) cos(wm); k>0
()\Wta)zk

D((2k + Da+1) (—w?t?) sin(wz);k = 0

11
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81

52

“+o0 +oo
We have:  wuy(z,t) = Zul% (x,t) + Z:ulzk+1 (z,t)
k=0

— k=0
The solution to this equation is:

- - +o0 ()\wta)2k—l
up(z,t) = (W2t )cos(wx)é(—l)@k; m
“+oo
L ()\wta)Qk
—(w?t )SIH(W$)Z(_1)k(2k +1) T((2k +1Da+1)

k=0

Let’s solve the system &2 :
« t 2 t t
We have:2 “2(;”’ ) _ 9 “1(3’ ) 23992 b (2, 0) = 0

Using the same approach of resolution as in €” and e'and using the values of u;, obtained in

, we obtain after calculation:

()\wtoz)Qka .
M@t =0
()\wtoz)Zkfl
T((2k + Da+ 1)

Ug,, (T, 1) = f%(—l)k2k(2k — 1) (w*t?*) sin(wz)

U2y (T,1) = —%(—1)k(2k + 1)(2k) (w*t?) cos(wx) k>0

+oo +oo
We have: ug(z,t) = ZuQM (z,t) + Z“sz+1 (z,t)
k=0 k=0

The solution to this equation is:

(z,t) = _1( 2402 in( )Jf(_l)kgk(% _ 1)M

up(z,t) = =5 (w sin(wx 2 (ko T 1)

1, 5o = (Awt)?h—1

—— « —1)%(2 1)(2

2(wt ) cos(wx);( )*(2k + 1)( k>F((2k+1)a+1)
Let’s solve the system <3 :

e} 2
We hauve:8 us(@,t) _ 97ua(2,1) + )\8U3(!L‘,t)’ with ug(z,0) =0

Lo N 22
Using the same approach of resolution as in €° and e'and using the values of uy, obtained in

, we obtain after calculation:

(Aw t)2k=3
[(2ka + 1)
(Aw t)2k=2 >0
(2k+1)a+1)" —

k>0

Us,, (x,t) = —(—1)’“%2]@(2]@ —1)(2k — 2)(w3%) cos(w)

1 .
s (2,6) = (1) (2K + 1) (2R) 2k — 1)(wF) sin(uor)
+oo +oo
We have : wug(z,t) = Zug% (z,t) + Zu32k+1(x,t)
k=0 k=0

12
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The solution to this equation is:

= w % 2k—3
i t) = = () cos(n) Y (—1)*2b(2k = 1)(2% = 2)
' k=0
1 Qta 3 .- too ) . ok D28 (2 . ()\w t(x)Qkf?
g Pt sin(wa)y (=DM 4+ DRk = D T

k=0
Let’s solve the system &% :

le" 2,,.
We have: Oua(w,t) _ 2 us(2, 1) + )\au;;a(m,t)’ with ug(z,0) =0
v

a 2

Using the same approach of resolution as in ” and e'and using the values of u3, obtained in

€”, we obtain after calculation:

1) = (1% 22k (2% — 1)(2k — 2)(2%k — 3)(wSt1) si Qi)™ 0 o
Ugy, (2,1) = (—1) 1 (2k — 1)(2k — 2)(2k — 3)(w )Sln(wz)m, >
()\wtoz)Zka

Uiy, () = (_1)’6%(% F1)(2K) (2% — 1)(2k — 2)(w™t1) cos(wz) k>0

T((2k+ Da+1)

+oo “+oo
We have: ug(z,t) = ZU4% (z,t) + Z’LL42k+1 (z,t)
k=0 k=0
The solution of this equation is:
) = G )Jf(—l)k%(% )2k — 22k — 3) LT
BT T(2ka + 1)
(w2t°‘)4 too . (/\wta)%—:i
—_— —1)%(2 1)(2k)(2k — 1)(2k — 2
0 COS(W«")I;)( )" (2k + 1)(2k) (2K — 1)(2k )F((%Jrl)aJrl)

From close to close, we obtain:

