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NUMERICAL SOLUTION OF NONLINEAR EQUATIONS BY A
TWELTH-ORDER ITERATIVE METHOD WITH MEMORY

ABSTRACT. In this paper, we introduce three point derivative free scheme de-
rived from King’s family of methods for solving non-linear equations. This is
an addition in three point with memory technique with twelth-order of conver-
gence introducing new parameters. These parameters not only minimized ex-
tra functional and derivative evaluation but also increase convergence order of
method. Efficiency index ramarkably enhanced from 1.86121 to 1.867551871.
It is noted that new scheme has improved performance to solve non linear
equation. Numerical analysis of recent methods with new method are given
which shows the efficiency of presented method.

1. Introduction

Solving nonlinear equation f(z) = 0 is a classical problem in field of numeri-
cal computation [1]-[6] and references therein. There are enough publications to
find solution of non-linear equation with different convergence order. Approximat-
ing simple roots of non-linear equations with a suitable level of accuracy has an
interesting and vital importance in all fields of Science.

Jarratt and Ostrowski presented somewell-known two-point techniques. King
[11] presented one of the most famous optimal 4'"order iterative method. But
flaws of this scheme is that it requires first derivative in each step. Many authors
modified King’s method to get more accurate results such as Chun [9] introduced
King’s like methods of order four, but computing the first derivative within the
iteration is also needed.

Chun and Lee presented a new 4" order optimal root-finding method to solve
non-linear equations which describe the conjugacy classes and dynamics of the
presented optimal method for complex polynomials of degree two and three. They
obtained Jarratt’s scheme of fourth order as a special case. Behl [2]-[4] introduced
a fourth-order derivative-free scheme which is a modification in King’s method by
using weight functions.

To achieve more accuracy with less computation many authors introduced Opti-
mal methods of eighth-order of convergence i.e Chun et al. [9] Cordero et al. [7]-[8],
Behl et al.[2]-[4] and Geum et al. [10]. Geum and Neta [10] developed a 16" order
simple root finding optimal method with general weight functions.

Our aim is to present a derivative-free iterative method with memory of twelth
order using King’s iterative schemes and steffensen approaches. In the next section
we establish our new method and gave convergence analysis. In section 3, solution

Key words and phrases. Nonlinear equation, iterative method with memory, twelth-order,

convergence order.


Editor-39
Typewritten text
Original Research Article


UNDER PEER REVI EW

of some numerical examples with their comparison to other well-known iterative
schemes are presented. Section 4 is a smart conclusion.

2. Establishment of new scheme of twelth-order

We start with king’s [11] technique that is one of important family for finding
solution of nonlinear problems.

_ f(@m)
Ym = Tm — )
f(%n)
Totl = Y — f(ym) . f(@m) +7f (ym) . (m=
f (xm) f (mm) + (’Y - 2) f (ym)
Here g is a preliminary approximation of a simple zero « of f. First we derive

an optimal derivative free scheme of 2 point method having convergence order 4.
We consider Steffensen’s scheme for the 1°¢ & 2"? step approximation f (x,,)

while Wm = Tm — Bf (x'rn)v B 7é 07 f [ym;wm] = %7 t’m = % Here
G is actual function.
Hence, we obtain a fourth order scheme,
_ Bf(IM)Q
{ e Tl 1)
— _ Tm )TV Ym Ym
Tt = Ym = T 52 Fom) Flgmowm] C (fm) -

Now we derive eighth-order scheme by adding Newton step in scheme (1), we
have

0y Bfam)?
Ym = Tm F@m)—fwm)?

Fm = Ym f(zm>+(w—2>f<ym)-f[z)/m,wm]
Zm

Tm+1 = Zm — Fom)

It is observed the function is evaluated many times to make it derivative-free and
optimal method. We approximate f(z,,) with Newton’s interpolation of degree 3
at the point x,,, Ym, and z,,.

N3 (t§ Zm,ymaxmawm) = f (zm) + f [zmaym] (t - Zm)
+ f I:Z"n’ yTVL? x"n] (t - Z’Vﬂ) (t - y"n) + f [Z7,L7 yTVL, x"n’ w'f”/]
(t = 2m) (t = ym) (t — zm) -

It can be seen

N3 (Zm) =f (Zm)v and N3 (t) |t:zm: f(zm)
So,
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N () = | 000

=f [vaym] +f [zmaymvxm] (Zm - ym) +f [Zm>ymaxm>wm]
(Zm - ym) (Zm - xm) .

and hence we get

t=2zm

_ _ Bf(wm)2
RN RN
— _ ZTm ) TV (Ym Ym
Zm = Ym = o)t D) o) Tlymwn] O (m) - (3)
Flzmsym]+flzm ym,2m](2m —ym) + Flzm Ym Tm,wm] (2m —ym) (2m —Tm) *

Tm4+1 = Zm —

which is iterative scheme with memory of order 8. Now we extend this method to
achieve convergence order 12.

