UNDER PEER REVI EW

Original Research Article

Characterization of a new class of stochastic processes
including all known extensions of the class (X))

Abstract

This paper contributes to the study of class (X") as well as the cadlag semimartingales of class
(¥), whose finite variational part is cadlag instead of continuous. The two above-mentioned
classes of stochastic processes are extensions of the family of cadlag semimartingales of class
(X) considered by Nikeghbali [(15)] and Cheridito et al. [(6)]; i.e., they are processes of the class
(¥), whose finite variational part is continuous. The two main contributions of this paper are as
follows. First, we present a new characterization result for the stochastic processes of class (X").
More precisely, we extend a known characterization result that Nikeghbali established for the non-
negative submartingales of class (), whose finite variational part is continuous (see Theorem
2.4 of [(15)]). Second, we provide a framework for unifying the studies of classes (X) and (X7).
More precisely, we define and study a new larger class that we call class (X9). In particular, we
establish two characterization results for the stochastic processes of the said class. The first one
characterizes all the elements of class (27). Hence, we derive two corollaries based on this result,
which provides new ways to characterize classes (X) and (X"). The second characterization result
is, at the same time, an extension of the above mentioned characterization result for class (") and
of a known characterization result of class (32) (see Theorem 2 of [(8)]). In addition, we explore and
extend the general properties obtained for classes (X) and (X7) in [(15; 6; 16; 1)]. Finally, we show
that some processes of this new class can take the form of relative martingales. More precisely,
we derive a formula allowing to recover some processes of the class (X7) from an honest time and
their final value.
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1 Introduction

This study investigates cadlag (right continuous and admits a left limite) semimartingales of
classes (X) and (X7). These are stochastic processes X of the following form:

X =M+A, (1.1)

where M is a cadlag local martingale with My, = 0 and A is an adapted predictable process of finite
variation with Ao = 0, such that the signed measure induced by A is carried by an optional random
set H, where

t
/ lpe(s)dAs =0, Yt > 0. (1.2)
0

Such processes are strongly related to many probabilistic studies. Well-known examples of studies
where the use of such processes is capitalized include the theory of Azéma—Yor martingales, the
study of zeros of continuous martingales [(2)], the study of Brownian local times, the balayage
formulas in the progressive case [(10)], the construction of solutions for skew Brownian motion
equations [(8)], and the resolution of Skorokhod’s reflection equation and embedding problem [(3)].
These classes are represented in the form of H. More precisely, for the processes of class (X), we
have
H={t>0:X,=0};

By contrast, for class (X"), the random set H takes the following form
H={t>0:X,_ =0}

The stochastic processes of class (X), whose finite variational part is continuous, have been studied
extensively by several authors, including Yor, Najnudel, Nikeghbali, Cheridito, Platen, Ouknine,
Bouhadou, Eyi Obiang, Moutsinga, and Trutnau (see [(5; 6; 7; 8; 11; 12; 13; 14; 15; 16; 17)]). These
authors studied the main properties of these processes, presented their applications, and relaxed the
original hypotheses. The notion of stochastic processes of class (2) has evolved over time, and the
present study considers the most general definition presented by Eyi Obiang et al. in [(8)], which
extends the notion of class () to cadlag semimartingales, whose finite variational part is considered
cadlag instead of continuous. We consider the following definition:

Definition 1.1. We say that a semimartingale X is of class (X) if it decomposes as X = M + A,
where

1. M is a cadlag local martingale, with M, = 0;

2. Ais an adapted cadlag predictable process with finite variations such that Ao— = Ay = 0;

3. [y I{x,20pdAs = 0forall ¢t > 0.

By contrast, the study of class (X") is quite recent. In 2018, Akdim et al. [(1)] first characterized
and studied the structural properties of the positive submartingales of the said class. However, it
should be noted that the use of the processes of class (X") has a longer history. For instance, in

1981, Barlow [(4)] used these processes to show that any positive submartingale is equal to the
absolute value of a martingale. More precisely, we consider the following definition:

Definition 1.2. We say that a semimartingale X is of class (¥) if it decomposes as X = M + A,
where

1. M is a cadlag local martingale, with My = 0;

2. Ais an adapted cadlag predictable process with finite variations such that A = Ag = 0;

3. [y 1yx. zoydAs =0forallt > 0.
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Notably, the two above-mentioned classes coincide for the processes X, whose finite variational
part A is considered continuous (i.e., class () under the hypotheses considered by Nikeghbali [(15)]
and Cheridito et al. [(6)]). However, it is possible to determine processes belonging to at least one of
these classes that are not present in another class.

