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ABSTRACT 10 
 11 
In this study, a non-linear system of ordinary differential equation model that describes the dynamics of 
malaria disease transmission is formulated and analyzed. Conditions are derived from the existence of 
disease-free and endemic equilibria. The basic reproduction number ܴ଴ of the model is obtained, and we 
investigated that it is the threshold parameter between the extinction and persistence of the disease.If 	ܴ଴ is 
less than unity, then the disease-free equilibrium point is both locally and globally asymptotically stable 
resulting in the disease removing out of the host populations. The disease can persist whenever 	ܴ଴ is 
greater than unity and the conditions for the existence of both forward and backward bifurcation at		ܴ଴ is 
equal to unity are derived.Sensitivity analysis is also performed and the important parameter that derive the 
disease dynamics is identified. Furthermore, optimal combinations of time dependent control measures are 
incorporated to the model, and we derived the necessary conditions of optimal control using Pontryagins’s 
maximum principal theory. Numerical simulations were conducted using MATLAB to confirm our analytical 
results. Our findings were that, malaria may be controlled by reducing the requirement rate of mosquito 
populations andthe use of a combination of vaccination, insecticide treated net ITN, indoor residual spray 
IRS and active treatment or strategy dcan also help to reduce the number populations with malaria 
symptoms to zero and  the spread of the disease dynamics.   
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1. INTRODUCTION 16 

Malaria is aninfectious parasitic disease and transmitted to the human body through the bites of infected 17 

female Anopheles’ mosquitoes [1]. The burden of malaria disease affects thecommunity socioeconomic in many ways. 18 

Some of these are fertility, population growth, saving and investment, worker productivity, absenteeism, premature 19 

mortality and medical costs [2]. In areas where malaria is highly endemic, young children bears a larger burden in terms of 20 

the disease morbidity and mortality and affects fetal development during early stage of pregnancy in women due to   loss 21 

of immunity.Malaria is still treating a serious challenge to the global world population.According to 2020 World 22 

Health Organization (WHO) report, 241 million cases and 627 thousand deaths from malaria globally and the estimate 23 

number of children under 5 years of age deaths caused by malaria only in Africa is 80% [3]. 24 

 Mathematical modeling has become an important tool in understanding the complex dynamics of disease transmission 25 

and in decision making processes regarding intervention programs for disease control. Concerning malaria disease, Ross 26 



 

(1911) developed the first mathematical model. He focused his study on mosquito control and showed that for the disease 27 

to be eliminated the mosquito population should be brought below a certain threshold [4]. Later the idea of Ross is 28 

extended by Macdonaldto account for super infection [5]. Ngwa, G. A. Shu, W.S., A mathematical model for endemic 29 

malaria with variable human and mosquito population [6].Alemu G. W., Boka K. B., P.R. Koya  derived  and analyzed 30 

deterministic model  for the inclusion of infected immigrants on the spread and dynamics of malaria transmission  [7] 31 

,Other studies are carried out by using optimal control theory.Okosun et al. derived and analyzed a malaria disease 32 

transmission mathematical model that includes treatment and vaccination with waning immunity and applied optimal 33 

control to study theimpact of a possible vaccination with treatment strategies in controlling the spread of malaria 34 

[8],Chernet T. D., and Gemechis F. D., derived  and analyzed ‘Modeling and optimal control analysis of transmission 35 

dynamics of COVID-19’[9],K. O. Okosun and O. D. MakindeModelling the impact of drug resistance in malaria 36 

transmission and its optimal control analysis [10] , E. Bonyah, M.A. Khan,K.O. Okosun, J.F. Gómez-Aguilar present 37 

’’Modeling the effects of heavy alcohol consumption on the transmission dynamics of gonorrhea with  optimal 38 

[11].Khan,M.A.;Ali,K; Bonyah,E; Okosun,K.O.;Islam,S.; Khan,A., formulate Mathematical modeling and stability analysis of 39 

Wilit Disease with optimal control [12],Makinde and Okosun, wereapplied optimal control to study the impact of chemo-40 

therapyon malaria disease with infective immigrants.[13],K.O.Okosun, O.Rachid, and N. Marcus, applied optimal control 41 

strategies and cost-effectiveness analysis of a malaria model [14]. Temesgen D. K, O. D. Makinde & Legesse L.O. 42 

derived and analyzedOptimal Control and Cost Effectiveness Analysis of SIRS Malaria Disease Model with Temperature 43 

Variability [15]. 44 

 45 

In this paper, we study SITS-SI and SIRS-SI   endemic malaria transmission model with standard incidence law that was 46 

presented by [10]. Furthermore, we modified the model [6] by omitting the incubating class from the system and 47 

incorporate four-time dependent control measures and the class infective in treatment individuals. The purpose of this 48 

study is 49 

(i) to investigate the stability for both disease-free equilibrium and endemic equilibrium 50 
(ii) to study the important parameters in the transmission of malaria disease 51 
(iii) to developeffective ways for controlling the malaria disease 52 
(iv) to explore the best strategy in terms of reducing the number of malaria infectious 53 

populations,costminimization and their associated effectiveness 54 

2. Model Description and Formulation 55 
 56 
The populations are subdivided into compartments according to the individual’s disease status. The human populations 57 

are divided in to four sub class namely, Susceptibleܵ௛ ,infected 	ܫ௛ ,	  Infective in treatment	 ௛ܶ , and Recovered ܴ௛	. Similarly, 58 

the mosquito populations are  divided in to  Susceptible ܵ௩	, and Infected  ܫ௩	.The total population sizes at time t, for 59 

humans are denoted and defied by	ܰ௛	(ݐ) = ܵ௛(ݐ) + (ݐ)௛ܫ	 + 	 ௛ܶ(ݐ)+	ܴ௛(ݐ) and  	 ௩ܰ	(ݐ) = ܵ௩(ݐ) +  respectively.Note 60(ݐ)௩ܫ

that,ܵ௛ = ܵ௛(ݐ),ܫ௛ = ,(ݐ)௛ܫ ௛ܶ = ௛ܶ(ݐ),ܴ௛ = ܴ௛(ݐ),ܵ௩ = ܵ௩(ݐ),ܫ௩ = 	ܰ௛		and (ݐ)௩ܫ = 	ܰ௛	(ݐ). 61 

 62 
The recruitment into the susceptible human populations 	ܵ௛ is assumed to be at constant rate Λ௛and corresponds to birth 63 

or immigration. The susceptible human populations either die from natural causes at a rate of 	ߤ௛	 or move to infected 64 

classܫ௛by acquiring malaria through contact with infected mosquitoes  ܫ௩with respective rate of force of  infection 	ߣ௛	 =65 

	௛ߚ߱߶
ூೡ
ே೓

where, ߚ௛ is the rate of probability of human getting infected, ߶		is the mosquito contact rate with human and		߱ is 66 

mosquito biting rate. Infected humans ܫ௛ individuals are also either die from natural causes and   due to disease death  67 

with respective rates 	ߤ௛	  and		ߜ௛	  respectively or move to infective in treatment ௛ܶ compartment and recovered class		ܴ௛ 68 



 

with temporary immunity with respective rates		1)ߛ − ଵ respectively. Infective in treatmentߨߛ ଵ)andߨ ௛ܶ individuals are 69 

individuals with malaria disease that are getting treated under the control. They also either die from natural causes and   70 

dueto disease death with respective rates 		ߤ௛	   and		ߜ௛	  respectively or move to the susceptible class with fraction of 		71  ߝ 

due to the administered drug kills off the parasites. These infected individuals progress to partially immune group 72 

(recovered class), either partiallyimmune group losses immunity and becomes again move to  susceptible class with 73 

respective  rateߠor  die from natural death at a rate ߤ௛	.Susceptible mosquitoes 	ܵ௩are recruited at the rate 	Λ௩ . They either 74 

die due to natural death at a rate of ߤ௩	or move to Infected class ܫ௩by acquiring malaria through contact with both infected 75 

humans  ܫ௛and a partially immune group  humans	ܴ௛  with respective rate of force of  infection 	ߣ௩	 =76 

௩ߚ߱߶	 ቀ
ூ೓ାఙ೓ோ೓

ே೓
ቁwhere, 	ߚ௩ is the Probability of a mosquito getting infected and ߪ௛ is the modification parameter. Infected 77 

mosquitoes 	ܫ௩are die because of natural and disease induced death with respective rates 	ߤ௩	and ߜ௩	respectively.  78 

Diagrammatically, we represent the flow of both the human and mosquito populations from one class to the other 79 
asfollows 80 

 81 
Figure 1 Flow diagram for the Transmission of Endemic malaria model 82 
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With, 83 
ܵ௛(0) = ܵ଴௛ , ௛(0)ܫ = ,଴௛ܫ ௛ܶ(0) = ଴ܶ௛ ,ܴ௛(0) = ܴ଴௛	,ܵ௩(0) = ܵ଴௩ , ௩(0)ܫ =  ଴௩(2) 84ܫ

and 85 
with some of the following additional assumptions 86 

(i) The susceptible class in both the human and mosquito populations enter into the infective classes by adequate 87 
contact with infectious populations not infective in treatment. 88 

(ii) infective individuals in treatment are not infectious to the susceptible populations 89 
(iii) Those infective humans recovered from the disease due to natural immunity and enter intoapartially immune 90 

group 91 
(iv) Those infective individuals in treatment recovered from the disease due to the administered drug killed off the 92 

parasites 93 
(v) one part of the recovered class again becomes susceptible to the disease 94 
(vi) No recovered compartment formosquitoes. 95 

3.    Basic Property of the Model 96 
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3.1   Positivity of the Model 97 

Theorem 1 Every solution of (1) with initial conditions (2) exists in the interval  [0,∞) and  ܵ௛(ݐ) > 0, (ݐ)௛ܫ > 0, ௛ܶ(ݐ) >98 

0,ܴ௛(ݐ) > 0, 	ܵ௩(ݐ) > 0		andܫ௩(ݐ) > 0			for all ݐ ≥ 0. 99 

Proof. To show positivity of solutions, it is enough to show that each of the trajectories of system (1) is non-negative for all 100 

ݐ ≥ 0. 101 

Sincethe right-hand side of system(1) is completely continuous and locally Lipschitzian on C, the 102 

solution൫ܵ௛(ݐ), ,(ݐ)௛ܫ	 	 ௛ܶ(ݐ),ܴ௛(ݐ),ܵ௩(ݐ),  ൯ofsystem (1) with initial conditionEquation (2) exists   and unique on [0, ݇) 103(ݐ)௩ܫ	

where 0 < ݇ < +∞. 104 

It follows from the first ofsystem (1) that, the differential inequality describing the evolution of the susceptible human 105 

population over time ݐ is given by 106 
݀ܵ௛
ݐ݀ ≥ Λ௛ − ൬߶߱ߚ௛	 ൬

௩ܫ
ܰ௛
൰ (ݐ) +  (ݐ)௛൰ܵ௛ߤ

݀
ݐ݀
቎ܵ௛(ݐ)݁݌ݔ ቐߤ௛ݐ+ න߶߱ߚ௛	 ൬

௩ܫ
௛ܰ
൰ (ݏ)

௧

଴

ቑ቏ݏ݀ ≥ Λ௛݁݌ݔ ቐߤ௛ݐ +න߶߱ߚ௛	 ൬
௩ܫ
ܰ௛
൰ (ݏ)

௧

଴

 ቑݏ݀

Hence, 107 

ܵ௛(ݐ)݁݌ݔ ቐߤ௛ݐ +න߶߱ߚ௛	 ൬
௩ܫ
ܰ௛
൰ (ݏ)

௧

଴

ቑݏ݀ − ܵ଴௛ ≥ න Λ௛݁݌ݔ ቐߤ௛ݐ +න߶߱ߚ௛	 ൬
௩ܫ
௛ܰ
൰

௧

଴

(߰)݀߰ቑ݀ݐ
௧

௧ሚ
 

Thus, 108 

ܵ௛(ݐ) ≥ ܵ଴௛݁݌ݔ ቎−ቐߤ௛ݐ +න߶߱ߚ௛	 ൬
௩ܫ
௛ܰ
൰ (ܵ௛)

௧

଴

ቑ቏ݏ݀ + ݌ݔ݁ ቎−ቐߤ௛ݐ + න߶߱ߚ௛	 ൬
௩ܫ
ܰ௛
൰ (ݏ)

௧

଴

ቑ቏ݏ݀

× න Λ௛݁݌ݔ ቐߤ௛ݐ +න߶߱ߚ௛	 ൬
௩ܫ
ܰ௛
൰

௧

଴

(߰)݀߰ቑ݀ݐ > 0
௧

଴
. 