This is done by using the speed acceleration parameters in scheme (3). If 5 #
1/f () rate of convergence of scheme (3) is 8. When 3 = 1/f («) rate of convergence
of method (3) could be twelve. Because the value of f (c) is unavailable, we apply an
approximation f (o) & f (). Our objective is to create a with memory method that
includes parameter calculations 3 = 3,, as iteration progresses by 3,, = 1/f («) for
m = 1,2, 3.... Initial value 3, should be selected before begning of iteration process.
Here we use some characters —, O and ~ according to Traub’s iterative sccheme.

If limy,— oo f () = C, we write down f (z,,) — C or f — C, where C is a non
zero contants. If £, — C, we write f = O (g) or f ~C(g).

By approximating f (a) with N, (z,,) we get

1
Ny (w)
Here Ny (tm) := Ni(t;Zm, Zm—1, Ym—1, Wm—1,Tm—1) is Newton’s interpolation

polynomial of 4*" degree, place with 5 approximation (2, Zm—1, Ym—1, Wm—1, Tm_1) -

N4 (:Em) = |:(;ltN4 (t):| = f [Zl?m, Zm—l] + f [:Emy Zm—1, ym—l] ("Em - Zm—l)

t=Tm
+ f [CC»,,“ szlvymfhwmfl] (xm - mel) (-'L‘m - ymfl)
+ f [.Z‘m, Zm—1yYm—1,Wm—1, x'm—l] (-Tnu Zm—l) (xm - ynL—l)
(xm - wm—l) .

We approximate in (2) f'(z,,) with Newton’s interpolation of degree 6 at the
point zp,, Ym, Wm,Tmy Zm—1 and Y, 1.

N; (t§ Zms Ymy Wm, Tims Zm—laym—l) =f (Zm) +f [vaym] (t - Zm) +f [vayma wm]
(t = 2m) (¢ = ym) + [ [2m; Ym, Wi, Tm] (t = 2)

(t = ym) (t = wm) + f [2m: Y, Wiy T, Zm 1]

(t = 2m) (t = ym) (t —win) (¢ — @) +

f [Zms Yms Wiy Ty 2m—1, , Ym—1] (£ — 2m)

(= ym) (t —wm) (t = 2m) (E = 2m-1).-
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It is clear that
N5 (zm) = f(2m), and Ny (1) |t=2,,= f (2m) -
Then

d

N (o) = | 95 0] = Tt s 0] o = i) 4 f ot 0]

(zm - ym) (Zm - wm) + f [zmvymvwmvl'mwszl] (Zm - ym) (Zm - wm) (Zm - xm)
+ f [Zmayma Wiy Ty melaymfl] (Zm - ym) (Zm - wm) (zm - xm) (zm - Zm71> .

and hence we get

_ Bf (wm)?
ST R
— _ f (@) +vf(Ym fYm
Zm = Ym = o)t 2 (o) Tlymaon] O (Em) (4)
Zm
Flzmym]+Flzm s ymwm](Zm —ym) -+ F[2m Ym Wm o Tm o 2m —1,Ym—1](2m —Ym ) - (Zm —wm—1) *

Tm+1 = Zm —

We denote the above scheme with AM12 which is a with memory method of conver-
gence order 12. Now, we will prove the convergence order by applying the matrix
method of Herzberger.

Theorem 1. Let 1y be a starting value which is close enough to 0 of f(x) and
the iterative scheme AM12 has 2 parameters which are repeatedly computed by the
outline, then the scheme AM12 has 12.164414 order of convergence.

Proof. By using Herzberger’s matrix method we will find R-order of convergence
which states that the spectral radius of matrix M) = (t,.,)(1 < p;q < u) related
to a with-memory 1 step r-point scheme x; =® (xx_1, Xk—2,...,Xk—y) 18 the lower
bound of its rate of convergence. The elements of this method are as:

tp,¢ = no.of functional evaluations needed at point x;_, = 1,2,...,u

tpq—1 = 1 for p=2,3,...,u

tp,q = 0, otherwise.