This study contributes toward existing literature by enriching the general framework and developing
techniques for dealing with stochastic processes of class (") and the cadlag semimartingales of
class (X), whose finite variational part is cadlag instead of continuous. First, we study the processes
of class (X") by proposing a new method to characterize such stochastic processes.

Second, we present a general framework that unifies the study of the two above-mentioned
classes. More precisely, we propose a new larger class that includes all the processes of the classes
(X) and (X7). We term this class as (X9) and define it as follows:

Definition 1.3. We say that a stochastic process X is of the class (X7) if it decomposes as X =
M + A, where

1. M is a cadlag local martingale, with M, = 0;
2. Ais an adapted cadlag predictable process with finite variations such that A = Ay = 0;

3. [y l{x.x. zoydAs =0forallt > 0.

Hence, we explore and extend the general properties obtained for classes () and (X") in [(15;
6; 16; 1)]. For instance, we study the positive and negative parts of the processes of class (39) and
show that the product of the processes of class (29) with vanishing quadratic covariation also belongs
to class (7). Further, we show that every positive process X of class (37) has a multiplicative
decomposition. In other words, it can be decomposed as

X=CW -1,

where W is a positive local martingale with Wy = 1, and C'is a non-decreasing process. This result
is an extension of that obtained by Nikeghbali for positive and continuous submartingales [(16)]. We
also present a result that enables the recovery of any process of class (X7) from its final value X
and of an honest time g, which is the last time (X, : ¢ > 0) or (X;— : t > 0) visited the origin. More
precisely, this formula has the following form:

Xi = E [Xoolig<ny | 7]

where X is the process of class (¥9),Xe = limi—400 Xi, and g = sup{t > 0 : X, X, = 0}.
Finally, we generalize the result of Nikeghbali (Theorem 2.1 of [(15)]), which affords a martingale
characterization for positive processes of class (X).

The remainder of this paper is organized as follows. In Section 2, we present some useful
preliminaries and introduce new characterization of class (X"). Section 3 is devoted to the study of
the new class (X9). Finally, Section 4 summarizes the related approaches and methods.

2 Preliminaries and new characterization of the class (>")

The main purpose of this section is to contribute toward the framework for studying the processes
of class (X"). More precisely, we propose a new method for characterizing the positive processes of
class (X"). However, we first recall some results and notations that will be useful for understanding
this work.
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2.1 Notations and Preliminaries

In this work, we fix a filtered probability space (2, (F:):>0, F¢, P) that satisfies the usual conditions.
Throughout this work, for any cadlag stochastic process X, we consider that X is its continuous
part, and (X:—):>o denotes the process defined by V¢ > 0, where X;_ is the left limit of X in ¢t and
Xo- = Xo.

Now, let us recall the version of class (%) studied by Nikeghbali [(15)] and Cheridito et al. [(6)]

Definition 2.1. We say that a semi-martingale X is of class (X) if it decomposes as X = M + A,
where

1. M is a cadlag local martingale, with My, = 0;

2. Ais an adapted continuous process with finite variations such that Ao = 0;

3. [y I{x,20pdAs = 0forall ¢t > 0.

Nikeghbali’'s Theorem 2.1 [(15)] serves as a method to characterize the non-negative processes
that satisfy the assumptions of Definition 2.1. This result is called the characterization martingale
theorem. We recall it as follows:

Theorem 2.1. Let X = M+ A be a non-negative semi-martingale. Then, the following are equivalent:

1. X e (%);

2. There exists a non-decreasing continuous process V' with Vo = 0 such that, for any locally
bounded Borel function f with F(x) = [" f(z)dz, the process

(F(Vi) = f(Vi) X5t = 0)
is a cadlag local martingale and V' = A.

This result was extended by Eyi Obiang et al. [(8)] for cadlag non-negative processes satisfying
Definition 1.3, as follows:

Theorem 2.2. Let X = M + A be a non-negative and cadlag semi-martingale. Then, the following
are equivalent:
1. X e (%);

2. There exists a cadlag non-decreasing predictable process with finite variations V' such that,
forany f € C' with F(z) = [ f(z)dz, the process

(F(Vf) — FVOXe+ LRV = £ (VX AVt > o)
s<t
is a cadlag local martingale and V = A.