From the second of system(1) we have, 109 
ௗூ೓
ௗ௧
≥ ௛ߤ)− + ௛ߜ + (ݐ)௛ܫ  is equivalent to(ݐ)௛ܫ(ߛ ≥ ௛ߤ)−]݌ݔ݁ + ௛ߜ + [ݐ(ߛ > 0.   110 

From the third of system(1) we have, 111 
ௗ்೓
ௗ௧

≥ ௛ߤ)− + ௛ߜ + (ݐ)is equivalent to  ௛ܶ   (ݐ)௛ܫ(߳ ≥ ௛ߤ)−]݌ݔ݁ + ௛ߜ + [ݐ(ߝ > 0. 112 
From the fourth of system(1) we have, 113 
ௗோ೓
ௗ௧

≥ ௛ߤ)− + (ݐ)is equivalent to  ܴ௛   (ݐ)௛ܫ(ߠ ≥ ௛ߤ)−]݌ݔ݁ + [ݐ(ߠ > 0. 114 
From the fifth of system(1) we have, 115 

݀ܵ௩
ݐ݀ ≥ Λ௩ −ቌන߶߱ߚ௩	 ൬

௛ܫ + ௛ܴ௛ߪ
ܰ௛

൰
௧

଴

(ݐ) +  ௩ቍܵ௩ߤ

݀
ݐ݀
቎ܵ௩(ݐ)݁݌ݔቐߤ௩ݐ +න߶߱ߚ௩	 ൬

௛ܫ + ௛ܴ௛ߪ
ܰ௛

൰ (ݏ)
௧

଴

ቑ቏ݏ݀ ≥ Λ௩݁݌ݔቐߤ௛ݐ + න߶߱ߚ௩	 ൬
௛ܫ + ௛ܴ௛ߪ

ܰ௛
൰ (ݏ)

௧

଴

 ቑݏ݀

Hence, 116 

ܵ௩(ݐ)݁݌ݔቐߤ௩ݐ +න߶߱ߚ௩	 ൬
௛ܫ + ௛ܴ௛ߪ

ܰ௛
൰ (ݏ)

௧

଴

ቑݏ݀ − ܵ଴௩ ≥ න Λ௩݁݌ݔቐߤ௩ݐ +න߶߱ߚ௩	 ൬
௛ܫ + ௛ܴ௛ߪ

ܰ௛
൰

௧

଴

(߰)݀߰ቑ݀ݐ
௧

௧ሚ
 

Thus, 117 

ܵ௩(ݐ) ≥ ܵ଴௛݁݌ݔ ቎−ቐߤ௩ݐ +න߶߱ߚ௩	 ൬
௛ܫ + ௛ܴ௛ߪ

ܰ௛
൰ (ݏ)

௧

଴

ቑ቏ݏ݀ + ݌ݔ݁ ቎−ቐߤ௩ݐ +න߶߱ߚ௛	 ൬
௛ܫ + ௛ܴ௛ߪ

ܰ௛
൰ (ݏ)

௧

଴

ቑ቏ݏ݀

× න Λ௩݁݌ݔ ቐߤ௩ݐ +න߶߱ߚ௩	 ൬
௛ܫ + ௛ܴ௛ߪ

ܰ௛
൰

௧

଴

(߰)݀߰ቑ݀ݐ > 0
௧

଴
. 

From the sixth of system (1) we have, 118 



 

ௗூೡ
ௗ௧
≥ ௩ߤ)− + (ݐ)௩ܫ  is equivalent to   (ݐ)௩ܫ(௩ߜ ≥ ௩ߤ)−]݌ݔ݁ + [ݐ(௩ߜ > 0 . 119 

Therefore; we can see that ܵ௛(ݐ) > 0, (ݐ)௛ܫ	 > 0, 	 ௛ܶ(ݐ) > 0,ܴ௛(ݐ) > 0, ܵ௩(ݐ) > 0, (ݐ)௩ܫ	 > 0 for allݐ ≥ 0. 120 
 121 
3.2   Invariant Region 122 
Theorem 2  The feasible region  Γ defined by 123 

Γ = {Γ୦ × Γ୴} ⊂ {ℝା
ସ × ℝା

ଶ }where, Γ୦ = ቄ(ܵ௛ , ௛ܫ , ௛ܶ , ܴ௛) ∈ ℝା
ସ :	N୦ ≤

ஃ౞
ஜ౞
ቅand 124 

Γ୴ = ቄ(S୴	, I୴, )	߳	ℝା
ଶ :	N୴ 	≤ 	

ஃ౬	
ఓೡ
ቅ, with initial conditionsܵ௛(0) = ܵ଴௛ 	, ௛(0)ܫ = ,଴௛ܫ ௛ܶ(0) = ଴ܶ௛ ,ܴ௛(0) = ܴ଴௛	,ܵ௩(0) =125 

ܵ଴௩ , ௩(0)ܫ =  ଴௩ , is bounded. 126ܫ

Proof: Let ܰ௛(ݐ) = ܵ௛(ݐ) + (ݐ)௛ܫ + ௛ܶ(ݐ) + ܴ௛(ݐ) and ௩ܰ(ݐ) = ܵ௩(ݐ) +  127 (ݐ)௩ܫ

The feasible region of both the human and mosquito populations are determined by the feasible region of ܰ௛(ݐ)and ௩ܰ(ݐ) 128 

respectively as follows 129 

The feasible region ofܰ௛(ݐ): Total sum of human compartments of system (1) leads to 130 
ௗே೓
ௗ௧

= Λ୦ − ௛ߤ ௛ܰ(ݐ)−	ߜ௛(ܫ௛(ݐ) + ௛ܶ(ݐ)) which is equivalent to  131 

ௗே೓
ௗ௧
	≤ Λ୦ − ௛ߤ ௛ܰ(ݐ) if and only if 132 

݀ܰ௛
ݐ݀ + (ݐ)௛ܰ௛ߤ	 ≤ Λ୦ 

The resulting differential inequality can be solved by separation of variables to give, 133 

න
݀
ݐ݀

(ܰ௛݁ఓ೓௧) ≤ නΛ୦݁ఓ೓௧ 

Taking the initial conditions ݐ = 0  and denoting ܰ௛(0)  by	 ଴ܰ௛, then the complete solutionܰ௛(ݐ) ≤ ஃ౞
ஜ౞

+ ቀ ଴ܰ௛ 	−
ஃ౞
ஜ౞
ቁ ݁ିஜ౞୲. 134 

As  ݐ → ∞	,0 < ܰ௛ ≤
ஃ౞
ஜ౞

.So  if ଴ܰ௛ ≤
ஃ౞
ஜ౞

, then  lim௧→ஶܰ௛(ݐ) 	≤ 	ஃ౞
ஜ౞

 .This means that  ஃ౞
ஜ౞

   is  upper bound ofܰ௛.On the other 135 

hand if ଴ܰ௛ > ஃ౞
ஜ౞

 ,then ܰ௛(ݐ) will decrease to ஃ౞
ஜ౞

Thus ଴ܰ௛ ≤ ܰ௛(ݐ) 	≤ 	ஃ౞
ஜ౞

. Therefore; the total human population is bounded.  136 

The feasibleregion of࢜ࡺ(࢚): total sum of mosquito compartments of the system of equations (1) leads toௗேೡ
ௗ௧

= 	 Λ௩ −137 

௩ߤ ௩ܰ −  ௩ 138ܫ௩ߜ
݀ ௩ܰ

ݐ݀ 	≤ Λ௩ − ௩ߤ ௩ܰ(ݐ) 

݀ ௩ܰ

ݐ݀ ௩ߤ+ ௩ܰ(ݐ) ≤ Λ௩ 

The resulting differential inequality can be solved by separation of variables to give, 139 

න
݀
ݐ݀

( ௩ܰ݁ఓೡ௧) ≤ නΛ୴݁ఓೡ௧ 

Taking the initial conditions ݐ = 0  and denoting ௩ܰ(0)  by ଴ܰ௩, then the complete solution 140 

௩ܰ(ݐ) ≤ ஃ౬
ఓೡ

+ ቀ ଴ܰ௩ −
ஃ౬
ఓೡ
ቁ  141 .(௩tߤ−)݌ݔ݁

As 	ݐ → ∞	,0 < ௩ܰ ≤
ஃ౬
ஜ౬

 .So  if ଴ܰ௩ ≤
ஃ౬
ஜ౬

, then  lim௧→ஶ ௩ܰ(ݐ) 	≤ 	ஃ౬
ஜ౬

 .This means that  ஃ౬
ஜ౬

   is  upper bound of ௩ܰ .On the other 142 

hand if ଴ܰ௩ > ஃ౬
ஜ౬

 ,then ௩ܰ(ݐ) will decrease to ஃ౬
ஜ౬

  .Thus ଴ܰ௩ ≤ ௩ܰ(ݐ) 	≤ 	ஃ౬
ஜ౬

. 143 

Therefore; the total mosquito population is bounded.  144 

Thus, the solutions of the model variables representing human populations {(ܵ௛ , ௛ܫ , ௛ܶ , ܴ௛)}are confined in the 145 

feasible region			Γ୦ = ቄ(ܵ௛(ݐ), ,(ݐ)௛ܫ ௛ܶ(ݐ), ܴ௛(ݐ)) ∈ ℝା
ସ :	N୦ ≤

ஃ౞
ஜ౞
ቅ. Similarly, the solutions of the model variables 146 



 

representing mosquito populations{(ܵ௩ , Γ୴		௩)} are confined in the feasible regionܫ = ቄ(S୴, ℝା	߳	௩)ܫ
ଶ :	N୴ ≤

ஃ౬
ఓೡ
ቅ .This shows 147 

that the feasible region of the system(1) is bounded and is given by Γ = {ܵ௛(ݐ), ,(ݐ)௛ܫ ௛ܶ(ݐ), ܴ௛(ݐ), ܵ௩(ݐ), {(ݐ)௩ܫ ∈148 

