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A Common Fixed-Point Theorem of Mappings on S-
metric spaces.

ABSTRACT In this paper, we prove a common fixed-point theorem of two mappings in S-metric space.
The theorem uses an implicit contractive condition, putting functions of class Fg. With the change of the
form of these functions of class F, we have different results for common fixed points of two functions.
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1. INTRODUCTION

In 2012, S. Sedghi et. Al [1] introduced the notions of S-metric space. In this‘paper [1] and in [2] [3] the
authors showed some properties of S-metric spaces and proved:some fixed points results in these
spaces. [4]

Recently, Ozgr et al [5] and Prudhvi [4] [6] obtained some results in S-metric spaces.

The results for the fixed points in different spaces are given considering functions that satisfy explicit
contractive conditions. On the other hand, lately some results are. verified taking in consideration more
general contractive conditions given in implicit way from Popa and Berinde [8] [9] [10], Duraj and Hoxha
[11] [12].

In 2021, Patriciu [7] proved one general fixed point theorem for mappings which satisfy a cyclical
contractive condition using a new type of implicit relation.

In this paper, we prove some common fixed point results for two of weakly compatible mappings in S-
metric space using a new implicit relation. The presented theorems extend various known fixed points
results.[3-7]

2. PRELIMINIRIES

Definition 2.1. ([1] [2]) Let X be a non-empty set. An S -metric on X is a function S: X3 - R* such that
satisfies the following conditions:

(51): S(x,y,z) =0ifandonly ifx =y = z.

(51): S(x,y,2) <S(x,x,a) +S(y, y.a) +S(z,z,a) forall x,y,z,a € X.

The pair (X,S) is called an S -metric space.

Example 2.2, [7}.Let X = R be the set of real numbers and S(x,y,z) = |x —z| + |y — z|. Then S(x,y,z) is
an S -metric on R which is named the usual S-metric on X.
0, xX=y=z

max{x,y,z}, otherwise’ Then (X, 5)

Example 2.3:'Let X = R be the set of real numbers and S(x,y,z) = {

isan S -metric space.
Lemma 2.4 [1] If (X,S) is an S-metric space on a nonempty set X, then S(x,x,y) = S(y,y,x) for all x,y €
X.

Definition 2.5
a) A sequence {x,} in (X,S) is called convergent to x, (denoted lim,_,x, =x or x, - x) if
S(xp, xp,x) > 0asn — oo,
b) A sequence {x,}in (X,S) is called a Cauchy sequence, if S(x,,x, x,) = 0asn,m - oo.
c) (X,S) is called complete if every Cauchy sequence is convergent in it.
Lemma 2.6 ([1] [3]) Let (X, S) be a S-metric space. If x,, - x and y, - y then S(x,,x,,v,) = S(x,x,y).



Lemma 2.7 ([1] [2]) Let (X, S) be a S-metric space. If x,, = x. Then lim x,, is unique.
n—oo

Definition 2.8 Let T and g be a self-mappings of a nonempty set X. A point x € X is said to be a common
fixed point of T and g if x = Tx = gx.

Definition 2.9. [13] Let (X,S) and (X',S") be two S -metric spaces and let f:(X,S) - (X'.S") be a
function. Then f is said to be continuous at a point a € X if for every sequence {x,} in X, completes
S(x,, x,,, f(a)) = a, implies S'(f(x,), f(x,), f(a)) = 0. A function f is continuous at X and if and only if it
is continuous at all a € X.

3. Main results

Let us consider the class F,of all the functions lower semi-continuous F: R$ — R. Satisfying:the following
conditions:

(F,): F is non decreasing in t.

(F,): There exists ke[0,1/2) such that for all w,v>0F(u,vv,u02u+v)<0 .implies u < kv.
(F;):F(t,t,0,0,t,t) >0, vt > 0.