Now, recall that the family of processes of class () considered by Nikeghbali (Definition 2.1) is
also included in class (X7). Indeed, it suffices to say that if A is a continuous process, we have

t t
/ 1{X5,;é0}dAs = / 1{X5¢0}dA5 =0.
0 0

Hence, in the next subsection, we present an extension of the characterization martingale theorem
for the processes of class (X7).
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2.2 New characterization result for the class (>")

Let us begin with an extension of Lemma 2.3 of [(6)].
Lemma 2.3. Let X = M + A be a process of the c/ass (") and A€ be the continuous part of A. For
every C' function f and a function F' defined by F (z = [, f(2)dz, the process

(F(Af) — FADX 4+ ST A9 — £ (A XAt > o)

s<t
is a cadlag local martingale.

Proof. Through integration by parts, we get

FADX, = /fACdX—i—/f X, dAS.
Hence, we have

FADX, = /fA”dX +/f (A X, dA, —Zf (ADX,_ AA,

s<t

because A = A°+ > __, AA,. Furthermore, we have fo "(A9)X,_dA, = 0 since dA is carried by
{t > 0: X,_ = 0}. Therefore, it follows that

FAHX, = /fAC YdXs Zf (A X AA,

s<t

/ F(ASdM, +/ FIAS)AAS + > [f(A9) AS)X_]AA.

s<t

Consequently,

PR = [ DM, + FAD) + 3 D) - £ (DX 184,

s<t

This implies that

FAS) + ST IF(AS) — £ (ADX.-]AA, — F(ADX, = — / F(AS)d

s<t

This completes the proof. O

Now, we shall present our martingale characterization theorem for the class (X7).

Theorem 2.4. Let X = M + A be a positive semi-martingale. Then, the following are equivalent:
1. X € (¥7);
2. There exists a non-decreasing predictable process V such that, for any F € C?, the process

(F(v:) — F (V)Xo + D [F (V) = F (V)Xo |AVast > o)

s<t

is a cadlag local martingale and V' = A.
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Proof. (1) = (2) Let us consider VV = A. Hence, from Lemma 2.3, we determine that

(F(Af) — F A5 x + S [F (A - F

s<t

(A X, |AAst > 0)

is a cadlag local martingale.
(2) = (1) First, let F'(z) = x. Then, the process W defined by

We=VE+Y AVe— Xy =V, — X,

s<t

is a local martingale. Hence, owing to the uniqueness of the special semi-martingale decomposition,
we obtain V' = A. Next, we take F'(x) = 2*. Thus, process B defined by

By = (V)2 = 2VEX, +2) VEAV, =23 X, AV,

s<t s<t

is a local martingale. However, through integration by parts, it follows that

t t t
By = 2/ VEAVE — 2/ VEdX,s — 2/ XoodVi+2) VEAV, =2) X, AV,
0 0 0

s<t s<t
t t
:2/ Ved | VE+ ) AV, — X, —2/ Xod | VE+) AV,
0 u<s 0 u<s
t t
= 2/ VidWs — 2/ Xs_dVs.
0 0
Consequently, we must have
t
/ Xs—dVs =0.
0
In other words, dA is carried by the set {t > 0: X,_ = 0}. O

3 Characterization of the new class of stochastic processes

We propose unifying the study of the stochastic processes of classes (X) and (X"). More
precisely, we provide a general framework to study a larger class that we term as class (X9).

3.1 First characterization and some properties

As is evident from the above definition, classes (X) and (X") are included in class (27). Indeed,
we can see that {X; = 0} C {X:X:— =0} and {X;— = 0} C {X:X:— = 0}. However, there exist
processes of class (37) that do not belong to classes (X) and (X7). For instance, if M is a cadlag
local martingale, M+ and M~ are elements of the class (29) (see Lemma 3.8). However, M ¢ (X7)
only if, M has no negative jump and M+ € (X) only if, M has no positive jump. Next, we present the
first method to characterize the stochastic processes of class (29).