ℝା
଺or equivalent to Γ = {Γ୦ × Γ୴} ⊂ {ℝା

ସ × ℝା
ଶ }. 149 

Thus, in Γ  the system(1) is well-posed epidemiologically and mathematically. Hence, it is sufficient to study the dynamics 150 

of the model in  Γ. 151 

 152 
4.   Disease-free Equilibrium and Basic Reproduction Number, Disease-free Stability   153 

The disease-free equilibrium point of the model is its steady state solutions without infection or disease.  154 

Consider the disease free-equilibrium point denoted and given by: 155 

଴ܧ = (ܵ௛଴ ௛଴ܫ ௛ܶ
଴ ܴ௛଴ ܵ௩଴ ,௩଴)where,ܵ௛଴ܫ ,௛଴ܫ 		ܶ଴, ܴ௛଴	, 	ܵ௩଴ and ܫ௩଴	are the components of ܧ଴	andܫ௛଴ = ௛ܶ

଴ = ܴ௛଴ = ௩଴ܫ = 0 and 156 

the non-infectious are obtained by settingௗௌ೓	
ௗ௧

= ௗ௏ೞ	
ௗ௧

= ௗௌೡ	
ௗ௧

= 0		for the malaria modelsystem(1) and  after computing  the 157 

resultant gives ܵ௛଴ = ௸೓	
ఓ೓

and ܵ௩଴ 	= 	 ௸ೡ	
ఓೡ

. 158 

Hence; 159 

଴ܧ = ቀ௸೓	
ఓ೓

0 0 0
ஃೡ
ఓೡ

0ቁ(3) 160 

 161 

The basic reproduction number denoted by ܴ଴	is the average number of secondary infectious infected by an infective 162 

individual during his or her whole course of disease [16]. We use the next generation matrix method  by van den 163 

Driessche and Watmough [17] to derive the basic reproduction number ܴ଴of system(1).The infectious compartment  of 164 

modesystem (1) are,ܫ௛,ܴ௛, and 	ܫ௩. To apply the method [17], let the system (1) be rearranged by beginning with the 165 

infected classes as follows: 166 

Letܺ = ௛ܫ) ௛ܶ ௩ܫ ܵ௛ ܴ௛ ܵ௩)் 167 

)ܨ ௜ܺ) =

⎝

⎜
⎛

థఠఉ೓ூೡ
ே೓

ܵ௛
0
0

థఠఉೡ(ூ೓ାఙ೓ோ೓)
ே೓

ܵ௩⎠

⎟
⎞

     and       ܸ( ௜ܺ) =

⎝

⎛

௛ߤ) + ௛ߜ + ௛ܫ(ߛ
௛ߤ) + ௛ߜ + (ߝ ௛ܶ − 1)ߛ − ௛ܫ(ଵߨ

௛ߤ) + ௛ܴ(ߠ − ௛ܫଵߨߛ
௩ߤ) + ௩ܫ(௩ߜ ⎠

⎞ 168 

The new infection matrix ܨ and the transition matrix	ܸ are given, respectively, by  169 

ܨ = డி(௑೔)
డ௑೔

(଴ܧ) =

⎝

⎜
⎛

0 0 0 ௛ߚ߱߶
0 0 0 0
0 0 0 0

థఠఉೡஃೡஜ೓
ஃ೓ஜೡ

0 ఙ೓థఠఉೡஃೡஜ೓
ஃ೓ஜೡ

0
⎠

⎟
⎞

    and  ܸ = డ௏(௑೔)
డ௑೔

(଴ܧ) = ൮

ଵܬ 0 0 0
−1)ߛ− (ଵߨ ଶܬ 0 0

ଵߨߛ− 0 ଷܬ 0
0 0 0 ସܬ

൲ 170 

Where, ܬଵ = ௛ߤ + ௛ߜ + ଶܬ, ߛ = 	 ௛ߤ + ௛ߜ + ଷܬ		,	ߝ = ߠ + ସܬ  ,௛ߤ = ௩ߤ +  ௩ 171ߜ

ଵିܸܨ =

⎝

⎜
⎛

0 0 0 థఠఉ೓
(ఓೡାఋೡ)

0 0 0 0
0 0 0 0

థఠఉೡஜ೓ஃೡ(௃యାఙఊగభ)
௃భ௃యஃ೓ஜೡ

0 ఙ೓థఠఉೡஃೡஜ೓
௃యஃ೓ஜೡ

0 ⎠

⎟
⎞

and 172 

The basic reproduction number  ofsystem (1) is the dominant eigen value of the next generation matrix	ିܸܨଵ  which  is given by 173 

ܴ଴ = ටథమఠమఉ೓ఉೡஜ೓ஃೡ൫(௃యାఙ೓ఊగభ)൯
ஃ೓ஜೡ௃భ௃య௃ర

(4) 174 

4.1    Local Stability of Disease-Free Equilibrium Point 175 

Theorem3The disease-free equilibrium point	ܧ଴of system (1) is locally asymptotically stable if ܴ଴ < 1 and unstable if 176 
ܴ଴ > 1. 177 



 

Proof: 178 
The local stability of the system is determined by the signs of the eigenvalues and it is further proved by linearizing to 179 
obtain its Jacobian at disease-free steady-state points so that 180 
The Jacobian matrix of system (1) at disease free equilibrium point 	ܧ଴ defined and given by 181 

(଴ܧ)ܬ =

⎝

⎜
⎜
⎛

௛ߤ− 0 ߝ ߠ 0 ଵ଺ܬ−
0 ଵܬ− 0 0 0 ଶ଺ܬ
0 −1)ߛ (ଵߨ ଶܬ− 0 0 0
0 ଵߨߛ 0 ଷܬ− 0 0
0 ହଶܬ− 0 ହସܬ− ௩ߤ− 0
0 ଺ଶܬ 0 ଺ସܬ 0 ସܬ− ⎠

⎟
⎟
⎞

 (5)                                                                                                                          182 

Where,  ܬଷ = ߠ + ଵ଺ܬ,௛ߤ = ଶ଺ܬ 	= ௛ߚ߱߶ ହଶܬ		,   = ଺ଶܬ = థఠఉೡஜ೓ஃೡ
ஃ೓ஜೡ

ହସܬ	, = ଺ସܬ = ఙ೓థఠఉೡஜ೓ஃೡ
ஃ೓ஜೡ

 183 

−(଴ܧ)ܬ)ݐ݁ܦ (ܫߣ = 0   if   and  only if   ߣଵ = ௛ߤ− < ଶߣ	,0 = ௩ߤ− < ଷߣ, 0 = ଶܬ− < 0,   and 184 

ܽ଴ߣଷ + ܽଵߣଶ + ܽଶߣ + ܽଷ = 0  (6)  185 

Where, 186 

ܽ଴ = 1,  187 

ܽଵ = ଵܬ + ଷܬ +  ସ  (7)    188ܬ

ܽଶ = ଵܬ)ସܬ + (ଷܬ + ଷܬଵܬ −  ହଶand 189ܬ	ଶ଺ܬ

ܽଷ = (1− ܴ଴ଶ)ܬଵܬଷܬସ 

By the principle of Ruth-Hurwitz criteria [18], equation(6) has negative real eigenvalues if and only if ܽଵ > 0,ܽଷ > 0   and  190 

ܽଵܽଶ > ܽଷ . Clearly, we see that, ܽଵ > 0	 because of it is the sum of positive variables, but 	ܽଷ > 0  if and only if 	1 −ܴ଴ଶ > 0   191 

which is   equivalent   to		ܴ଴ < 0 and hence, all eigenvalues of the determinant of equation(5) will have negative real 192 

eigenvalues. Therefore; the disease-free equilibrium point ܧ଴is locally asymptotically stable. 193 

5.   Existence of Endemic Equilibrium and Bifurcation  194 

Let   ܧ∗ = (ܵ௛∗ ∗௛ܫ ௛ܶ
∗ ܴ௛∗ ܵ௩∗  195 ∗ܧ	 ௩∗)be a non-trivial endemic equilibrium point of equation(1),that is, all components ofܫ

are positive. 196 

If we set (1) to zero we get the following 197 

	ܵ௛∗ = ௃భ௃మ௃యஃ೓
௃భ௃మ௃యஜ೓ାቀஜ೓௄ା௃యఋ೓൫௃మାఊ(ଵିగభ)൯ቁఒ೓

∗ ∗௛ܫ  ,   = ఒ೓
∗ ௌ೓

∗

௃భ
    , ௛ܶ

∗ = ఊ(ଵିగభ)ఒ೓
∗ ௌ೓

∗

௃భ௃మ
 ,ܴ௛∗ = గభఊఒ೓

∗ ௌ೓
∗

௃భ௃య
 198 

ܵ௩∗ = ஃೡ
ఓೡାఒೡ∗

∗௩ܫ  ,   = ஃೡఒೡ∗

(ఓೡାఒೡ∗ )௃ర
  ,                                                                                  (8) 199 

∗௛ߣ = ௛ߚ߱߶
ூೡ∗

ே೓
∗(9)  200 

∗௩ߣ		 = ௩ߚ߱߶
൫ூ೓
∗ାఙ೓ோ೓

∗ ൯
ே೓
∗ (10) 201 

Where,ܰ௛∗ = ܵ௛∗ + ∗௛ܫ + ௛ܶ
∗ + ܴ௛∗   and substituting (9) in to (11) we get  202 

∗௩ߣ = థఠఉೡ௃మ(௃యାఙ೓ఊగభ)ఒ೓
∗

௃భ௃య൫௃భ௃మ௃యା௄ఒ೓
∗ ൯

(11) 203 

Again substituting (9) and (12)   respectively in to (10)  we get 204 

∗௛ߣ (ܽ଴(ߣ௛∗ )ଶ + ܾ଴ߣ௛∗ + ܿ଴) = 0(12) 205 

ܽ଴ = Λ௛ܬଶܬଵଶܬଷଶߤܭ)ܭ௩ + ଷܬ)௩ߚ߱߶ +  (ଶܬ(ଵߨߛ௛ߪ

ܾ଴ = ଷܬ)௩ߚ߱߶ଷଷܬଶଶܬଵଶܬ + (ଵߨߛ௛ߪ ቀܬଵܬଷܬସ − ଶܬ௩൫ߚ߱߶௛ߜ + −1)ߛ +൯ቁ(ߨ ௩Λ௛൫(1−ܴ଴ଶ)ߤସܬଷସܬଶଷܬଵସܬ  ൯and 206ܭ+

ܿ଴ =  ௩Λ௛(1−ܴ଴ଶ)(13) 207ߤସܬଷସܬଶଷܬଵସܬ

Where,ܴ଴  is the basic reproduction number, ܭ = ଷܬଶܬ + ଶܬଵߨ)ߛ + (1 − ∗௛ߣ		 ଷ)equation(12) admits a trivial solutionܬ(ߨ =208 

0which corresponds to the disease-free equilibrium point (DFEP). Now we assume  		ߣ௛∗ ≠ 0   the existence of endemic 209 

equilibria is regulated by the quadratic equation  ܽ଴(ߣ௛∗ )ଶ + ܾ଴ߣ௛∗ + ܿ଴ = 0. The coefficient ܽ଴  in equation(13)is always 210 