Moreover, the spectral radius of product of the matrices By, Bo,...B,, is the
lower bound of order of an m-step method ® = &, ®,, ..., P, where the matrices
By, correspond to the iteration step ®;,1 < K < m. From the above equations we
develop the associated matrices as follow:

Xk+1 =® (Zma Ym Wmy Tmy Zm—1, ym—l) .

111100

1 00000
010000
Mi=1t09 0100 0
000100
000010

L = ®g (yma Wmy Tmy Bm—15Ym—1, wmfl) .

1 11000
1 00000
010000

Ma=109 0100 0
000100
000010
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Y, = @3 (wm,xm, Zm—1, ym—lawm—laxm—l) .

110000
1 00000
010000

Ms=109 0100 0
000100
000010

Wm - (1)4 (xmv Zm—1,Ym—1,Wm—1,Tm—1, Zm72) .

111 111
1 00 000
010000

Mi=1t09 0100 0
000100
|00 00 1 0]
2.2 2 0 0 0
11100 0
100000

My-My=14 190 0 0
001000
000100

4 40000
22 00 0 0
1 1.0 0 0 0
My - My - My = 100000
010000
001 000

Hence we obtained,

M(4):M1'M2~M3~M4
8 4 4 4 4 4
4 2 2 2 2 2
_ 2 1 111 1
- 111 1 11
100000
010000

The eigen value of M®) are

A\ = 12.164414
Ao = —0.164414003

A3 = 2.0470017¢ 1 — 3.78075673¢ 8!
Ay = 2.75578744e 15 — 3.78075673¢ 8!
A5 = 1.22388505¢ 16 + 1.13323081e ¢

Hence spectral radius of MY matrix is 12.164414.
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3. Numerical Examples and comparison

3.1. Method 1. Consider G as weight function

G(tm) =1—tn, (5)

where t,, = ]{Eimg G in (5) satisfies the assumption of 2"¢ Theorem, Hence we

get the following scheme denoted by AM.1.

R % 4 7Y SR _ 1
b = = e e = 2 = B ) B =
z — y _ f(‘r'fn) +’y‘f (ym) f(xm) B f(y'fn) f(yTVL)
" " f@m)+ (v =2) f (Ym) [ (@) f Wm, W]
_ _ f (zm)
Tm+1 = Zm

I 2ms Y] + £ [Zms Yms W] (Zm = Ym) + -
-+ f [Zmaymywma$ma Zm—l,ym—l] (Zm - ym) (Zm - wm—l)

3.2. Method 2. Consider G as a weight function

Glt) =1— —m

1 Jr t7",
_ flym)
where t,, = o)
_ ﬁmf(zm)2 _ _ 1
Ym = Tm = Fom Flumy Wm = Tm = B f (@m) B = §ra 5
f(zM)+’)’f(ym) f(xm) f(y'm)

Fm = Ym T )+ (=2) f (Ym) T @) W) FYmswm]?

Zm

Flzm Ym]+ f[2m,ym Wm] (Zm —Ym )+ o+ f2m s Ym Wm, Tm, Zm—1,Ym—1] (Zm —Ym ) -+ (Zm —Wm —1)

LTm4+1 = Zm —

we call this method AM.2.

3.3. Method 3. Choose weight function G

1- 2tm

Gltm) =35 =

where t,, = %

Tm 2
Ym = Tm = f(i:i{if(?lm)’wm =Tm — ﬂmf (.Z‘m) ’6’rn = N5(193m)
z — y _ -f(an)+'Yf(yWL) .f(w7n)72f(y7n) f(ynz)
m ™o f@m)+(r=2)f(ym) f((rm))ff(ym) “flymowm]’

Zm

xwz+1 =Zm f[znuywl]"!‘f[zﬂl)ymyw'm](zrn_y771)+'-~+f[757n7y7n;wm7177”2771—17(7/777,71](Zm_ynz)u-(zm,_wnl—l) :

we call this scheme AM.3.

3.4. Method 4. Consider G as weight function

2t +1

G(tm) = (1 - tm) fmL
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2
Tm
Ym = Tm — %Jﬂm =Tm — ﬁmf (xm) a/Bm, = N (la:m)
2 ym)tfEm)
2 = _ f@m)+vf(ym) (f(Tm)_f(y7n)) Fm)+f(@m) f(ym)
m Ym f($7n)+('\/72)f(ym) : f(wm) : f[y'"uwm] ’

Zm,)
xZ = Zm — .
m+1 m f[Z'm7y7n]+f[ZnL;yrnyw'm](znz7y7n)+'~~+f[z'm7yvn;wrnyw'nnzvn—l7y'm,71](z7n7y7n)~~(zm,7w7n—1)

this scheme is named as AM.4.