Theorem 3.1. Let X = M + A be a cadlag semi-martingale. Then, the following are equivalent:
1. X € (29);
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2. there exist two predictable processes C' and V' such that A= C +V and

t t
/ Lix,#0ydCs :/ Lix,_#0ydVs = 0.
0 0

Proof. (1) = (2) We can see that, for all ¢t > 0,

t

t t t t
Ar = / 1{xs:o}dAs+/ Lix.z0ydAs = / 1{Xs:0}dAs+/ 1{szsf¢0}dAs+/ Lix.#0.x,_=0ydAs.
0 0 0 0 0
However, f(f 1ix,x, #0ydAs = 0 as dA, is carried by {X,X,_ = 0}. Hence, it entails the following:
t t
Ay = / 1{x,—0}dAs +/ Lix,#0,x, =0ydAs.
0 0
Now, let us substitute C; = [ 1{x,—oydAs and Vi = [ 1(x, z0,x,_—o03dA.. Thus, we obtain V¢ > 0,

t t t t
/ Lix,#01dCs :/ Lix. 20y 1{x,=0ydAs = 0 and / Lix,_#0ydVs :/ Lix,_zopl{x,20,x, =0ydAs = 0.
0 0 0 0

(2) = (1)
Now, assume that A = C' + V with [ 1(x, -03dVs = [ 1{x,203dCs = 0. One has V¢ > 0,

t t t
/ 1{xsxs_¢0}dAs:/ 1{xsxs_¢0}dcs+/ Lix,x,_#0ydVs.
0 0 0

However,
t t
/ 1{X5X577£0}dCs = / 1{X57¢0}1{X5¢0}d05 = 0, since 1{X5¢0}dCS =0
0 0
and
t t
/ Lix.x,_z0ydVs = / Lix.z0y Lix,_#0ydVs = 0, since 1yx _z01dVs = 0.
0 0
This completes the proof. O

As an application of Theorem 3.1, we present two corollaries that provide a new approach to
characterize the classes (X) and (£7).
Corollary 3.2. Let X = M + A be a cadlag semi-martingale. Then, the following are equivalent:
1. X e (%);
2. there exist a continuous finite variation process V and a cadlag predictable process C' such
that A=C +V and [} 1yx, 204dCs = [J 1ix, z0ydVs = 0.

Proof. (1) = (2) Assume that X is an element of the class (2). Hence, it follows from Definition 1.3
that there exists a local martingale M and a cadlag, predictable process A such that vVt > 0, dA; is
carried by {X: = 0} and X = M + A. ltis evident that (2) yields by taking C = A and V = 0.

(2) = (1) Now, assume that Assertion (2) is true. We have vt > 0,

t t t
/ Lix,#0pdAs I/ Lix,#0ydCs +/ Lix,#01dVs.
0 0 0

However, [ 1;x, 20;dCs = 0as dC, is carried by { X, # 0}. Hence, [ 1(x, z01dAs = [} 1ix, z01dVs.
Furthermore, fot lix,#01dVs = fot 1¢x,_-+03dVs because V is continuous. Therefore,

t t
/ Lix.z0ydAs :/ Lix, #0ydVs = 0.
0 0

Consequently, X is an element of the class (X). This completes the proof. O
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Corollary 3.3. Let X = M + A be a cadlag stochastic process. Then, the following are equivalent:
1. X e(X);

2. there exist a continuous finite variation process C' and a cadlag predictable process V' such
that A=C +V and [} 1{x, .03dCs = [ 11x, zoydVs = 0.

Proof. (1) = (2) Assume that X is an element of class (£"). Hence, there exist a local martingale M
and a cadlag predictable process A such that vVt > 0, dA; is carried by {X;— =0} and X = M + A.

It is clear that (2) yields by taking V = A and C' = 0.
(2) = (1) Now, assume that Assertion (2) is true. We have vt > 0,

t t t
/ 1{X57¢0}df4s:/ 1{x57¢0}d0s+/ Lix,_#0ydVs.
0 0 0

However, f(f 1¢x, =0ydVs =0as dV; is carried by {X,_ # 0}. Hence,

t t
/1{xsf¢0}df4s:/ Lix,_#0ydCs.
0 0

Furthermore, [ 1;x, z0ydCs = [y 1{x,03dCs because C'is continuous. Therefore,

t t
/ 1{Xs,;&0}dAs = / 1{XS¢0}dCS =0.
0 0
Consequently, X is an element of class (X"). This completes the proof. O

Now, we explore some general properties of the stochastic processes of the class (X9). Hence,
we begin by deriving the properties using the balayage formulas:

Lemma 3.4. Let X be a process of class (X?), and let v = sup{s < t : Xs; = 0}. Then, for any
bounded predictable process k, k., X is also an element of class (X9).