 

positive and ܿ଴   is positive if   ܴ଴ < 1  and  negative if    ܴ଴ > 1. So, the sign of ܾ଴ and ܿ଴will decide about the 211 

positivesolution of equation(12). For the case when ܴ଴ > 1, two solutions can be obtained for equation(12), that are 212 

positive and negative. For the case when considering ܿ଴= 0 if and only if ܴ଴ = 1, then a solution of the form		ߣ௛∗ = ି௕బ
௔బ

  213 

exists whenܾ଴ < 0	 .It follows that the number of endemic equilibria of system(1) is depend on the coefficient  ܽ଴, ܾ଴ and ܿ଴ 214 

as follows: 215 

Theorem 4   The system (1) has  216 

(i) a unique endemic equilibrium   if 	ܿ଴ < 0			if and only if 	ܴ଴ > 1. 217 

(ii) a unique endemic equilibrium   if 		ܾ଴ < 0and 	ܿ଴ = 0or(	ܾ଴ < 0		, 	ܿ଴ > 0		and		ܾ଴ଶ − 4ܽ଴ܿ଴ = 0	).	 218 

(iii) Two endemic equilibria   if 	ܿ଴ > 0  and 	ܾ଴ < 0  and  ܾ଴ଶ − 4ܽ଴ܿ଴ > 0	. 219 

(iv) otherwise, no endemic equilibrium.‘ 220 

Condition (iii) of theorem 4, indicate the occurrence of multiple endemic equilibria for  	ܴ଴ < 1.From epidemiological 221 

perspective this implies that the elimination of the disease in the population is no longer guaranteed by the condition 222 

	ܴ଴ < 1. 223 

Here also, if we put  for the value ofΛ௛ = ߠ	, 100 = 0.03 ,δ௛ = 0.068 ,µ௩ = ߛ,0.1429 = ଵߨ,	0.98 = 0.9		, ߝ = 0.9	  and use 224 

table 2 for the  other parameters values , the two roots are presented graphically as shown in figure 2. Where, the green 225 

line represents stable equilibrium and the red  line represents unstable equilibrium. 226 

 227 
Figure 2:When we plot the basic reproduction number	ܴ଴  versus the force of infection mosquitoes to humans, we note 228 

stable  disease free region when 		ߣ௛∗ = 0 and when 	ܴ଴ = 1, the force of infection mosquitoes to humans  starts to 229 

increase in stable endemic region where we note that  the disease start to spread again and hence,  forward bifurcation. 230 

5.1  Existence of Back ward Bifurcation  231 

To show the existence of  bifurcation  of system (1) , we employ the method developed in Gumel and Song, 2008; 232 

Castillo-Chavez and Song, 2004  [19 - 21].We also assume as a summary that  the normal form representing the 233 

dynamics of the system on the Centre manifold theory  as summary it is given by  ̇ߤ = ଶߤܽ +  where, 234 ,ߤߦܾ

ܽ = ௩
ଶ

,଴ݔ)௫௫݂ܦ. ଶݓ(0 = ଵ
ଶ
∑ ௝ݓ௜ݓ௞ݒ

డమ௙ೖ
డ௫೔ð௫ೕ

,଴ݔ) 0) ≠ 0௡
௞,௜,௝ୀଵ for  j =1,2…,n                (14) 235 

ܾ = ,଴ݔ)௫క݂ܦ.ܸ ݓ(0 = ∑ ௜ݓ௞ݒ
డమ௙ೖ
డ௫೔ðక

,଴ݔ) 0) ≠௡
௞,௜ୀଵ 0 for i =1,2…,n(15) 236 

Where, 237 

 denotes a bifurcation parameter to be chosen, ௞݂s   Denote the right hand side of  (1), 238ߦ

 239 ,ݔ௫denotes the differential operator with respect toܦ,଴ܧ଴denotes the disease-free equilibriumݔ ,denotes the state vectorݔ

 and  240 ,	ߦdenotes the differential operator with respect to	కܦ

 denotes the right and left eigenvectors respectively corresponding to the null eigenvalue of the Jacobian matrix 241ݒ, ݓ
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ofsystem (1), evaluated at ݔ଴for ߦ						 = 0. 242 

To analyze the bifurcation of system(1), let we choose the rate of transmission of infection from an infectious mosquito to a 243 

susceptible human 	ߚ௛ as the bifurcation parameter. We observe that ܴ଴ = 1		is equivalent to: 244 

௛ߚ = ∗௛ߚ = ஃ೓ஜೡ௃భ௃య௃ర
థమఠమఉೡஜ೓ஃೡ(ఙ೓ఊగା௃య).                                                                        (16)     245 

and the   linearized   Jacobian matrix evaluated at ܧ଴and   ߚ௛∗is denoted and given by 246 

(଴ܧ)ܬ =

⎝

⎜
⎜
⎛

௛ߤ− 0 ߝ ߠ 0 ∗ଵ଺ܬ−
0 ଵܬ− 0 0 0 ∗ଶ଺ܬ
0 −1)ߛ (ଵߨ ଶܬ− 0 0 0
0 ଵߨߛ 0 ଷܬ− 0 0
0 ହଶܬ− 0 ହସܬ− ௩ߤ− 0
0 ଺ଶܬ 0 ଺ସܬ 0 ସܬ− ⎠

⎟
⎟
⎞

(17) 247 

Where,  ܬଷ = ߠ + ∗ଵ଺ܬ    ,௛ߤ = ∗ଵ଺ܬ 	= ହଶܬ		,  ∗௛ߚ߱߶ = ଺ଶܬ = థఠఉೡஜ೓ஃೡ
ஃ೓ஜೡ

ହସܬ	, = ଺ସܬ = ఙ೓థఠఉೡஜ೓ஃೡ
ஃ೓ஜೡ

 248 

−(଴ܧ)ܬ)ݐ݁ܦ (ܫߣ = 0   if   and only if   ߣଵ = ௛ߤ− < ଶߣ	,0 = ௩ߤ− < ଷߣ, 0 = ଶܬ− < 0,   and 249 

ଷߣ଴݃)ߣ + ݃ଵߣଶ + ݃ଶߣ + ݃ଷ) = 0   (18)                  250 

Where, 251 

݃଴ = 1,  252 

݃ଵ = ଵܬ + ଷܬ +  ସܬ

݃ଶ = ଵܬ)ସܬ + (ଷܬ + ଷܬଵܬ −  ହଶand 253ܬ	ଶ଺ܬ

݃ଷ = (1 −ܴ଴ଶ)ܬଵܬଷܬସ(19)    254 

If we also substitute 1(one) for ܴ଴  in toequation (18), then  system(1) will have a simple zero eigenvalue  and the other 255 

eigenvalues have negative real parts. Therefore; the disease-free equilibrium point 0E is a non- hyperbolic. To compute 256 

the coefficients equation(14) and equation(15), we determine the right and left eigenvectors corresponding to the zero 257 

eigenvalue. Thus, the components of the right eigenvectors denoted by  	ݓ௜ , for  ݅ = 1, … ,6  are given by 258 

⎩
⎪
⎨

⎪
⎧
ଵݓ௛ߤ− + εݓଷ + ସݓߠ − ∗ଵ଺ܬ ଺ݓ = 0																														
ଶݓଵܬ− + ∗ଶ଺ܬ ଺ݓ = 0																																																								
γ(1 − ଶݓ(ଵߨ − ଷݓଶܬ = 0																																												
γݓߨଶ − ସݓଷܬ = 0																																																							
ଶݓ)ହଶܬ− + −(ସݓ ହݓ୴ߤ = 0																																								
ଶݓ)ହଶܬ + −(ସݓ ଺ݓସܬ = 0																																								

(20) 259 

Where,ܬଵ଺∗ = ∗ଶ଺ܬ = ∗ହଶܬ  , ∗௛ߚ߱߶ = థఠఉೡஜ೓ஃೡ
ஃ೓ஜೡ

, 260 

ଵݓ = ௃మల∗ ఊ(గభ௃మఏ	ା	ఙ೓(ଵିగభ)௃య)ି௃భల∗ ௃భ௃మ௃య
ఓ೓௃భ௃మ௃య

ଶݓ,  ଺ݓ = ௃మల∗

௃భ
ଷݓ, ଺ݓ = ஓ(ଵିగభ)௃మల∗

௃భ௃మ
 ଺, 261ݓ

ସݓ = గభఊ௃మల∗

௃భ௃య
ହݓ  ,  ଺ݓ = − ௃మల∗ ௃ఱమ(௃యାఙ೓ஓగభ)

௃భ௃యఓೡ
଺ݓ	 ଺ , andݓ = ଺ݓ > 0(21) 262 

 263 
and 264 
The components of the left eigenvectors denoted by  ݒ௜, for݅ = 1, … ,6  are  given by 265 

⎩
⎪
⎨

⎪
⎧
ଵݒ௛ߤ− = 0																																																																																																																														

ଶݒଵܬ− + γ(1 − ଷݒ(ଵߨ + ସݒଵγߨ − ହݒ	)ହଶܬ − (଺ݒ = 0																																							
ଵݒߙ − ଷݒଶܬ = 0																																																																																																												
ଵݒߠ − −ସݒଷܬ ହݒ	)ହସܬ௛ߪ − (଺ݒ = 0																																																																								

ହݒ୴ߤ− = 0																																																																																																																									
∗ଵ଺ܬ− ଵݒ + ∗ଶ଺ܬ ଶݒ − ଺ݒସܬ = 0																																																																																												

(22) 

 266 

ଵݒ = ଷݒ = ହݒ = ଶݒ	,0 =
௃ఱమ൫಻యశ഑೓ಋഏభ൯

୎భ୎య
,଺ݒ ସݒ	 	= 	 ఙ೓௃ఱమ

୎య
଺ݒ	,and	଺ݒ = ଺ݒ > 0,(23) 267 

Let we also make the following  change of  state variables 	ܵ௛ = ,ଵݔ ௛ܫ = ,ଶݔ ௛ܶ = ଷ,ܴ௛ݔ = ,ସݔ ܵ௩ = ,ହݔ ௩ܫ =  ଺ and using the 268ݔ



 

vector notation		ݔ	 = ,ଵݔ) ,ଷݔ,ଶݔ ,ସݔ ,ହݔ  ଺,)்.The system 269ݔ
system(1) can thenbe written in the form ௗ௫

ௗ௧
= were,  F(ݔ)ܨ = ( ଵ݂ , ଶ݂ , ଷ݂ , ସ݂, ହ݂, ଺݂ ,)் as shown below 270 

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧
ଵݔ݀
ݐ݀ = ଵ݂ = Λ௛ + ଷݔߝ + ସݔߠ − ൬߶߱ߚ௛∗