Example 3.1. [7]
a) F(tyty .. te) =ty — at, — bty — b max{ts, t,, ts, ts} where ¢, b = 0'and a +3b < -,
b) F(tyts . te) = ty — at, — bty — ct, — dmax{t, ts} Where a,b,c,d=0anda+b+c+3d <=,
0) F(tyty . te) = t; —at, — dmax{ts,ts} — bts— cts, where a,b,c;d > 0and a +3c+d <.
d) F(tyty .. te) = 1 — amax{t, + ts,t; + ts} — btg, where a,b = 0 and 4a+ b <.
€) F(tyty . te) = ty — k max{ty, ts by, ts, ts} Where ke[0:2),
) Ftits .. te) = ty — kmax{ts, ty, t,, 2%} where ke[0, 7).
Theorem 3.2. Let (X,S) be a complete S-metric space and let T,g: X - X when T is continuous in X. If
the inequality:
F(S(Tx,9y,9y).5(x,y,¥), S(x,Tx,Tx),SC, g¥:9y), Sy Tx,Tx),S(x,gy,gy)) <0 (1)
holds for all x, yeX and FeFg, then T.and g have a.common fixed point in X.
Proof:
Let x, be an arbitrary pointin X. Then x; = Tx, and x, = gx;.
By the condition (1) of the Theorem 3.2 forx = x,,y = x;, we have
F(S(Txy, gxi:9x1), S (%0, X1, %1), S(x0, Tx, TXy), S(x1, gx1, gX1),
S(x1,Txo,Tx,),S(xo,9%1,9%1)) <0
F(S(xy,%9,%,),8(xg, %, %1), S (X0, %1, %1), S (1, X5, %3), S (1, %1, 1), S (%9, %3,%,)) <0
Considering (S;) and Lemma 2:4, we have
S(x0,%2,%3) = S(x3, %3, %) S8(x5,%x5,%1) + S(xz, %2, %1) + S(Xo, X0, X1) =25(x2, X2, %1) + S(x0, %1, %1).
Using (S;), we have S(x;,x,,x,) = 0.
Consequently,
F(S(x, %5, x5), S(x0, X1, %1), S (X, %1, %1), S (21, X2, %), 0, 25 (%1, x5, X,) + S(x0, X1, %1)) < 0.
By (F,) exists ke[0,5) such that S(x;,x;,%,) < kS(xo, %1,%;).
Continuing this process, we can define inductively the sequence {x,} as follows:
Xon+1 = TXy @Nd x5, = gXop 1.
Replacing x = x,,, and y = x,,,,, in (1) we have:

F(S(Tx2n, 9%2n41: 9%n+1): S Xan,: Xon1, Xons1): S (o, TX2n, TXoy),
S(Xan+1: 9%2n+1: %2411 S Cans1, TXon, TX20), S (X2n, GXons1, 9% 2n41)) < 0.
F(S(an+1: Xon+2: X2n42) S (K2ns Xon1: X2n41): S (X2n: Xon41, Xon+ 1),

S(2n+1s X2ne2: Xan+2)r S(an+1s Xona1s Xans1)S Xons Xons2: Xan42)) < 0.
Using (S,) and Lemma 2.4, we have:



S(Xons Xant2: Xon42) = S(Xant2: Xant2: Xon)
< S(Xan+2: Xons2 Xone1) + S(Xons2: Xons2 Xons1) + S (Xon, Xont1, Xons1)
= 25(X2n+2: X2n42  X2ns1) + S(Xon: Xont1, Xons1)
S(X2n+1: X241 X2n41) = 0.
So,
F(S(X2n+1: Xan+2: Xan+2)s S Cons Xans1: X2ns1)s S(2ns Xont1: X2n41)1 S(K2ns 1) Xont2: Xans2), 0,
25(Xan+2: Xon42 Xone1) + S(Xon, Xons1, X2n41)) < 0.