Proof. By applying the balayage formula for the cadlag case, we obtain the following:

t t t t
ley X1 = Ky Xo + / ke, dX . = / ke, dMs + / ki, dCs + / Ky, dV.
0 0 0 0

Itis clear that [ k., dM; is a local martingale; furthermore, k., dC:; is carried by {t > 0 : k., X; = 0}
and k,,dV; is carried by {¢t > 0 : k,,_ X;— = 0}. This completes the proof. O

Corollary 3.5. Let X = M +C +V = M + A be a process of class (£9), and let f be a bounded
Borel function. Then, the process ( f(Ct)Xt t > 0) is an element of the class (¥9), and its finite
variation part is defined by V't > 0, At fo d(Cs + V).

Proof. According to Lemma 3.4, (f(C%)Xt t > 0) is an element of the class (X7). Furthermore,
we have vVt > 0, f(C,,)X: = fo J)dM + fo C,,)dAs. As dCy is carrled by {X: = 0}, we have
vt > 0, C,, = C:. Consequently, Vt > 0, f(Co)X: = fo s)dMs + fo s)dAs. This completes
the proof. O

Corollary 3.6. Let X = M +C+V be a positive process of the class (7). Then, there exist a cadlag
non-decreasing predictable process T" satisfying Supp(dl';) C {X: = 0} and a positive submartingale
W =m + 1 with Wy = 1, the measure dl; is carried by { X;— = 0} such thatVt > 0, X; = T':W; — 1.
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Proof. As the function f, defined by f(z) = e™%, is a bounded Borel function on [0, +oc|, it follows
from Corollary 3.5 that f(Ci)X: — [ f(Cs)dCs = [y f(Cs)dM, + [; f(Cs)dV.. Hence, we obtain
that, V¢t > 0,

t t
e (X 4+1)—1 :/ e Y dM, +/ e YV,
0 0
Therefore, considering W, = 1+ [y e~ “=dM, + [, e~ “=dV;, we get

e (X +1) =W (3.1)
Consequently, X; = I';W; — 1, where I'; = €. It is evident from (3.1) that W is a positive
submartingale with W, = 1, and its non-decreasing part I, = fot e~ % dV, is such that Supp(dl;) C
{)(t— :10}. [:

Now, we study the negative and positive parts of the stochastic processes of the class (X7).

Lemma3.7. LetX =M + A= M + C +V be a process of class (£9). The following hold:
If C is a non-decreasing process, then X is a local submartingale.
If C is a decreasing process, then X~ is a local submartingale.

If C' has no negative jump and fot 1x.20ydCS = 0, then X is a local submartingale.

RS SV A R

If C has no positive jump and fg 1{x,201dCs = 0, then X~ is a local submartingale.

Proof. From Tanaka’s formula, we have

t
_ 1
Xﬁ=/0 Lix,>00dXs+ D0 Lix <o)X+ ) x> Xe + 510

0<s<t 0<s<t

However, fot 1{Xs,>0}dXs = f[f 1{X57>0}dM5 + f; 1{X57>0}dC’5 + fot 1{X57>0}d‘/5. Hence,

t t t
/ 1{X57>0}dXs:/ 1{X57>0}dMs+/ Lix,_>03dCs
0 0 0

as fot 1{x,_ >0ydVs = 0; this is because dV; is carried by {X;_ = 0}. Then,

t t
1
X :/ 1{xs,>o}dMS+/ Lix, >00dCst+ D Lix, <o XS+ D Lx, s> X0 +5 L7 (3.2)
0 0

0<s<t 0<s<t

Thus, we have the following:

1. We first remark that

t
1
+ - 0.
/01{x5_>o}dC’s+ § Lix, <oy X5 + E Tix, >0y Xs +§Lt7t20

0<s<t 0<s<t
is an increasing process that vanishes at zero, as C' is a non-decreasing process.
Furthermore, M and [, 1x,_-o;dM; are local martingales. Then, X * is a local submartingale.

2. Now, for any process of the class (X9), —X is again an element of the class (X9).
Therefore, it follows that X ~ = (—X)* is a local submartingale when the process C decreases.
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3. We obtain the following from identity (3.2):

t
_ 1
Xj:/g lix,_>0ydMs+ Z Lix, >0y ACs+ Z Lix, <oy Xa + Z Tix, >0y Xs +§L?7

0<s<t 0<s<t 0<s<t
as
t t t t
/ 1{Xs_>o}d05:/ Lix, >0ydCs+ Y 1(x, >0} ACs and/ 1{X5_>0}dC§:/ 1{x,>0ydCS = 0.
0 0 0<s<t 0 0
Hence,

_ 1
S lx, s ACH+ D Lix_<op XS+ > x>0y Xs +§L$;t20

0<s<t 0<s<t 0<s<t

is an increasing process because C has no negative jump. Consequently, X is a local
submartingale.