଺ݔ
ଵݔ + ଶݔ + ଷݔ + ସݔ

+ ଵݔ௛൰ߤ
ଶݔ݀
ݐ݀ = ଶ݂ = ∗௛ߚ߱߶ ൬

଺ݔ
ଵݔ + ଶݔ + ଷݔ + ସݔ

൰ݔଵ − ௛ߤ) + ௛ߜ + ଶݔ(ߛ
ଷݔ݀
ݐ݀ = ଷ݂ = 1)ߛ − ଶݔ(ଵߨ − ௛ߜ) + ௛ߤ + ଷݔ(ߝ

ସݔ݀
ݐ݀ = ସ݂ = ଶݔଵߨߛ − ߠ) + ସݔ(௛ߤ

ହݔ݀
ݐ݀ = ହ݂ = Λ௩ − ൬߶߱ߚ௩

ଶݔ + ସݔ௛ߪ
ଵݔ + ଶݔ + ଷݔ + ସݔ

+ ହݔ௩൰ߤ
଺ݔ݀
ݐ݀ = ଺݂ = ൬߶߱ߚ௩

ଶݔ + ସݔ௛ߪ
ଵݔ + ଶݔ + ଷݔ + ସݔ

൰ݔହ − ௩ߤ) + ଻଺ݔ(௩ߜ

(24) 

డమ௙మ
డூ౬ðூ೓

,଴ݔ) 0) = డమ௙మ
డூ౬ð்೓

,଴ݔ) 0) = డమ௙మ
డூ౬ðோ೓

,଴ݔ) 0) = − థఠఉ೓
∗

ௌ೓
బ ,డ

మ௙ల
డ୍೓
మ ,଴ݔ) 0) = − ଶథఠఉೡௌೡబ

൫ௌ೓
బ൯
మ ,డ

మ௙ల
డୖ೓

మ ,଴ݔ) 0) = − ଶఙథఠఉೡௌೡబ

൫ௌ೓
బ൯
మ  271 

, డమ௙ల
డூ౞ðௌ೓

,଴ݔ) 0) = డమ௙ల
డூ౞ð்೓

,଴ݔ) 0) = − థఠఉೡௌೡబ

൫ௌ೓
బ൯
మ , డమ௙ల

డூ౞ðௌೡ
,଴ݔ) 0) = థఠఉೡ

ௌ೓
బ , డమ௙ల

డோ౞ðூ೓
,଴ݔ) 0) = − థఠఉೡௌೡబ

൫ௌ೓
బ൯
మ (1 +  ௛) 272ߪ

డమ௙ల
డோ౞ðௌ೓

,଴ݔ) 0) = డమ௙ల
డோ౞ð்೓

,଴ݔ) 0) = − ఙథఠఉೡௌೡబ

൫ௌ೓
బ൯
మ (25)          273 

డమ௙మ
డூ౬ðఉ೓

∗ ,଴ݔ) 0) = ߶߱ (26) 274 

Thus,      275 

ܽ = ଺ݓଶݓଶݒ
డమ௙మ
డூ౬ðூ೓

,଴ݔ) 0) + ଺ݓଷݓଶݒ
డమ௙మ
డூ౬ð்೓

,଴ݔ) 0) + ଺ݓସݓଶݒ
డమ௙మ
డூ౬ðோ೓

,଴ݔ) 0) + ଶଶݓ଺ݒ
డమ௙ల
డ୍೓
మ ,଴ݔ) 0) + ସଶݓ଺ݒ

డమ௙ల
డୖ೓

మ ,଴ݔ) 0) +276 

଺ݒଵݓ ቆݓଶ
డమ௙ల
డூ౞ðௌ೓

,଴ݔ) 0) + ସݓ
డమ௙ల

డோ౞ðௌ೓
,଴ݔ) 0)ቇ + ଺ݒଷݓ ቆݓଶ

డమ௙ల
డூ౞ð்೓

,଴ݔ) 0) ସݓ+
డమ௙ల

డோ౞ð்೓
,଴ݔ) 0)ቇ+ݓହݒ଺ ቆݓଶ

డమ௙ల
డூ౞ðௌೡ

,଴ݔ) 0) +277 

ସݓ
డమ௙ల

డோ౞ðௌೡ
,଴ݔ) 0)ቇ + ସݓଶݓ଺ݒ

డమ௙ల
డூ౞ðோ೓

,଴ݔ) 0) + ସݓଶݓ଺ݒ
డమ௙ల

డோ౞ðூ೓
,଴ݔ) 0)(27)                                                                     and 278 

ܾ = ଺ݓଶݒ
డమ௙మ
డூ౬ðఉ೓

∗ ,଴ݔ) 0)  (28)                                 279 

After substitutingequation (21),equation (23) and equation(25) respectively in to equation(27), then the coefficient 	ܽ   in terms 280 
of  ݓ଺  and   ݒ଺is given by 281 
 282 

ܽ = ஃೡஜ೓
మథయఠయఉ೓

∗మఉೡ
ஜೡ(ఓ೓ାఋ೓ାఈ)ஃ೓

మ(ఏାఓ೓)మ(ఓ೓ାఋ೓ାఊ)మ ଺ݓ଺ݒ
ଶΔ଴(29) 283 

Where, 284 

Δ଴ =
ଷܬ) + ଷܬଶܬଵܬ(ଵߨ௛γߪ

௛ߤ
− −ଷ(1ܬ2 ߛ(ߨ + ଶܬ ቀ(1 + ଷܬ + ଷܬ(ߛߨ௛ߤ௩ߤ + ଵ൫(1ߨߛ + σ௛ଶߨߛଵ) + ௛ߪ) + 1)൯ቁ

− ଷܬ) + ଵ)ቆߨ௛γߪ
௩ߚ߱߶ଶܬ௛ߤ 	+ ଶܬߨߠ)ߛ	 + 1)ߙ − ௩ߤ(ଷܬ(ߨ

௛ߤ௩ߤ
ቇ 

Similarly, after substituting equation(21), equation(23) and equation(26) respectively in to equation(28), then the coefficient 	ܾ   285 

in terms of  ݓ଺  and   ݒ଺is given by 286 

ܾ = థమఠమఉೡ(௃యାఙ೓ஓగభ)ௌೡబ

௃భ௃యௌ೓
బ ଺ݒ଺ݓ > 0   (30)               287 

Clearly, the coefficient  ܾ	 is positive since all the parameters are non-negative. Thus, the local dynamics of the system (1) 288 

around E଴, for ߚ௛ =  ௛∗ is depends on the sign of the coefficient ܽ.Similar to theorem [22] we also establishthe following 289ߚ

theorem. 290 



 

Theorem 5The system (1) will undergo backward bifurcation at ܴ଴ = 1  if the coefficient ܽ	 is positive(Δ଴ > 0)otherwise it 291 

will exhibit a forward   bifurcation if  ܽ	 is negative (Δ଴ < 0). 292 

6   Global Stability 293 

6.1    Global Stability of Disease-Free Equilibrium Point 294 

To investigate theglobal stabilityof the disease-free equilibrium point  	ܧ଴,weconsiderthe Lyapunov function [23].So  that  295 
ܮ = ଷܬ)ସܬ + ௛ܫ(ଵߨߛ௛ߪ + ସܴ௛ܬଵܬ + ଷܬ)௛ߚ߱߶ +  ௩. Then 296ܫ(ଵߨߛ௛ߪ

ௗ௅
ௗ௧

= ଷܬ)ସܬ + (ଵߨߛ௛ߪ ௗூ೓
ௗ௧

+ ସܬଵܬ
ௗோ೓
ௗ௧

+ ଷܬ)௛ߚ߱߶ + (ଵߨߛ௛ߪ ௗூೡ
ௗ௧

(31) 297 

After substituting ௗூ೓
ௗ௧

, ௗோ೓
ௗ௧

 and  ௗூೡ
ௗ௧

    from system(1)  and simplifying  it , then we get  298 
ௗ௅
ௗ௧

= ߶ଶ߱ଶߚ௛ߚ௩(ܬଷ + (ଵߨߛ௛ߪ (ூ೓ାఙ೓ோ೓)
୒೓

S௩ − ௛ܫ)ସܬଷܬଵܬ +  ௛ܴ௛).                        (32) 299ߪ

Since  ௗௌ೓
ௗ௧

≤ ஃ೓
ఓ೓

= ܵ௛଴ = ܰ௛଴ ,
ௗௌೡ
ௗ௧

≤ ஃೡ
ఓೡ

= ܵ௩଴equation (32)    is equivalent to 300 

ௗ௅
ௗ௧

= థమఠమఉ೓ఉೡ(ఙ೓ఊగభା௃య)ஃೡఓ೓
(ଵିఝ)ஃ೓ஜೡ

௛ܫ) + −(௛ܴ௛ߪ ௛ܫ)ସܬଷܬଵܬ +  ௛)(33)               301ܴߪ

Since    ܴ଴ଶ = థమఠమఉ೓ఉೡஜ೓ஃೡఓ೓(௃యାఙ೓ఊగభ)
ஃ೓ஜೡ௃భ௃య௃ర

  ,equation(34)  is also  equivalent to 302 

ௗ௅
ௗ௧

= (ܴ଴ଶ − ௛ܫ)ସܬଷܬଵܬ(1 +  ௛ܴ௛)(34)     303ߪ

So,ௗ௅
ௗ௧
≤ 0  if  (ܴ଴ଶ − 1) ≤ 0  which leads   to	ܴ଴ ≤ 1.ௗ௅

ௗ௧
= 0  if  and only if   ܫ௛ = ܴ௛ = 0 or  ܴ଴ଶ = 1. 304 

Therefore; by Lasalle’s invariant principle [24], every solution to equations of the modelsystem(1) with initial conditions inΓ  305 

approaches to the disease-free equilibrium point		E଴ at time ݐ leads infinity whenever, ܴ଴ ≤ 1.Hence,we establish the 306 

following theorem  307 

Theorem 6The disease-free equilibrium point  	ܧ଴of system(1) is globally asymptotically stable if ܴ଴ ≤ 1 and unstable if 308 
ܴ଴ > 1. 309 
The epidemiological implication of theorem 6 is that the elimination of the malaria disease is possible regardless of initial 310 

condition equation(2) of the sub-population of the modelsystem(1) whenever ܴ଴ ≤ 1. 311 

7. Sensitivity Analysis 312 

The use of sensitivity analysis enables us to identify the model parameters that have great influence on the basic 313 

reproduction number ܴ଴.The method developed by Chitnis 	݁ݐ	[26 ,25] ݈ܽ is used to compute the sensitivity index of each 314 

parameterthat has relation with basic reproduction number  ܴ଴.The sensitivity indices of each parameter that have great 315 

influence on the basic reproduction number  ܴ଴ is computed as follows: 316 

Let ݌  be a parameter in ܴ଴ ,  then the sensitivity of ݌ is given by   Υ௣
ோబ = డோబ

డ௣
× ௣

ோబ
 . 317 

Table 1: Table for summary of sensitivity analysis    318 

 319 

Symbol Description Sensitivity indices 
   
Λ௛ Humans recruitments either due to birth or immigration -0.0021 
 ௛ Human natural death rate +0.0002ߤ
Λ௩ Mosquitoes recruitments due to birth  +0.5000 
 ௩ Mosquito natural death rate -0.0042ߤ
߶ Mosquito contact rate with human +1.0000 
߱  Mosquito biting rate +1.0000 
 Per capita rate of recovery from malaria -0.0002 ߛ
 Per capita rate of human immunity loss -0.0017 ߠ
 ௛ Modification parameter +0.00000039659ߪ
 ௛ Humans death rate due to malaria disease -0.0019ߜ
 ௩ Mosquitoes death rate due to malaria disease -0.0001ߜ