13
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wo(w,t) = sin(wx)g(—l)’“ %
+C°S(W):Z_:O:(_1>k r(((;kwfijit )
—(@t) Sin(W$):Z:(—1)k(2k 1) r((2(/:it:))ik+ 1)
wn( 1) = (c«»zt!”‘)2 Sm(wx)i(l)’“?k(?k - 1)(?;”2,;5:)_2!61)2
S et 3 s D G
ws( 1) = _(w%s Cos(wx)g(—l)k%(% —1)2k - 2)%
+@ sin(wx):Zj(—l)’“(% +1)(2k)(2k - Ur(((;kwf?)jjl)
ot = Sinwx)i(—nm(% | e
+% cos(wx):Z:(—l)’“(% +1)(2k)(2k — 1)(2k — 2)r(((2Akwfisz_j 1)

Let’s posing:

on(x,t) = nguk’(xa t)

k=0

with

The solution of this equation (Ps) is:

u(z,t) = Pug(x,t) + e'ug (x,t) + e2ug(x,t) + 3us(x, t) + tug(z,t) + ...

Which allows us to get by reducing the smallest value from k to 0, we obtain:

14
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u(zx,t)

+o0 oo
. (wt)2k (Awt®)2EH
biner) (" pgga ) DL Er e
- +oo . ()\wta)2k+1
(—ew?t )[cos(wx)kzzo(—l) 2(k+1) T2k + Da+ 1)
i) S (— 1) (2h 4 1) =9
Sm(““")g(‘ VR Skt Dar )
etk ot
g e D2k + DO+ ) D gp eyt
+oo i
(Awta)2k+1
cos(we) ) (=DM + 1) + D+ Do Ty e )
—ew?t®)3 too wt)2h+l
( %) [cos(wx)Z(—l)k2(k +2)2(k+2) - 1)(2(k+2) - 2)F(2((2 _i 2))04 +1) +

]+

3!
. oo i = (Awt®)?
sm(w:zc)’;)(—l) @2kE+1)+1)2Fk+1)2(Fk+1) - 1)I‘((2(k T+ Da+t 1)]+

(—€w2ta)4 +o0 ()\wta)Qk

[sin(wa)Y_(~1)"2(k +2)(2(k +2) — D)(2(k+2) - 2) 2k +2) - 3)5

4!
+00 i k=0 (Awta)2k+1
cos(ur) ) (=DM (2(k +2) + D@k + )20k +2) = Dk +2) = Dan o)

Which still gives:

15
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+oo ()\wt(x)Qk +oo ()\wta)Qk:—&-l

u(z,t) = [Sin(ww)kzzo(—l)k T2kat1) COS(wx)/;O(_l)k T((2k + Do+ 1)]7L
yoo 28
(mewtte)lin(w) )_(-1) 2k +1) F((Q(ljitl))oz N
COSW):Z:(—”‘“(?’“ *2) r((%wf;jit ol
(—so;?t“)z [sm(wx):i:(nk(% + 2@+ D Q(Ijit;)ik ey
st Y12k 2k 4 DT
(‘5“;th)3 [sin(wx):Zj(—l)k(Qk +3)(2h+2)(2k+ 1) F((Q,?fgi: 3
COS(Wx):Zj(_l)k(% +4)(2k + 3)(2k + 2) P((ézwfi)jj 5
(‘5‘“;?’5&)4 [sin(wx):Z:(—l)k(Qk +4)(2k + 3)(2k + 2)(2k + 1) r((z(ijit:))i: )
cos(wg;):Z:(—l)’f(% +5)(2k -+ 4)(2k +3)(2h + 2 ((;kwfgjit TR
In the end, we obtain:
1) = i’o Y )3V My e
COS(wx)g(l)mgkﬂH F((zliiiu;alzi; + 1)]

where A, avec m > r is the arrangement of 7 in m

Note: For a =1, we have:

+o0 oo
P (Awt®)2k B Owt)2t
I;J(—l)kAgwp L((2k +p)a+1) kZ:O(—l)k R cos(Awt)
et
+oo .
P (wt®)2k+1 - Gt
Z(*l)kAzk—H&l N((2k+p+1Da+1) - kg(*l)km = sin(Awt)

k=0
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+
0 w2 »
u(z,t) = [sin(wz) cos(Awt) 4 cos(wx) sin(Awt)] E (gplt)
p=0 ’

u(z,t) = sin(wz + )\wt)e_&ﬂt.

3.3 Conclusion

The resolution of fractional equations by the Perturbation method regular is very tedious because

it requires much more vigilance in calculations. The use of the Mittag-Leffler function is essential.

In the event that a = 1, the solutions become simpler because they appeal to the exponential

function.
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