O

Remark 3.1. Adirect consequence is that any non-negative stochastic process of class (X9) satisfying
the assumptions of Lemma 3.7 is a submartingale.

Lemma 3.8. Let X be a process of class (X9). Hence, X' and X~ are stochastic processes of
class (29).

Proof. Based on Tanaka’s formula, we have

t
1
xt=1/1 dX, § 1 Xt § 1 X7+ =LY,
t /O{xsf>0} + (X, <0yXs + (Xoo>0pXs 5l

0<s<t 0<s<t

However,

t t t t t t
/ Lix, >0ydXs = / 1{XS_>O}dMs+/ 1{XS_>0}dCs+/ Lix,_>0ydVs = / 1{XS_>0}dMs+/ lix,_>0ydCs,
0 0 0 0 0 0

as dV, is carried by {X,_ = 0}. Hence,

t t
1
Xt*:/ 1{xs,>o}dMS+/ Lix,>00dCs+ D Lix,_<op X+ D Lx,_>opXo +5 LY. (3.3)
0 0

0<s<t 0<s<t

Now, letussetY: = 3., lyx,_<oyXs and Z: = > .o, 1yx, >0y X . As M and [, 1yx,_>oydM;
are local martingales and C + V is a cadlag, there exists a sequence of stopping times (T;,;n € N)
increasing to oo, such that

Ty,
E[(XTH)-W = E[(MTn =+ OTn =+ VTn)+] < ooand E |:/ 1{XS,>0}dMs:| =0,n€N.
0
It follows from Equation (3.3) that E[Yr,,] < E [(XTn)Jr — fot 1{X57>0}d05] < oo and

t
Bl2r,) < B[(%n)" = [ 1, _s0dC.] < o0
0
for all n € N. Thus, based on Theorem VI.80 of [(9)], there exist right continuous increasing

predictable processes V¥ and VZ suchthat Y — V¥ and Z — VZ are local martingales vanishing at
zero. Moreover, there exists a sequence of stopping times (R,;n € N) increasing to co, such that

tAR, v tAR, v tAR,
E UO Lixt 2oydVe } -FE UO Lixt 2oy d(Vi = Y5) +/O Lixt soydYel.

10
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d(VY —Y;) is a local martingale, it entails that

tARp v tARp
E UO Lixt 20y dVs } =E VO 1{Xst¢0}dYS} :

ARy,
As fo 1{X3t;£0}

Therefore,

tARp
Y| _ + | _ +| _
E UO Lixr 20 dVs ] =E| X lragloee<oX | =B Y L gl XS | =0

0<s<tARp, 0<s<tARp,

In other words, fot 1 dVy = 0. Then, dV;¥ is carried by {X;” = 0}. However, we have

{x} #0}

tARy 2 tARp - tARy
E UO L 0y 4Vs ] =E M Lixt 200V = Z5) +/0 1{xr¢0}dBS}

tARy
=F [/0 1{Xj¢0}adzs} .

Hence,

tARp
EUO 1{X;¢D}dvsz}=E Y lxtzalixe s X | =E| Y lixesolix, >0 Xs

0<s<tARp 0<s<tARp

tARy, 2
E [/0 Lix 2oy dVs } =0,

dVZ = 0. Therefore, dV,” is carried by {t >

This entails that

since 1{x,~03X; = 0. This shows that fotl
0; X;” = 0}. Consequently, we determine that

{xF=0}

t ¢ 1
X = (/ Lix, soydMs + (Yo = V') + (Z0 — vf)) +V+ (Vf +/ lix, >01dCs + 5L?)
0 0
is a stochastic process of the class (£7). This is also true for X~ as (—X) is also from class (X7). O

It is well known that M+ and M~ are stochastic processes of class (X) when M is a continuous
local martingale. The next corollary of Lemma 3.8 shows that M and M~ are elements of class
(X7) when M is a cadlag local martingale.

Corollary 3.9. Let M be a cadlag local martingale vanishing at zero. Then, the processes M+ and
M~ are elements of class (£7).

Now, we show that the product of the processes of class (27) with vanishing quadratic covariations
is again of class (X9).

Lemma 3.10. Let(X/)i>o0, -, (X{"):>0 be processes of class (%9), such that [X*, X7] = 0 fori # j.
Then, (IT7, X}):>0 is also of class (X9).