3.5. Kung and Traub(KT). The derivative free method by Kung and Traub|[14],

Ym = Tm — Mﬂ];wm = Tm +ﬁm,f ('rm) 7B7n = m

f[wnmwrn
2 = _ fym) f(wm)
m ym (f(wm)ff(y'm))f[xvn7w7n} ’
Fm) f @) (ym =2 7EE2T ) f(ym)

Tmtl = Zm = (Flgm) = F D F@m)—Fm)) T Flgmozm]®
this method is named as KT.

3.6. Sharma et al. The method by Sharma et al. [22]

Ym = T — igjzg , P ($7rz) = %7 Wy = Ty + /Bmf (‘rm) 76m = N(;}m)
m 14+p,, m m
Zm = Ym — H (f,,0m) igzm)) s H (pvm) = 11_5771’,1),” = ]{((Zm)) s o, = %
fzm)

LTm+1 = Zm — Flzmsym]+Flzm ym,Tm](2m —ym) +fl2m Ym,Tm,wm] (2m —ym ) (2m —2m) ©

3.7. Zheng et al. The method by Zheng et al. [29]

Ym = Tm — %;wm =Tm +Bmf (xm) 76771 = ﬁlm)

— _ Ym
Zm = ym f[ymvl'm]+f[yw17mm,ﬂum](ym_3¢m) ’

Zm

Flzm Ym ]+ Fzm ym@m](Zm —Ym) F [ 2m YmTm Wm] (Zm —Ym ) (Zm —2Tm)

Tm+1 = Zm —

In order to test presented with-memory methods, we select the following nonlin-
ear functions with initial approximation as zg and exact solution a. Our comparison
is based on computational order of convergence and error computation.

Table 1. Test functions, exact root « and initial approximation xq

Test Functions « To
| fi(z) =In (22 — 22 +2) + e 5 sin(z - 1) (1 Jros]
H fa(z) = e Freos@—lgin (72) + z1n (zsin (z) + 1) ‘ 0 ‘ 0.2 H

)

—sin(z? x?
)= %-ﬁ-xln(lz—ﬂ‘—kl) — e | 177 | 174
)
)

e 3 sin (z) + In (2° + 1) [0 ]035]
= (4 + 3sin (2) — 2%)° | 1.854 ] 1.86 |

Table 2. Errors and coc of AM12
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fo |z — < |z — af |xs — af cocC
[f1]549x10"% [1.65x 10 [9.27 x 10199 [ 12.9997 ||
[f2]413x10°°% [9.44x 10" [1.93 x 10" ™" [12.9997 ||
[ f3]997 x 10712 [ 5.28 x 10~ 1% [ 2.72 x 10~ 19T [ 12.9997 ||
[ f1]342x107° [5.63x10°% [2.24x 10" ™ [12.9997 ||
[f5]252x107% [9.61x10°* [3.61x10"* [12.9997 ||
o — 1.05
Table 3. Error and coc of methods at f;
Scheme AM.1  Scheme AM.2  Scheme AM.3 Scheme AM.4
[l2z1—af] 0314x10°° | 0314x107°] 0.543x10°°] 549x10°% |
[T2z2 —a]] 0110 x107%¢ | 0.153 x 10 51 | 0.715 x 10~%° | 1.65 x 10~** |
[[2s—a|]0.178 x 107%%9 [ 0.914 x 10~ ] 0.100 x 10~ 78 [ 9.27 x 10~ 1003 |
[ coC | 121378 12.1056 121238 [ 129997 |
To = 0.2
Table 4. Error and coc of methods fo
Scheme AM.1  Scheme AM.2  Scheme AM.3 Scheme AM.4
|21 —a|] 0.900 x 10=% | 0.585 x 1073 | 0.308 x 10~*% [ 4.13 x 1076
|2o —a || 0.111 x 10~ | 0.713 x 1073® | 0.650 x 10~%9 | 9.44 x 10~
| 23 —a] [ 0.255 x 107736 | 0.126 x 10~ | 0.419 x 107587 [ 1.93 x 10~ 78!
cocC 12.0178 11.9363 12.0465 12.9997
zo = 1.74
Table 5. Error and coc of methods at f3
Scheme AM.1 Scheme AM.2 Scheme AM.3  Scheme AM.4
|71 —a| ] 0.836 x 1078 0.164 x 107 | 0.605x 10=% | 9.97 x 1012
|23 —a || 0.102x 107°% | 0.101 x 10796 | 0.624 x 10777 | 5.28 x 10~ 13*
|23 —a | ]0.134 x 1071138 [ 0.118 x 1071990 [ 0.341 x 1071165 | 2.72 x 101601
cocC 12.0110 12.0173 12.0048 12.9997
zo = 0.35
Table 6. Error and coc of methods at fy
Scheme AM.1 Scheme AM.2 Scheme AM.3  Scheme AM.4
|z —a]] 0451 x 1075 | 0.290 x 10~7 0.539 x 107% | 3.42 x 10712
|2g —a || 0.612x 1075 | 0.716 x 10~9% [ 0.335 x 107%¢ | 5.63 x 10~ 135
|23 —a]]0.354 x 1077 ] 0.612 x 1071999 [ 0.148 x 10~ 1138 [ 2.24 x 10~ 147
coC 12.0110 12.0173 12.0048 12.9997
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Table 7. Error and coc of methods at f5