 

 ௛ the rate of transmission of infection from an infectious mosquitoߚ
to a susceptible human 

+0.5000 

௩ߚ  the rate of transmission of infection from an infectious human 
to a susceptible mosquito 

+0.5000 

 320 
Parameters  (		߶ , ߱, ௛ߚ	 	, 	Λ௩ 	, ௛ߪ  ௩) have direct relations  with ܴ଴ hence if their magnitude is increased ,then they 321ߚ ௛andߤ,	

can expand the disease but parameters (ߜ௛ ௩ߤ,		௩ߜ,	 ,  and Λ௛) have inverse relations with ܴ଴ hence if their magnitude is 322		ߠ,ߛ

increased, then they can reduce the burden of  the disease  in the community. 323 

8.   Analysis of the Model with Optimal Control 324 

In this section, we consider model system (1) and  incorporate optimal combinations of  time dependent control measures 325 

namely, (i) prevention measure vaccination		uଵ(t) = 	uଵ for the purpose of immunization of an individual to infection who 326 

are  requited  to the susceptible human populations due to birth or immigration ,(ii) the use of insecticide treated bed net 327 

(ITN)		uଶ(t) = 	uଶas preventive measure i.e., to reduce the number of bites from mosquitoes as they physically provide a 328 

barrier between the infectious mosquitoes and the susceptible humans, and also to reduce the population of the 329 

mosquitoes by killing them after they land on the treated net. (iii) treatment with drugs 	uଷ(t) = 	uଷ, treating individuals who 330 

developed symptoms of the disease, and (iv) the use of indoor residual spray (IRS), 	uସ(t) = 	uସas preventive measure 331 

i.e., insecticide spray on the breeding site of mosquitoes reduces the number of mosquito populations by killing these rest 332 

indoors after feeding. The controls are practiced on time interval [t଴	, t୤], where t଴  and t୤ are initial and final time 333 

respectively. After incorporating the above controls in to the basic modelsystem(1) we get the following modified state 334 

equations: 335 

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧
݀ܵ௛
ݐ݀ = (1− ଵ)Λ௛ݑ + ൫ε + (1 − ଷ)൯ݑ߬ ௛ܶ + ௛ܴߠ − ൫(1− ଶ)λ௛ݑ + ௛൯ܵ௛ߤ

௛ܫ݀
ݐ݀ = (1− ଶ)λ௛ܵ௛ݑ − ௛ߤ) + ௛ߜ + ߛ + ௛ܫ(ଷݑ߬

݀ ௛ܶ

ݐ݀ = 1)ߛ − ௛ܫ(ଵߨ − ൫ߜ௛ + ௛ߤ + ε + (1 − ଷ)൯ݑ߬ ௛ܶ

ܴ݀௛
ݐ݀ = ߛଵߨ) + ௛ܫ(ଷݑ߬ − ߠ) + ௛)ܴ௛ߤ

݀ܵ௩
ݐ݀ = Λ௩ − ൫(1− ଶ)λ௩ݑ + ௩ߤ + ଶݑߜ + ସ൯ܵ௩ݑߚ
௩ܫ݀
ݐ݀ = (1 − ଶ)λ௩ܵ௩ݑ − ௩ߤ) + ௩ߜ + ଶݑߜ + ௩ܫ(ସݑߚ

(૜૞) 

Here the following objective function  ܬ  is used  to minimize the number of infected and infective  in treatment human 336 
populations and total mosquito populations  while keeping  the costs of applying the controls 	ݑଵ,ݑଶ, 	ݑଷand 	ݑସas low as 337 
possible. 338 
The form of the objective function is defined based on the approach [27,28].It is also denoted and defined by  339 

ܬ = ݉݅݊ ∫ ቀܤଵܫ௛ + ଶܤ ௛ܶ + ௩ܫଷܤ + ଵ
ଶ
∑ ݊௜ݑ௜ଶସ
ଵ ቁ݀ݐ௧೑

଴ (36) 340 
Where, ݅ =1,2,3,4 ,ܤଵ , ܤଶ ,					and ܤଷand ݊ଵ,݊ଶ ,݊ଷ   and ,݊ସ  are coefficients  associated to the state variable  and controls 341 
respectively. Following the approach [27 ,28], the cost of the controls have been chosen quadratic. Thus, the goal is to 342 
find, an optimal control quadruple,		ݑଵ	∗ ∗	ଶݑ		,  , ∗	ଷݑ		 and 		ݑସ	∗  such that 343 

∗	ଵݑ		)ܬ 	, ∗	ଶݑ		 , ∗	ଷݑ		 , ∗	ସݑ		 ) = ,ଶݑ,ଵݑ	)ܬ}݊݅݉ ,ଷݑ	 :(ସݑ	 ,ଶݑ,ଵݑ	 ,ଷݑ	  ସܷ߳}(37) 344ݑ	
Where,Φ = (ݐ)ଵݑ} (ݐ)ଶݑ (ݐ)ଷݑ (ݐ)ସݑ : 0 ≤ ௜ݑ < 1, ݅ = 1,2, … ,4, 0 ≤ ݐ ≤  ௙} is the control set.The Pontryagins’s 345ݐ
MaximumPrinciple [29] converts the system equation(35) with equation(36) and equation(37) into a problem of   346 
minimizing pointwise the Hamiltonian H with respect to 	ݑଵ,ݑଶ, 	ݑଷand 	ݑସ 347 

ܪ = (ܵ௛ , ௛ܫ , ௛ܶ ,ܴ௛ ,ܵ௩ܫ௩ , (ݐ = ௛ܫ)ܮ , ௛ܶ , ௩ܫ ,ସݑ,ଷݑ,ଶݑ,ଵݑ, (ݐ + ଵߣ
݀ܵ௛
ݐ݀ + ଶߣ

௛ܫ݀
ݐ݀ + ଷߣ

݀ ௛ܶ

ݐ݀ + 

ସߣ
ௗோ೓
ௗ௧

+ ହߣ
ௗௌೡ
ௗ௧

+ ଺ߣ
ௗூೡ
ௗ௧

     (38)               348 

Where, ܫ)ܮ௛ , ௛ܶ , ௩ܫ ,ସݑ,ଷݑ,ଶݑ,ଵݑ, (ݐ = ௛ܫଵܤ + ଶܤ ௛ܶ + ௩ܫଷܤ + ଵ
ଶ
∑ ݊௜ݑ௜ଶସ
ଵ     for   i=1,2,3,4   349 

and ߣ௜ ,	for i= 1,2,3,4,5,6 are adjoint variables. Using the exitance result for the optimal control [29], we established the 350 
following theorem as  351 



 

Thereom7There exists a set of an optimal control		ݑ௜∗ = ∗	ଵݑ		) , ∗	ଶݑ		 , ,ଷݑ		
∗ ∗	ସݑ		 )and corresponding state solution,		ܵ௛∗,					ܫ௛∗ ,352 

		 ௛ܶ∗		ܴ௛∗ 		ܵ௩∗ and		ܫ௩∗  that minimizes ݑ)ܬଵ, ,ଶݑ ,ଷݑ  ସ) over Φsubject to equation(35).Further , there exists adjoint functions 353ݑ
λଵ(ݐ),			.		.		. ,λ଺(ݐ)  , and  ݑଵ(ݐ),  satisfying  354 (ݐ)ସݑ…
 355 

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧

ଵߣ݀
ݐ݀ = ଵߣ௛ߤ + (1 − ଵߣ)௛ߣ(ଶݑ − (ଶߣ

ଶߣ݀
ݐ݀ = ଵܤ− + ௛ߤ) + ଶߣ(௛ߜ + ଶߣ)ߛ − ଷߣ − (ସߣ + ଶߣ)ଷݑ߬ − (ସߣ +

(1 − ௩ߚ߱߶(ଶݑ
ܰ௛

ܵ௩ ൬1−
௛ܫ
ܰ௛
൰ ହߣ) − (଺ߣ

ଷߣ݀
ݐ݀ 	= ଶܤ− + ௛ߤ) + ଷߣ(௛ߜ + ൫ߝ + (1 − ଷߣ)ଷ)൯ݑ߬ − (ଵߣ

ସߣ݀
ݐ݀ 	= 	 ସߣ௛ߤ + ସߣ)ߠ − (ଵߣ +

(1 − ௩ߚ߱߶(ଶݑ
ܰ௛

ܵ௩ ൬1−
௛ܴ௛ߪ
ܰ௛

൰ ହߣ) − (଺ߣ

ହߣ݀
ݐ݀ = (1 − ହߣ)௩ߣ(ଶݑ − (଺ߣ + ௩ߤ) + ଶݑߜ + ହߣ(ସݑߚ

଺ߣ݀
ݐ݀ = ଷܤ− + (1 − (ଶݑ

௛ܵ௛ߚ߱߶
ܰ௛

ଵߣ) − (ଶߣ + ௩ߤ) + ௩ߜ + ଶݑߜ + ଺ߣ(ସݑߚ

(39) 

with transversality conditions  356 
௙൯ݐ௜൫ߣ = 0 for      ݅ =   1,2,3,4,5,   (40)                                                 357 

Further, the optimal controls  		ݑଵ	∗ ∗	ଶݑ		,  , ∗	ଷݑ		 and 		ݑସ	∗  are given by 358 

∗ଵݑ = ݉݅݊ ቊ݉ܽݔ ቆ0	,
Λ௛(ߣଵ − (ସߣ

݊ଵ
ቇ , 1ቋ 

∗ଶݑ = ݉݅݊ ቄ݉ܽݔ ቀ0, ఒ೓(ఒమିఒభ)ௌ೓ାఒೡ(ఒఱିఒల)ௌೡାఋ(ௌೡఒఱାூೡఒల)
௡మ

ቁ , 1ቅ  (41)                                359 

∗ଷݑ = ݉݅݊ ቊ݉ܽݔ ቆ0	,
ଶߣ)߬ − ௛ܫ(ସߣ + ଵߣ)߬ − (ଷߣ ௛ܶ

݊ଷ
ቇ , 1ቋ 

∗ସݑ = ݉݅݊ ቊ݉ܽݔ ቆ0,
ହߣS୴)ߚ + I୴ߣ଺)

݊ସ
ቇ , 1ቋ 

Proof: 360 

The existence of the optimal control follows from Fleming and Rischel [30] due to convexity of the integrand objective 361 

functional 	ܬ in equation(36) with respect to ݑ௜ 	, ݅ = 1,2,3,4over the convex and closed control set  Φ and the system 362 

equation(35) satisfies the and Lipchitz property  with respect to state variables since the state solutions are bounded.  The 363 

differential equation(39) governing the adjoint variables  λଵ, λଶ	,			.		.		. ,λ଺  are obtained by partial differentiation of the 364 

Hamiltonian H given by (38) with respect to the corresponding state variables that is,ୢఒభ
ୢ୲