Proof. As [X', X?] = 0, integration by parts yields
t t
Xix? = / X! odax? +/ X2 dx}.
0 0

In other words,

t t t t t t
X}x2= U X;,dM3+/ Xf,dMsl}—i—[/ Xsl,dC§+/ Xf,dcj}jt[/ X;,dvj+/ Xf,dv;]
0 0 0 0 0 0

11
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It can be observed that M, = f(f XL dm? + fot X2 _dM} is a cadlag local martingale. Furthermore,
the process C; = fot X1 dc? + fot X?2_dC?t is a finite variation process, such that

dC, = X} dC? + X2 dC}

is carried by {t > 0 : X/ X? = 0}. By contrast, V; = [ X! dV? + [5 X2 dV. is a finite variation
process, such that

AV, = X,_dV? + X7 dV;'
is carried by {t > 0: X}_ X?_ = 0}. Therefore, X' X? is of class (29). If n > 3, and [X' X2, X?] = 0.
Thus, we obtain the result by induction. O

Definition 3.1. A stochastic process X is said of class D if
{X: : 7 < 00 is a stopping time} is uniformly integrable.

Theorem 3.11. Let X = M + C + V be a process of class (X9) and an element of class D. Then,
there exists a random variable X ., such that

lim X; = Xo

t——+oo
, and for every stopping time T' < oo, we have

X1 = E [Xool{ger}|Fr] , (3.4)
where g = sup{t > 0: X;X;_ = 0}.

Proof. Let us substitute v+ = inf {s >t > 0: X, X,_ = 0}. ltis evident that - is the stopping time.
Furthermore,
Xooligery = Xqp = My + Crr + Var.

However, C,, = Cr and V,, = Vp as dC and dV are carried by {t > 0: X; = 0} and {¢t > 0 :
X~ = 0}, respectively; further, g = sup {t > 0: X; =0} Vsup {¢t > 0: X;— = 0}. This entails that

Xool{g<T} = X’YT = M’YT + Cr + V.

Hence,
E [Xooligery|Fr] = E[M,,|Fr] + Cr + Vr.
Therefore,
Xr = E [Xeol{gery|Fr]
as M is a uniformly integrable martingale. O

Corollary 3.12. Let M be a non-negative cadlag uniformly integrable martingale such that My > 0
andlim:—, .. M; = 0. Let us consider k > 0. Then,

P(gr > t|F) =1A (%) ,

where g, =sup{t > 0: My > k or My > k}
Proof. It follows from Theorem 2.4 that
(k= Mo)" = E [kl <ty |Ft] = kE [ <ty | Fe] -

Hence,
(k— M) = kP (gr <t|F).

12
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Consequently,
M \"
P(gk<t|}—t)=<1—7> .
Therefore,
M N\" M,
> =1-(1-=2) = -t
Pty =1- (12 M) 2o ()
This completes the proof. O

3.2 Extension of characterization martingale

Lemma 3.13. Let X = M + A be a process of class (X9), where A = C + V and A° denote the
cont/'nuous part of A. Then, for every C* function f and
= [ f(2)dz, the process

(F(A:) — FADXe+ D [f(AD) — £ (ADXLAC, + D7 [£(AD) — f (A X, |AVist > o)

s<t s<t
is a local martingale.
Proof. Integration by parts yields
FADX, = /fACdX+/f 5) Xs—dAS.
In other words,
t t , t ,
sanxe= [ puanax. [ @anx.dcs+ [ (aox.ave
0 0 0
since A° = C° + V¢. Furthermore,
/f $)Xs_dC5 = /fACXdCC
because C° is continuous. Therefore, we obtain
t t , ) ) t , i )
fnxe= [ peanax.+ [ faox.acs+ [ anx.ave.
0 0 0

This entails the following:

fADX, = f(AC dX.+ l/ F(ADX.dC, — Zf (AS)X.AC,

s<t

/f (A X, dV, — Zf (A X, AV,

s<t

Thus, it follows that
t ’ !
FAD)X, = / FAAX, — 37 F (A9 X,AC — 3 £ (49X, AV,
0 s<t s<t

as dC and dV are carried by {t > 0: X; =0} and {t > 0: X;_ = 0}, respectively. This entails that

panxs = [ peanan [ sy [ - £ (anx] ac. +3 [ - £ px] av.