Scheme AM.1  Scheme AM.2 Scheme AM.3 Scheme AM.4
[T21—af] 412x107% [ 321x107° [ 2.23x10°° [ 252x10°' |
[[z2—a|] 0542x10~* | 0.453x10~%° | 0.342x10~*" [ 9.61 x 10~'0° ]
[ [2zs—a]0.341x10~ 3% [ 0.614x10 1990 [ 0.360x10~%% [ 3.61 x 10~ ]
[ coCc | 120110 [ 12.0173 [ 120048 [ 12.9997 |
fi,20=1.35
Table 8. Comparison of different methods
KT Sharma Zheng
[lz1—a[[0.845x107*" [0.308x10°° [0.148x10°° |
[Jz2 — ] [0.393 x 10=* [0.179 x 10~°7 [0.157 x 10~°T |
[ lzs —a[ ] 0.100 x 107740 ] 0.126 x 10~57% [ 0.481 x 10~ 7% |
[ CcOC  ]11.9906 | 12.1688 | 12.0973 |
f2,20 = 0.6
Table 9. Comparison of different methods
KT Sharma Zheng
[Jz1—a][0.798 x 107% [0.891 x 10~* [0.214 x 10~* |
[lz2 —a[[0.194 x 107 [0.541 x 10=% [0.168 x 10 % |
[Tzs — ] [0.976 x 10~ "6 [ 0.274 x 107" [ 0.386 x 10~ %]
[ CcOoC  ]11.8387 | 12.0827 | 11.9875 |
f37330 =17
Table 10. Comparison of different methods
KT Sharma Zheng
[lz1—a[ 0241 x10°%  [0.757 x10°°  [0.221x 10" ]
[lz2 —a[ [ 0.137 x 1077 [0.267 x 10~7° [0.140 x 10~ ]
[lzs —a[ ] 0.283 x 10~ 119° [ 0.561 x 10~ ""5% ] 0.546 x 10~ 1% ]
[COC ]12.0190 | 12.0028 | 12.0001 |
fa,29=0.35
Table 11. Comparison of different methods
KT Sharma Zheng
[lz1—a[][0.832x107° [0412x10°7 [0.143x10°° |
[lz2 —a[ [ 0.514 x 10~%% ]0.342 x 10~ [0.156 x 10~°* |
[ s — ] [ 0.231 x 10752 [ 0.135 x 10~¥15 [ 0.567 x 10~ ]
[ CcoC  ]12.9997 | 12.9997 | 12.9997 |

f5,£130 = 1.86
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Table 12. Comparison of different methods

KT Sharma Zheng
[lz1—a[[0.871x 1077 [0.898 x10~7 [0.234x10°% |
[lzz —a] [ 0542 x 1079 [0.675 x 10°%° [0.156 x 10771 |
[Tzs — ] [0.413 x 10~ "1 [0.546 x 10~ 1150 [0.342 x 10~ 107 ]
[coC 1129997 [ 12.9997 [ 12.9997 |

By the above results we can conclude that our methods computations agrees
with the existing schemes.

4. Conclusion

We have introduced three point derivative free scheme of 12th order derived from
King’s family of methods for solving non-linear equations. This is an addition in
three point with memory technique with twelth order of convergence introducing
new parameters. These parameters not only minimized extra functional and deriv-
ative evaluation but also increase convergence order of method. Efficiency index
ramarkably enhanced from 1.86121 to 1.867551871. It is noted that new scheme
has improved performance to solve non linear equation. Numerical analyzing of
recent methods with new method are given which shows the efficacy of presented
method.
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