= − பୌ
பௌ೓

,	ୢఒమ
ୢ୲

= − பୌ
பூ೓ೞ

,		ୢఒయ
ୢ୲

=365 

− பୌ
பூ೓ೝ

,ୢఒర
ୢ୲

= − பୌ
ப்೓

,ୢఒఱ
ୢ୲

= − பୌ
போ೓

,ୢఒల
ୢ୲

= − பୌ
பௌೡ

 with terminal conditionsequation(40).The characterization of optimal control given 366 

by equation(41) is obtained by partial derivative of the Hamiltonian H equation(38) with respect to  each control			ݑ௜ and  367 

solving	பୌ
ப୳೔

= 0		, for		݅ = 1,2, 3,4. 368 

9.   Numerical simulation 369 
In this section, numerical simulations are performed to confirm with our analytical results stated in  the proof of theorem 370 

3,4,5,6 and the optimality system which is characherized by the state systemequation(35)  and the adjoint system 371 

equation(39) was solved numerically  by applying Runge Kutta fourth order schemes  of the approach  [31]. The 372 

implimentation of the scheme was done using MATLAB packege. 373 

Tables2 : Table for  parameter values  374 
 375 

Parameter Value Source 
 ௛ 0.8333 [32]ߚ
Λ௛ 0.00099 [32] 
 Assumed (1 ,0) ߝ
 ௛ 0.00005447 [33]ߤ
 ௛ 0.0500 [34]ߜ



 

Parameter Value Source 
 [26] 0.01672 ߠ
߬ 0.5000 Assumed 
߱ 0.2000 [35] 
߶ 0.6000 [36] 
 ௩ 0.4800 [26]ߚ			
	Λ௩ 50.00 Assumed 
௩ߤ	  0.0714 [26] 
 [37] 0.005 ߛ
 ௩ 0.0100 [37]ߜ			
 ௛ 0.1000 [38]ߪ
 Assumed 0.2500 ߚ
 Assumed 0.2500 ߜ

 ଵ 0.0230 Assumedߨ
 376 
Initial values that we used for simulation of the optimal control are:		ܵ௛(0) = 800,ܫ௛(0)= 60, ௛ܶ(0) = 10, ܴ௛(0)=10,	ܵ௩(0) =377 

5000,and ܫ௩(0) = 100. And. Due to the lack of the available literatures and data, as an example, we assumed cost of 378 

weight factor of controls are  ݊ଵ =, ݊ଶ = 	 ݊ଷ = ݊ସ = 4. 379 

First we considered the stability analysis in case when 	ܴ଴ = 0.8274039204 < 1.Using parameter values given  in Table2  380 

and  replacing  value of Λ௩   in the table 2   by Λ௩ 	= 0.71and for different initial conditions, the dynamics of the model 381 

equation(1) is presented in figures 3(a)-(f) .These figures show that only the susceptible human(ܵ௛଴ = 18.1751422802) and 382 

mosquito(ܵ௩଴ = 9.943977591)  populations exists and the infective in treatment class, recovered class, infected human 383 

and mosquito populations	(ܫ௛଴ = ௛ܶ
଴ = ܴ௛଴ = ௩଴ܫ = 0) that is, tends to the disease free equilibrium(	ܧ଴)   as  time t  tends to 384 

infinity. This numerical result supports  the result stated in theorem3  i.e., the disease free equilibrium is locally 385 

asymptotical stable if 	ܴ଴ < 1. 386 

 387 

 388 
(a)                                             (b)                                              (c) 389 

 390 
      (d)                                            (e)                                           (f) 391 

Figure 3Time series plots Susceptible humans,( (a) Infected humans,(b),Infective in Treatment humans(c),Recovered humans 392 

(d)Susceptible mosquitoes,(e) and (f) Infected mosquitoes for 	ܴ଴ = 0.8274039204 < 1with various initial conditions  393 

    Second,we considered the stability analysis in case when 	ܴ଴ = 6.9434194577 > 1    using the parameter values given in Table2 394 
and for different initial conditions, the dynamics of the model system(1) is presented in figures 4(a)-(f). These figures show that, 395 
susceptible humans, infected humans, infective intreatment humans, recoveredhumans, susceptible and infected mosquito populations 396 
exists ܵ௛∗ = 0.96988308, ∗௛ܫ = 0.0160824661, ௛ܶ

∗ = 0.00000567. ∗௩ܫ = 0.9003	ܴ௛∗ = 0.000000407, 		ܵ௩∗ = 9.9513) that is the 397 
population tends to endemic equilibrium		ܧ∗ when 	ܴ଴ > 1.  This shows that the endemic equilibrium  		ܧ∗ is locally asymptotically 398 
stable if 	ܴ଴ > 1, which is also supports our analytical results stated in theorem4. 399 
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 400 
  (a)                                        (b)                                       (c) 401 

 402 
     (d)                                       (e)                                            (f)                                                                                                           403 

Figure4 Time series plots Susceptible humans,( (a) Infected humans,(b), Infective in Treatment humans (c), Recovered 404 

humans (d) Susceptible mosquitoes,(e) and (f) Infected mosquitoes for 	ܴ଴ = 6.9434194577 > 1with various initial 405 

conditions.  406 

Third for the modelsystem(1), we proposed optimal combinations of the aforementioned control strategies as   alternative 407 

choose to minimize the spread of endemic malaria disease dynamics. So as to do this, we introduced different optimal 408 

combination strategies in our model and numerically compare their effects on malaria  infeected populatons.Thus,the 409 

proposed optimal combinations and numerical result analysis for ܴ଴ = 6.9434194577 > 1are as follows 410 

9.1 Strategy ࢇ: Combination of use of insecticide treated net ITN and treatment of infective individuals 411 

9.2 Strategy ࢈: Combination of use of vaccination, insecticide treated net ITN and treatment of infective individuals 412 

9.3  Strategy ࢉ: Combinations of use of insecticide treated nets ITN, indoor residual spray IRS for vector control and 413 

treatment of infective individuals 414 

9.4 Strategy ࢊ: Combinations of use of vaccination, insecticide treated nets ITN and indoor residual spray IRS and 415 

treatment of infective individuals 416 

Strategy ࢇ: Control withthe preventive of insecticide treated net ITN and indoor residual spray IRS,  (ݑଶ ≠ 0, ଷݑ ≠ 0). In 417 

this strategy, we compare the strategya situation where no control (ݑଵ = ଶݑ ,  0 = 0, ଷݑ = 0, ସݑ = 0) was used with the 418 

application of strategyܽ. It can be seen from the figures 5a,5b and 5c that there is a significant decrease in the number of 419 

infected and infective in treatment human populations and infected mosquito populations compared to the strategy with no 420 

control at a given time respectively. With the application of strategyܽ , 	ܫ௛  ,	 ௛ܶ  and  	ܫ௩ in between time ݐ = 8, 8,	  and 11 421 

days respectively will be eliminated from the system. The control profile shown in figure 5d shows that, control 	ݑଶ is at 422 

60%   initially and increased up to the maximum of 100% before steadily decline to the lower bound within 90 days while 423 

control   ݑଷ  is  at the maximum of 100%  initially before dropping gradually to the lower bound within 90 days. This 424 

suggests that, a high effort is required for the use of medical treatmentݑଷ and there is a low effort for the uses of 425 

insecticide treated net		ݑଶunder this strategy. 426 
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 427 
     (a ) (b) (c) 428 

 429 

   (d) 430 

Figure 5 Simulations of the model Showing the effects of  a combination of ITN and treatment  431 

Strategy ࢈: Control withthe preventive of vaccination,insecticide treated net ITN and treatment (ݑଵ ≠ ଶݑ ,  0 ≠ ଷݑ,0 ≠ 0 ). 432 

In this strategy, we compare the strategya situation where no control (ݑଵ = ଶݑ ,  0 = 0, ଷݑ = ସݑ,0 = 0) was used with the 433 

application of strategy݀. It can be seen from the figures 6a, 6b and 6c that there is   a significant decrease in the number 434 

of infected and infective in treatment human populations and infected mosquito populations compared to the strategy with 435 

no control at a given time respectively. With the application of strategyܾ , 	ܫ௛  ,	 ௛ܶ  and  	ܫ௩ in between time ݐ = 	8	,8 and 436 

10days respectively will be eliminated from the system. This result is a bit more promising than strategy ܽ.The control 437 

profile shown in figure 6d shows that, control 	ݑଶ  is at 60%   initially and increased up to the maximum of 100% before 438 

steadily decline to the lower bound within 90 days while controls  ݑଵ  and ݑଷ  are  at the maximum of 20% and 100% 439 

initially before dropping gradually to the lower bound within 90 days respectively. This suggests that, a high effort is 440 

required for the use of medical treatmentݑଷ and there is a low effort for the uses of preventive controls vaccination 		ݑଵand 441 

insecticide treated net		ݑଶ under this strategy. 442 

 443 
( a )                                            (b)                                      (c) 444 

 445 

 446 
 (d)                                                                             447 

Figure 6 Simulations of the model Showing the effects of  a combination of Vaccination , ITN and treatment  448 
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Strategy ࢉ: Control withthe preventive of insecticide treated net ITN, indoor residual spray IRS, and treatment (ݑଶ ≠449 

0, ଷݑ ≠ 0, ସݑ ≠ 0). In this strategy, we compare the strategya situation where no control (ݑଵ = ଶݑ ,  0 = ଷݑ,0 = 0, ସݑ = 0) 450 

was used with the application of strategy݀. It can be seen from the figures 7a, 7b and 7f that there is a dramatic decrease 451 

in the number of infected and infective in treatment human populations and infected mosquito populations compared to 452 

the strategy with no control at a given time respectively. With the application of strategy		, ࢉ 	ܫ௛  ,	 ௛ܶ  and  	ܫ௩  will be 453 

eliminated from the system almost within time ݐ = 	8	,  days . This result is a bit more promising than strategy ܽ. The 454 

control profile shown in figure 7d shows that, both control 	ݑଶ  and 	ݑସ   are at 60%   initially and increased up to the 455 

maximum of 100% before steadily decline and converges to the lower bound within 90 days while control   ݑଷ  is  at the 456 

maximum of 100% initially before dropping gradually to the lower bound within 90 days. This suggests that, a high effort is 457 

required for the use of medical treatmentݑଷ and there is a low effort for the uses of insecticide treated net		ݑଶ, and indoor 458 

residual spray IRS 	ݑସ under this strategy. 459 

 460 

 461 
(a)                                          (b)(c) 462 

 463 
   (d) 464 

Figure 7 Simulations of the model Showing the effects of a combination of ITN, treatment and IRS  465 

Strategy ࢊ: Control withthe preventive of vaccination,insecticide treated net ITN, indoor residual spray IRS, and treatment 466 

ଵݑ) ≠ ଶݑ ,  0 ≠ ଷݑ,0 ≠ 0, ସݑ ≠ 0). In this strategy, we compare the strategya situation where no control (ݑଵ = ଶݑ ,  0 =467 

0, ଷݑ = 0, ସݑ = 0) was used with the application of strategy݀. It can be seen from the figures 8a,8b and 8c that there is   a 468 

dramatic decrease in the number of infected and infective in treatment human populations and infected mosquito 469 

populations compared to the strategy with no control at a given time respectively. With the application of strategy݀ , 	ܫ௛ ,	 ௛ܶ  470 

and  	ܫ௩ will be eliminated from the system within time ݐ = 	7	 days. This result is a bit more promising than when 471 

strategyܽexcept possibly strategies  ܾ and ܿ which yield   almost the same results. The control profile shown in figure 8d  472 

shows that, both control 	ݑଶand 	ݑସ   are at 60%   initially and increased up to the maximum of 100% before steadily 473 

decline and converges to the lower bound within 90 days while controls  ݑଵ  and ݑଷ  are  at the maximum of 40%  and  474 