13
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Consequently,
FAD= (A7) XS [£49) = £ (49X Ac Y [549) = 1 (40| v = = [ janan.,
s<t s<t

In other words,

(F(Af) — FADX+ Y (A — £ (ADXJAC, + D [F(A) — £ (AD X JAVait > 0)

s<t s<t
is a local martingale. O
Theorem 3.14. Let X = M + A be a positive semi-martingale. Then, the following are equivalent:
1. X € (X29);

2. There exists two cadlag and non-decreasing predictable processes V and C' such that, for
W = C +V and forany F € C?, the process

(F(Wf) — F (WX, + S [F (W) = F (WOXJAC + Y [F (We) — F (W) Xo_]AVist > o)
s<t s<t
is a cadlag local martingale and W = A.

Proof. (1) = (2) Let us consider W = A. Hence, from Lemma 3.13, we obtain

(F(AJ?) — F(ADXe + > [F (A9 = F(ADXAC, + 3 [F(4%) - F' (A9 X, AVt > o)

s<t s<t
is a cadlag local martingale.
(2) = (1) First, let F(z) = «. Then, the process W' defined by

We =W+ Y AC+ Y AV, - Xy =W, - X,

s<t s<t

is a local martingale. Hence, owing to the uniqueness of the Doob—Meyer decomposition, we obtain
W = A. Next, we consider F(z) = z2. Then, the process B defined by

By = (Wi)? = 2WiX, +2) WiAC+2) WIAV, —2> X.AC, —2> X, AV,

s<t s<t s<t s<t

is a local martingale. However, through integration by part, it follows that

t t t
B :2/ WﬁdW§f2/ Wdesz/ XSde+2ZWfAC’S+2ZWSCAVSfQZXSAOSfQZXS_AVS
0 0 0

s<t s<t s<t s<t

t t t t
:2/ W;dW§—2/ Wschs—Q/ XSde—Q/ Xsdv;+22W;ACSHZW;Am—szsAcs—QZXS,AVS
0 0 0 0

s<t s<t s<t s<t

t t t t
:2/ W;dW§—2/ WschS—Q/ XSde—Q/ Xs,dm6+2ZW;Acs+2ZW;Am—szSACS—QZXS,AVS
0 0 0 0

s<t s<t s<t s<t

:g/twgd (W§+ZACH+EAVH—XS>—2/tXSd (C§+ZACH>—2/tXS_d (V;+ZAVH>
0 0 0

u<s u<ls u<s u<s

14
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t t t
= 2/ WsdW, 72/ XdCs 72/ Xs-dVs.
0 0 0

Consequently, we must have [, X.dC; + [; X._dV, = 0. Hence, we determine that

t t
/ Xsdcs == / )(S,d‘/‘S = 07
0 0

as fot X.dCs and fot X,s—dV, are non-negative. In other words, dA is carried by the set {¢ > 0 :
XtXt_ = O}
O
Corollary 3.15. Let X = M + A be a positive semi-martingale. Then, the following are equivalent:
1. X e (%);

2. There exists a non-decreasing predictable process V such that, for any F € C?, the process

(F(Vf) — F (V)Xo + Y IF (V) = F (V) XAVt > o)

s<t
is a cadlag local martingale andV = A.

Corollary 3.16. Let X = M + A be a positive semi-martingale. Then, the following are equivalent:
1. X e (X7);

2. There exists a non-decreasing predictable process V such that, for any F € C?, the process

(F(Vf) — F (V)Xo + Y [F (V) = F (V) X, |AVist > o)

s<t
is a cadlag local martingale and V = A.

Corollary 3.17. Let X = M + A be a positive semi-martingale. Then, the following are equivalent:
1. X € (X) (in sense of Nikeghbali [(15)] );
2. There exists a non-decreasing predictable process V such that for any F € C?, the process

(FA) = F ()Xt > 0)

is a cadlag local martingale and V = A.

4 Conclusion

The objective of this paper was to provide a new framework for studying the extensions of class
(X) when the finite variational part is considered to be cadlag instead of continuous. More precisely,
the objective was to contribute to the study of processes of the form X = M + A, where M is a cadlag
martingale with M, = 0 and A is a cadlag predictable process of finite variation with Ao = 0, such that
the signed measure induced by A is carried by one of the optional random sets {t > 0 : X; = 0} and
{t > 0: X;— = 0}. First, we developed new approaches to characterize such stochastic processes.
Then, we provided a general framework unifying the study of the two above-mentioned classes by
presenting a new larger class.
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