Due to (F,), there exists ke[O,%) such that S(X2p41, X2n42) Xane2) < kS(Xon, Xont1) X2ne1)-
Similarly, we obtain S(x,,, X2n41, X2n41) < KS(Xan_1, Xan, Xom)-
Hence, we have
S(Xane1: Xons2 Xane2) < kS (o, Xons1: Xone1) < K2S(Xon1, Xon, X2n) <. < K2MS(Xouxq, Xy),
where neN; (2)
or S(xp, Xpi1r Xne1) < k™S(xg, x4, x,) Where neN. (3)
Let us show that the sequence {x,} is Cauchy. Using (S,) we have:
S(xnvxnvxm) = S(xmvxmvxn) < S(xmvxmvxn+1) +S(xmvxmvxn+1) + S(xnvxn+1vxn+1) <
< 2S(xmvxmvxn+1) + S(xnvxn+11xn+1)
< 250X, Xy X1) + k™S (g, X1, %4)
< 2[S (X X Xn2) + S, Xy Xng2) + S(Xpiq) X, Xy 2)] F kS (g, 21, 1)
< 228(Xm, Xy Xpg2) + 267 S (o0, x4, 1) + KPS (g%, x1) < o
< 2Mnmlm=1G (g, xq, Xq) + 22 K28(x0, X, Xq) F ek 2KTIS (g 000, 1) + k™S (%0, X4, X1)
= [(2k)" 1 + (k)™ 2 + 2k + 1) k™S (i, X1)
= %k” S(x9,2%1,%1).
Taking limit when n,m - o and since ke[O,%), we have that lim,,, . S(x, x, x,) =0, hence the
sequence {x,} is Cauchy.
Since (X,S) is complete, it follows that {x,} is.convergent to a point ueX. So the lim,_ S(x,,x,,u) =0
(4).
We have to prove that u is a common fixed point of T-and g.
For x = x,, and y = u by (1) we obtain;
F(S(Txvaguvgu)vS(xznluvu)vS(xvaTxvaTxZn)vS(uvguvgu)y
S, Tzp, TX50), S (X2n, gu, gu)) < 0
F(S(ani1r g, gu), S(xan, w, u), S(Xan, X2n41: Xani1))
S(u, gu, gu), S(U, Xan41, Xan41): S(X2n, g, gu)) < 0.
By taking the limit when n = co and using (3) and (4), we have:
F(S(u, gu, gu);S(u, u,w),S(u, u,u), S(u, gu, gu), S(u,u,u), S(u, gu,gu)) <0

F(S(u, gu, gu);0; 0;S(u, gu, gu),0,S(u, gu,gu)) <0
Using (F;), we get
F(S(u, gu, gu);0; 0;S(u, gu, gu),0,25(u, gu, gu)) <0

Considefting..(F,); we obtain S(u,gu,gu)) <k-0=0 and S(u,gu, gu)) =0 and by (S;) it follows that
u = guyHence u is a fixed point of g.

Since T is. continuous form (4), we have that lim,_ . S(x3,, %, u)=0 and we get
lim,s,e S(Txyp, Txpn, Tu) = 0.

But 0 =.lim S(Tx,,, Txp,, Tu) = lim, o S(Xon41, Xons1, TW) = S(u, u, Tu)

n—-oo
From (S;) we have Tu =u and u is a fixed point of T. Hence u = gu = Tu is common fixed point of T
and g.

Remark 3.3. If we take, T = g then the above theorem reduces to Theorem 3 of [7] .

Remark 3.4. For the different functions FeF, (see Example 3.1). We can take the corollaries of Theorem
3.2.



4. CONCLUSION

In this article are given results for the common fixed points of two points in S-metric space which satisfy
general contraction given in implicit way. Taking different contractions as in Example 3.1, there are
obtained different results about the fixed common points in S-metric space.

Furthermore, in Theorem 3.2 we have take only one of the functions continuous, concretely the function T
while for the function g the continuity is not necessary.
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