100%  initially before dropping gradually to the lower bound within 90 days respectively. This suggests that, a high effort is 475 

required for the use of medical treatmentݑଷ and there is a low effort for the uses of  preventive controls vaccination 476 

 ସ under this strategy. 477ݑ	 ଶ, and indoor residual spray IRSݑ		insecticide treated net	,	ଵݑ		
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 478 
(a) (b)(c) 479 

 480 
(d) 481 

Figure 8   Simulations of the model Showing the effects of a combination of vaccination, ITN, treatment and IRS  482 
 483 

10.  Cost Effectiveness Analysis 484 

    To analyze the cost-effectiveness of the strategies, we employ the approach of incremental cost-effective ratio (ICER) 485 

in [14]. The ICER is used to compare the cost and the health outcomes of two alternative intervention strategies that 486 

compete for the same resources. 487 

Based on values of ICER of the strategy ݇ , the alternative that are more expensive and less ineffective are then 488 

excluded. This is done after simulating the optimal control model   and then ranking strategies in order of increasing 489 

effectiveness measured as the total infection averted. We calculate ICER based on strategy ݇(݇ = ܽ, ܾ, ܿ݀) by using the 490 

following formula. 491 

ICER(ܽ)= ஼௢௦௧	௢௙	௜௡௧௘௥௩௘௡௧௜௢௡(௔)ି஼௢௦௧		௢௙	௜௡௧௘௥௩௘௡௧௜௢௡(௕)
ா௙௙௘௖௧	௢௙	௜௡௧௘௥௩௘௡௧௜௢௡(௔)ିா௙௙௘௖௧	௢௙	௜௡௧௘௥௩௘௡௧௜௢௡(௕) 492 

 493 

The total infection averted by optimal strategy ݇during the time period  ݐ௙is denoted and defined as 494 

௞ܣܶ =
஻భ஺ೖ಺೓ା஻య஺ೖ೅೓ା஻య஺ೖ಺ೡ

஻భା஻మା஻య
(42) 495 

Where,                        496 

௞ூ೓ܣ = −௛(0)ܫ௙ݐ ∫ ௧೑ݐ݀(ݐ)∗௛ܫ
௧బ

(43) 497 

௞்೓ܣ = ௙ݐ ௛ܶ(0)− න ௛ܶ
ݐ݀(ݐ)∗

௧೑

௧బ

 

௞ூೡܣ = −௩(0)ܫ௙ݐ න ݐ݀(ݐ)∗௩ܫ

௧೑

௧బ

 

And ܣ௞ூ೓ ,ܣ௞்೓ and		ܣ௞ூೡ  are the total  infected  and  infective in treatment human populations and  infected mosquito 498 

populations respectively averted  by optimal strategy݇during the time periodfinal time 		ݐ௙,ܫ௛∗ ,	 ௛ܶ∗,  and ܫ௩∗ are  the optimal 499 

solution associated with optimal controls (ݑଵ∗ ∗ଶݑ, ∗ଷݑ, ,௛(0)ܫ  ସ∗)system(35) andݑ, ௛ܶ(0)  and  ܫ௩(0) are the corresponding 500 
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initial values. Note that these initial values are obtained as the equilibrium proportion of the system system(35) with no 501 

post-exposure intervention (ݑଵ = ଶݑ = ଷݑ = ସݑ = 0). The total cost associated with a strategy is denoted and given by 502 

௞்ܥ = ∫ ൣ݊ଵݑଵ∗(ݐ)ܵ௛∗(ݐ) + ݊ଶݑଶ∗(ݐ)൫ܵ௛∗(ݐ) + (ݐ)∗௛ܫ + ܵ௩∗(ݐ) + +൯(ݐ)∗௩ܫ ݊ଷݑଷ∗(ݐ)൫ܵ௛∗(ݐ) + (ݐ)∗௛ܫ + ௛ܶ
൯(ݐ)∗ + ݊ସݑସ∗(ݐ)൫ܵ௩∗(ݐ) +௧೑

௧బ
503 

 504 (44)ݐ൯൧݀(ݐ)∗௩ܫ

Where,݊ଵcorresponds to the per person unit cost following   preventive control of vaccination intervention,݊ଶcorresponds 505 

to the per person unit cost of preventive control of ITN intervention, ݊ଷ corresponds to the per person unit cost of 506 

treatment intervention, and ݊ସ corresponds to the per person unit cost of preventive control of IRS intervention. 507 

Parameters values from Table2are used to estimate the total infection averted and total cost   presented in table 2. 508 

Table 2 Cases Averted and Total Costs ֗ ◌ ֗ ◌ 509 

 510 
Strategy k ܣ௞ூ೓ ܣ௞்೓ ܣ௞ூೡ ܶܣ௞ ܥ($)ݏݐݏ݋ܥ௞் 

݀ 5395.293 899.973 8993.5470 5995.5570 494140 
ܿ 5395.293 899.973 8993.5560 5995.5610 502060 
ܾ 5394.609 899.964 8992.3500 5994.7950 669410 
ܽ 5394.618 899.964 8992.3590 5994.8020 669900 

 511 

Table 3 incorporates ICER, it is presented as follows; first we rearrange control strategies from Table 2 in increasing order 512 
of effectiveness (ܶܣ௞). Next, we compute incremental effectiveness 513 
△ △ ௞ to்ܥ∆ ௞ .The ICER is calculated by dividing்ܥ∆௞and incremental costsܣܶ ݇ ௞ whereܣܶ = ܽ,ܾ, ܿ, ݀ and their ICER are 514 
as follows 515 
ICER(࢈) = ∆஼೅್

∆்஺್
= ଺଺ଽସଵ଴

ହଽଽସ.଻ଽହ଴
	= 111.6652028968463 516 

ICER(ࢇ) = ஼೅ೌି஼೅್
்஺ೌି்௕

= ∆஼೅ೌ
∆்஺ೌ

= 70,000 517 

ICER(ࢊ) = ஼೅೏ି஼೅ೌ
்஺೏ି்஺ೌ

= ∆஼೅೏
∆்஺೏

=  -23,2794.701986755 518 

ICER(ࢉ) = ஼೅೎ି஼೅೏
்஺೎ି்஺೏

= ∆஼೅೎
∆்஺೎

=   1,980,000 519 
Table3 Incremental cost-effectiveness ratios of different optimal control strategies 520 
 521 

Strategy k ܶܣ௞ ∆ܶܣ௞ ்ܥ($)ݏݐݏ݋ܥ௞ ∆்ܥ௞ ICER (∆்ܥ௞/∆ܶܣ௞) 
ܾ 5994.7950 5994.7950 669410 669410 111.6652028968463 
ܽ 5994.8020 0.007 669900 490 70,000 
݀ 5995.5570 0.755 494140 -175760 -23,2794.70198675 
ܿ 5995.5610 0.004 502060 7920 1,980,000 

 522 
Table 4   Incremental cost-effectiveness ratios for optimal control strategies	ܽ  ,	ܾ	  and ݀ 523 

 524 
Strategy k ܶܣ௞ ∆ܶܣ௞ ்ܥ($)ݏݐݏ݋ܥ௞ ∆்ܥ௞ ICER (∆்ܥ௞/∆ܶܣ௞) 

ܾ 5994.7950 5994.7950 669410 669410 111.6652028968463 
ܽ 5994.8020 0.007 669900 490 70,000 
݀ 5995.5570 0.755 494140 -175760 -23,2794.70198675 

 525 
 526 
 527 
 528 
Table 5   Incremental cost-effectiveness ratios for optimal control strategiesܾ  and  ݀ 529 
 530 

Strategy k ܶܣ௞ ∆ܶܣ௞ ்ܥ($)ݏݐݏ݋ܥ௞ ∆்ܥ௞ ICER (∆்ܥ௞/∆ܶܣ௞) 
ܾ 5994.7950 5994.7950 669410 669410 111.6652028968463 
݀ 5995.5570 0.755 494140 -175760 -23,2794.70198675 

 531 



 

Finally, the comparison results reveal that strategy ࢊ  is cheaper than strategy ࢈. Therefore, strategy ࢊ (the use of 532 
vaccination, insecticide treated net ITN, treatment for infected and infective in treatment individuals, and indoor residual 533 
spray IRS is the best of all possible strategies due to its more effectiveness and less cost or due to its cost-e�ectiveness 534 
and healthy benefits. 535 

11. Discussion and Conclusion 536 

In this study, a non-linear system of ordinary differential equation model that describes the dynamics of malaria disease 537 
transmission is formulated and analyzed. Conditions are derived from the existence of disease-free and endemic 538 
equilibria. The basic reproduction number ܴ଴ of the model is obtained, and we investigated that it is a threshold parameter 539 
between the extinction and persistence of the disease.If 	ܴ଴ is less than unity, then the disease-free equilibrium point is 540 
both locally and globally asymptotically stable resulting in the disease removing out of the host populations. The disease 541 
can persist whenever 	ܴ଴ is greater than unity and the conditions for the existence of both forward and backward 542 
bifurcation at		ܴ଴ is equal to unity are derived.Sensitivity analysis is also performed and hence, (i) An increase of 543 
magnitude of the indices of parameter with positive indicesincreases the magnitude of the associatedbasic reproduction 544 
number, (ii) An increase of magnitude of the indices of parameter with negative indices decreases the magnitude of the 545 
associated basic reproduction number. Furthermore, optimal combinations of time dependent control measures, namely; 546 
vaccination, insecticide treated nets ITN, treatment and indoor residual spray IRS are incorporated to the model.The 547 
theory of Pontryagins’s maximum principle is used to find the necessary conditions for the optimal control. 548 
 549 
Clearly, from the numerical simulations of system (1), the disease-free equilibrium is both locally and globally 550 
asymptotically stable whenever the basic reproduction number is less than one andthe endemic equilibrium is unstableif 551 
the basic reproduction number is greater than one.We note that in order to reduce the basic reproduction number below 552 
one, we need to focused on the reduction of requirement rate of mosquito populations. 553 
 554 
The optimality system which is characherized by the state system(35)  and the adjoint system(39) was solved numerically  555 
by applying Runge Kutta fourth order schemesNumerical simulations results of these show that  the use of a combination  556 
of vaccination, insecticide treated net ITN, active treatment, and indoor residual spray IRS or strategy dperform well for 557 
the time period of intervention and it is  the most optimal cost-effective strategy. Finally, we note that with the strict 558 
application of either one of the incorporated combinations of optimal control strategies, it is possible to reduce the number 559 
populations with malaria symptoms to zero in the given time and the spread of the disease dynamics. Further note that, 560 
application of optimal control strategy to malaria disease is not only minimize the number populations with malaria 561 
symptoms and costs related to infectious and control measures but also minimize the spread of the disease dynamics.  562 

12.Recommendations 563 

Here we recommend tomalaria control policy makers, health care workers and any concerning body can use the 564 

incorporated strategy in this paper to reduce the burden of malaria disease in community.  565 
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